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ABSTRACT. We present some basic properties and equivalent def-
initions of the p-quasiconvex hull of a given set of matrices. In
particular, we completely characterize the p-quasiconvex hull in
terms of the W1 P-gradient Young measures studied by [9] and es-
tablish an important relationship with the weak convergence in
Sobolev spaces. We also give some simple characterization of the
p-quasiconvex hulls for certain special sets.

1. INTRODUCTION

The p-quasiconvex hull problem, motivated by the notions of con-
vex hull and quasiconvex hull in convex analysis and the calculus of
variations, is concerned with determining an appropriate structure for
gradients of weak limits of sequences in the Sobolev space W1?(Q; R")
whose gradients approach a given set K of n xm matrices in the certain
sense. Such a problem has been completely studied when the given set
K is a compact set; in this case, the structure of limit gradients is com-
pletely determined by the so-called quasiconvex hull of K and does not
depend on the power p. However, for unbounded sets K, such a struc-
ture in general depends on p and is determined by the p-quasiconvex
hull of K to be discussed in this paper.

Throughout this paper, we assume K is a closed subset of M™*™,
where M™*™ is the set of all real n x m matrices with standard Eu-
clidean space structure, and assume 2 C R is a bounded open set
with [992] = 0. We say that a sequence {u;} in W'P(Q; R") is an ap-
proximating sequence for a closed set K C M™™ provided

lim [ dg(Du;(z))dx =0,

Jj—oo QO
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where, for any u € WY (Q;R"), Du(xz) denotes the gradient ma-
trix defined by (Du);; = 0u'/ox; (1 < i < n, 1 < j < m), and
dg (&) = dist(&; K) denotes the distance from to £ to K. Suppose an
approximating sequence {u;} is itself weakly (weakly * if p = o0) con-
vergent in WHP(Q; R") to a limit @. We would like to study the value
distribution of Du(z). For p = oo, this problem is closely related to the
quastconver hull of set K, generalizing the convex hull of K, studied
in the recent literature on vectorial calculus of variations [6, 11, 14].
With the similar motivation, the notion of the p-quasiconvexr hull of
K has been introduced [13, 16, 17, 18, 19, 20]; a different notion of
p-quasiconvex hulls has been introduced by Zhang [22]. The purpose
of this paper is to give some properties and equivalent defintions of
p-quasiconvex hulls.

2. MORREY’S QUASICONVEXITY AND THE P-QUASICONVEX HULLS

Let us first recall the notion of quasiconvezity introduced by C. B. Mor-
rey [10]. We restrict ourselves only to finite real valued functions. Let
f: M™™ — R be a given function. According to Morrey [10], we say
f is quasiconvex on M™ ™ if for all £ € M"™*™

1) )< ,ﬁﬂ / f(E+ Do) dr ¥ € WES(R"),

where W, 7(Q; R™) denotes the set of all Lipschitz continuous functions
from Q to R” and vanishing on 0€). Given any f: M™™ — R, the
quasiconver envelope of f, denoted by f9¢, is defined to be the largest
quasiconvex function below f, which is in fact given by

o=t o e Do) .
pewd =R Q] Jo

It has been well-known that the quasiconvexity of f or f9¢ is indepen-
dent of domain €2. Also, the quasiconvexity of f is equivalent to the
lower semicontinuity of functional I(u) = [, f(Du(x))dz under the
Lipschitz convergence of mappings u; see also [1, 2, 6, 10]. In view of
Jensen’s inequality, it is also easily seen that every convex function is
quasiconvex; however, easy examples show that, if n, m > 2, a qua-
siconvex function may not be a convex function on M"™*™. It is also
well-known that any (finite valued) quasiconvex function f is locally
Lipschitz continuous (see, e.g., [3]).
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In the following, we assume 1 < p < oo and denote by C, the lin-
ear space of continuous functions f on M"™*™ that satisfy the growth
condition

(2.2) FOI <Ol +1), VEe M™™,

where C' > 0 is a constant depending on f. Denote by Q, the family
of quasiconvex functions in C,.

Definition 2.1. We define the p-quasiconvex hull of K, denoted by
Qp(K), by

23 Q)= {eerr | fg <sws vic o)

We say K is p-quasiconvex if Q,(K) = K.

Remark 2.1. (a) The usual quasiconvex hull of K, denoted by K%,
is defined by

(2.4) K = {§ e M ’ fl&) <supf, Vf quasiconvex} :
K

It is easy to see that K% C Q,(K) C Q.(K) for all r < p.

(b) Our definition of Q,(K) is different from that given in Zhang [22]
and, in some case, our hulls are strictly smaller than those defined in
[22]. However, the two definitions agree when K is either compact or
LP-coercive; see Theorems 4.3 and 5.1.

We shall prove the following main result that establishes an impor-
tant relationship between the p-quasiconvex hull and weak convergence.

Theorem 2.1. Let 1 < p < co. Suppose {u;} is an approzimating se-
quence of K in WHP(Q; R™). If u; converges weakly tow in W'?(Q; R™),
then Du(z) € Q,(K) for almost every x € ).

In the following we discuss some equivalent definitions of p-quasiconvex
hulls.

Proposition 2.2. Let QF (K) ={f € Q,[0 < f(§) < [£P +1, flx =
0}. Then

Qu(E) =({Z(9)|g € QF (K)},
where Z(g) = g71(0) = {n € M™ ™| g(n) = 0} denotes the zero set of
g.
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Proof. Let A=0{Z(g)|g € Q;(K)}. We show A = Q,(K). Note that
n ¢ A if and only if there exists g € QF(K) C @, such that g(n) >
0 = supg ¢. Hence it is easy that @),(/K) C A. On the other hand, if
n ¢ Q,(K) then there exists f € Q, such that f(n) > supy f := 0. Let
h = max{0, f — ¢}. Then h is quasiconvex and satisfies h|x = 0 and
0 < h(€) < C(|[P+1)+]o]. Let g = (C+]o|)"'h. Then g € QF (K) and
g(n) > 0 =supg g. Hence n ¢ A, showing A C @Q),(K). This completes
the proof. O

The following result shows that we can define Q,(K') as the zero set
of the largest quasiconvex function in QF (K).

Theorem 2.3. Let f = sup{g|g € Q(K)}. Then f € QF(K) and
Z(f) = Qp(K).
We next characterize the p-quasiconvex hull in terms of the WhP-

gradient Young measures studied by Kinderlehrer and Pedregal [9]. Fol-
lowing [9], we consider a slightly different subspace &, of C, defined by

@) }
2.5 & = €(C,| lim =0;.
2 = {ree ] m 2%
For each f € &, define
/()

fll, = sup .

|| ||p geMmnxm |€|p+ 1
It can be shown that || - ||, is indeed a norm on &, and &, becomes a

Banach space with the norm. We denote the (normed) dual space of
&p by &, Since & C &,, we have, as sets, £, C &; via restrictions. The
dual space &} is identical with the space of Radon measures on M™*™
and the pairing of € &, f € & is written as

u(f) = f) = / F(E)du(€),

Mn><m
which can be extended to arbitrary f € C(M™™); for f(§) = £ we
denote i = anxm £dp(§). Then, as a set, £ is identical with the set
of Radon measures p on M™*™ that satisfy |[{(u, 1) + [{(u, [£|P)] < .
Let M° be the set of probability measures yin &) (i.e., p € &, >0
and (p, 1) = 1) that satisfy

2o £ ewo)<[ fomeo. vieo,
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The following important result has been proved by Kinderlehrer and
Pedragal [9].

Theorem 2.4. ;1 € MY if and only if there exists a sequence {u;} in
Whe(Q; R™) such that {|Du;|P} is weakly convergent in L*(Q) and, for
all f € Cp, f(Duj) — f weakly in L*(Q), where f is constant defined
by f = [ynxm F(E)du(E).

Define
ME(K) = {p € M| suppy € K},

Another main result of this paper is to establish the following result.

Theorem 2.5. Q,(K) = {ji|p € M¥(K)}.

3. PROOF OF MAIN RESULTS

3.1. Proof of Theorem 2.1. Before we proceed with the proof of
this theorem, we recall the well-known Dunford-Pettis compactness
theorem (see e.g. [7, page 27-11]).

Lemma 3.1. Let D C R™ be a measurable set, and let {v;} converge
weakly in L'(D). Then {v;} is bounded in L'(D) and there exists a
continuous function h > 0 on R, which can also be chosen to be convex,
such that sup; [, h(|v;|) < oo, h(t)/t — oo ast — oo.

We also need the so-called Chacon’s biting convergence lemma (see
e.g. [4]).

Lemma 3.2. Let G be a bounded domain in R™ and let {v;} be a
sequence bounded in L'(G). Then there are a subsequence {v;,} and
a sequence of measurable sets E, C Q with |Ey| — 0 as o — 0o such
that {vj, } converges weakly in L'(G \ E,) for each a =1,2,--- .

Proof of Theorem 2.1. Let 1 < p < oo. In order to show Du(z) €
Qp(K) for almost every = € Q, by the definition of @Q,(K) and since
the set QF(K) is separable, we have only to show that g(Du(z)) = 0
a.e. in €2 for all g in Q7 (K). Since the sequence {|Du;["} is bounded
in L'(Q), by Lemma 3.2, we have a subsequence {u;, } and a sequence
of sets £, C  with |E,| — 0 such that {|Du;,|P} converges weakly
in LY(Q\ E,) for each a = 1,2,--- . By Lemma 3.1, we then have, for
each «, a continuous function h,(t) > 0 such that

(3.1) tlim ho(t)/t =00,  sup / ho(|Du;, (2)|P) do < 0.
—© k=12,.. JQ\E,
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Let g € QF(K) be given. Since gl = 0, 0 < g(§) < [£]P + 1, one
can easily show that, for each € > 0, there exists a constant C,, > 0
depending on g such that

32)  0<g(8) <e(l+ha(€])) + Ceadr(§), VE§eM™™.

By a lower semicontinuity theorem (cf. [1, Thm.II.4]), the functional
Golu) = fQ\ 5. 9(Du) is (sequentially) weakly lower semicontinuous on
WP(Q; R™). Hence

/ g(Du(z))dx < lim inf/ g(Duj, (z)) dz
O\ Ea O\ E,q

k—oo

and thus, by (3.2) and [, dx(Du;) — 0, we have

/ g(Du) < lim inf/ g(Duj,) < e lim inf/ (14 ha(|Duj|P)).
O\Eo O\Ea O\Eo

k—o0 k—o0

Letting € — 0%, we obtain g(Du(x)) = 0 for almost every z € Q\ E,.
This implies g(Du(x)) = 0 for almost every x € Q since |E,| — 0. The
proof of Theorem 2.1 is thus completed. U

We give an application of Theorem 2.1 in connection to the results
on lower semicontinuity of L* functionals obtained in [5].

Theorem 3.3. Let f: M™™ — R be such that each level set
Ky ={¢| (&) <t}

18 p-quasiconvex for anyt € R. Then, for any open set S, the functional

(3.3) F(u; ) = esssup f(Du(x))

e

is sequentially weakly, or weakly™® if p = oo, lower semi-continuous on
Whr(Q; R™).

Proof. Let {u;} converge weakly (or weakly* if p = 00) to u in Wh?(Q; R™).
Let ¢ = liminf; F'(u;; Q). If ¢ = oo, there is nothing to prove. We thus
assume ¢ < oo. Then, for any € > 0, there is a subsequence j, — oo such
that f(Du;j, (z)) < ¢+ € for a.e. x € Q. This implies Du;, (v) € Koo
and hence {u;,} is an approximating sequence of set K.... Therefore,
by Theorem 2.1 above, we have Du(z) € K., a.e. in Q. Therefore,
f(Du(x)) < c+¢€ for a.e. x € Q and hence F(u;) < ¢+ € for all
€ > 0. This proves F(u;) < liminf; F(u;; 2) and thus the theorem
follows. U
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Remark 3.1. For p = oo, it has been recently proved in [5] that
the sequential weak™ lower semi-continuity of the functional F'(u;2)
defined by (3.3) on WH(Q;R™) for any open set () is equivalent to
the condition, called the strong Morrey quasiconvezity in [5], that for
any € > 0, K > 0 there exists a > 0 such that the inequality

f(A) <esssup f(A+ Do(z)) + €

€N

holds for all ¢ € W (Q; R") satisfying || Do|| (o) < K, maxgeaq |o(z)| <
J.

3.2. Proof Theorem 2.3. Let f = sup{g|g € Q;(K)}. Then 0 <
f(&) < |€P+1 and f|x = 0. From definitions, f is finite valued and
quasiconvex, and hence continuous. Therefore f € QF. It is easy to

see Qp(K) = Z(f).

3.3. Proof of Theorem 2.5. Let A = Q,(K) and B = {i|p €
MI(K)}. We show A = B. By Theorems 2.1 and 2.4, it follows easily
that B C A. So, to complete the proof of Theorem 2.5, we prove

Proposition 3.4. A C B.

Proof. Given £ € A, assume ¢ ¢ B and we would like to obtain a
contradiction. Define the following subsets of Radon measures &;:

(3.4) A={peM¥|p=¢}, B={ve&|suppr C K}

Then both A and B are convex subsets of £f. Under the weak *
topology of &, B is a closed subspace and A is a compact set. Since
¢ ¢ B, it follows that AN B = (). Note that the topological dual of
&} equiped with the weak * topology is & itself. Therefore, by the
Hahn-Banach theorem (e.g., [15, Proposition 18.2 on P.190]), there
exist nonzero function f € & and positive number o > 0 such that

(3.5) (@) (u,f)>a VueA (b)) (v,f)=0 YvebB.

Therefore, by (3.5b), flx =0, but f # 0. Let g = mmax{f,O} and
h = ¢, the quasiconvex envelope of g. Hence h € Q;;(K ). It is also
well-known that

, 1
h(n)=  inf —/9(77+Ds0(x))d9€-
pewarmm) Q] Jq
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Note that for any ¢ € VVO1 P(Q2; R™) the measure p defined by

1
(1, q) = @/QQ(éJrDsO(fB))dfc Vg €C,

belongs to the set A defined above. Hence by (3.5a) we have h(§)

ma > 0, which shows that £ ¢ Z(h) and contradicts with £ € A

>
Qp(K). The proof is now completed. O

4. P-QUASICONVEX HULLS OF COMPACT SETS

We now consider the special case when K is compact. We need
following two lemmas.

Lemma 4.1. Let g: M™*™ — R be any continuous function. Then
for any & € M™™ there exists a sequence {¢;} in W(}’OO(Q;R") such
that

41 g (10 = im [ g(6+ Doyl do. T oyl = .

We also need an important result of Zhang [21]; for a recent impor-
tant generalization of this result, see [12].

Lemma 4.2. Suppose u; — 0 weakly in WOI’I(Q;R”) and, for some
L>0,

lim |Duj(x)| dx = 0.

7= Jan{|Du,|>L}
Then there exists a sequence {1;} such that 1; — 0 in Wh=(Q; R")
and u; —; — 0 strongly in WH(Q; R"™) as j — oo.

We can now characterize the p-quasiconvex hull of a compact set (see
also [11]).

Theorem 4.3. Let K be a compact set. Then Q,(K) = Z(d¥) = K
for all p > 1.

Proof. Since di € Qf (K), we have Q;(K) C Z(d%). From Remark
2.1, K% C Q,(K) C Q1(K). Hence, in order to prove the result in the
theorem, it suffices to prove

(4.2) Z(df) € K.
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Let n be given such that d(n) = 0. By Lemma 4.1, there exists a
sequence {¢;} in W >°(Q; R") such that

(4.3) lim [ dg(n+ Dg¢;(x))dr =0, lim |5l Loe () = 0.
Q e

j—oo

Let M = maxeex | —n| and Q;(L) = {x € Q||D¢;(x)| > L}. Then

di(n+ &) > |£] — M for all matrices £ and hence it follows that for

L>2M

i) [ axoeoyz [ (Do) 2
(L

Q;(L)

Syl

We claim that the sequence {|D¢;|} is equi-integrable in L'(2); that
is, for any given € > 0 one can find a > 0 such that

sup /|D¢j\<e VECQ, |E|<o.
~JE

j:172"

To prove this, observe that from (4.4) for any L > 2M

2
(4. ()1 < 7 [ den+ Do),
and hence, using (4.4) again, for any L > 2M
(4.6) / Do, < 2/ dic(n+ Déy) — 0
Q;(L) Q

as j — 00. We thus select an integer jo such that

sup / |1Do;| <€/2 Y j> jo.
Q;(L)

L>2M

Since each of the functions {| D¢ |, - - , |D¢,,|} is absolutely integrable,
we can find d; > 0 such that
sup / |Do;| <€/2 ¥V F CQ, |F| <.
Jj=12,..., jo JF

From (4.5) we can select a constant L > 2M such that |[Q;(L)| < 4
for all 7 = 1,2, ..., jo and hence

sup / Dol <ef2.
3=1.2,...50 JQ; (L)

Finally, let 6 = €/(2L). Then for any measurable set £ C Q with
|E| <6 and forall j =1,2,...

/]D¢j\§L~|E|—|—/ Doy < /24 /2=
; |

Q;(L)
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This proves the claim. From this claim and the Dunford-Pettis theorem
(see e.g. [7, page 27-I1]), the sequence {D¢;} is weakly convergent in
L'(2). The second condition in (4.3) implies the weak limit must be
zero. Therefore, ¢; — 0 in Wy (Q; R") as j — oco. Using (4.6) with
any fixed constant L > 2M, from Lemma 4.2, we obtain a sequence
{¢;} in Wh=(Q; R™) such that

(4.7) U0, lim | Dg; — Diy| = 0.

Let g be any finite valued nonnegative quasiconvex function satisfying
glk = 0. By (4.3), (4.7), we can choose a subsequence of {¢,;} (denoted
the same) such that

(4.8) lim g(n + Dy;(z)) =0 for ae. z €.
j—00
Using the lower semicontinuity of the functional I(u fQ g(n+ Du)

(cf. [1]), we have, by (4.8) and the Lebesgue bounded dominated con-
vergence,

g(m)|Q] = 1(0) < liminf I(¢;) = lim inf/ 9(n + Dipj(x))dx = 0.
Jj—oo j—oo Jq

Hence g(n) = 0 and thus n € Z(g) for all such functions g. Therefore,
by definition, n € K9 and hence (4.2) follows. We complete the proof.
]

Remark 4.1. For any sequence {¢;} satisfying (4.3), it remains un-
clear whether one can find a sequence {v,} that, in addition to the
condition (4.7), satisfies

Jim {|de (17 + Dibj) || o= (@) = 0.
When K is compact and convex, a positive answer to this question has

been recently confirmed by Miiller [12].

5. LP-COERCIVITY AND THE p-QUASICONVEX HULLS

We study sets K with certain special properties. Throughout this
section, we assume p > 1. We say set K is LP-coercive if for some
constants ¢ > 0 and C,

(5.1) /B I (D(y)) dy > ¢ / (IDéw)| — C) dy
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for all ¢ € C3°(B;R"™), where B is any ball in R™. Note that, by a
density argument, condition (5.1) also holds for all ¢ € W,”(B;R").
Therefore, if ¢ € Wol’p(Q; R™) and K is LP-coercive,

52 [ Dot < | [ d(Dow)do+ Colo)

Theorem 5.1. Let K be LP-coercive. Then Q,(K) = Z[(d4)].

Proof. This result and other important properties on LP-coercivity have
been proved in [20]. We only remark here that if K is not LP-coercive
then the inclusion Q,(K) C Z[(d} )] may be strict (see [13, 20]). O

We now study a set-valued function F(z,s) from R™ xR"™ to M"™*™,
that is, for v € R™, s € R", F(z,s) is a set in M"™*™. Let d(z,s,§) =
dp(z,5)(§) be the distance function from ¢ to the set F(x,s). Then
d(x, s, &) is Lipschitz continuous in £. We also need certain continuity
conditions of F' on s. To this end, we assume that

(1) €2z, 51, ) — (3, 52, €)| < pl, 51— 5a]) (JE]), where p(a, ) is
Carathéodory in the sense that it is measurable in z for all t and
continuous in ¢ for almost every z, p(z,0) = 0, and y(t) > 0 is
increasing in t;

(2) F(z,s) admits a Carathéodory selection a(x,s) € F(z,s) sat-
isfying |a(x, s)| < b(x) + c(z)|s|, where b(x), ¢(x) > 0 are finite
measurable functions on €.

Condition (2) implies d(z,s,£) < b(z) + c(x)|s| + [§]. Also, by [1,
Thm. I11.6], Conditions (1), (2) imply that the quasiconvexification
(dP)i¢(z, s,&) with respect to & is continuous in (s,&) for a.e. x and
measurable in x for all s, &.

Theorem 5.2. Let F' satisfy the assumptions above and let the set
F(x,s) be LP-coercive for all s € R"™ and almost every x € Q Suppose
{u;} weakly converges tow in WP (Q; R™) and satisfies [, d”(x,u;, Du;) —
0 as j — oo. Then Du(z) € Q,[F(z,u(x))] for almost every x € ).

Proof. From the LP-coercivity condition of set F(z,s), we have, by
Theorem 5.1,

(5.3) QplF(z,5)] = Z[(dp, )] = Z[(d")*(z,5,-)].
On the other hand, dP(x, s,&) < B(x)+C(x)(|s|P+|£|P), where B(x

), Clx
0 are finite measurable functions in 2. For given integers v > 0, let 2, =
5,€),

{zr € Q[B(x) < v, Cz) < v} and f(z,s,§) = xq,(z)(d")*(z,

) >
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where yg is the characteristic function of any given set S. Since
f(x,s,€) is quasiconvex in &, by a lower semicontinuity theorem (see
e.g. [1, Thm.I1.4]), we infer that

0< / (d”)*(z,u(z), Du(x))de < lim [ dP(z,uj(x), Duj(x))dx = 0.
v J—oe Q

Therefore, by (5.3), Du(x) € Q,[F (z,u(x))] for almost every = € Q,.

Since 2 = U, (2, we see that this relation holds for almost every x € €.

The theorem is thus proved. O

To close this paper, we give an application of Theorem 5.2 on map-
pings of finite distortion, which provides another proof of a convergence
result in [8, 17].

Proposition 5.3. Let K(x) be a finite measurable function from a
domain  in R™ to R. Let u; € WHh™(Q; R™) satisfy

(5.4) |Duj(x)|" < K(x)det Du;(z), j=1,2,..

for almost every x € Q. Suppose that {u;} weakly converges to u. Then
|Du(x)|™ < K(z)det Du(x) for almost every x € .

Proof. Consider the set-valued function F' defined by
F(z,s)=F(z)={& e M™"||£]" < K(x)det &}

Since F'(z,s) is independent of s, it is easy to see F' satisfies the as-
sumptions (1), (2) above, and, for almost every = € €2, one can also see
that the set F'(x) is L™-coercive (cf.[16, 20]). Note that F'(z) = Z(g),
where

g(&) = max{0, |{|" — K(x)det £}
Note that it is easy to see g € Q. (F(x)). Hence, by definition, Q,[F(x)] =
F(x). Therefore, the result follows from the theorem above. U
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