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Abstract. We derive some geometric properties of chordal SLE(k; 5) pro-
cesses. Using these results and the method of coupling two SLE processes,
we prove that the outer boundary of the final hull of a chordal SLE(k; 5)
process has the same distribution as the image of a chordal SLE(k’; ') trace,
where k > 4, k' = 16/, and the forces p and g’ are suitably chosen. We
find that for k¥ > 8, the boundary of a standard chordal SLE(«) hull stopped
on swallowing a fixed x € R\ {0} is the image of some SLE(16/k; p) trace
started from x. Then we obtain a new proof of the fact that chordal SLE(k)
trace is not reversible for k > 8. We also prove that the reversal of SLE(4; )
trace has the same distribution as the time-change of some SLE(4; ') trace
for certain values of g and o'

1 Introduction

The Schramm-Loewner evolution (SLE) has become a fast growing area
in probability theory since 1999 [12]. SLE describes some random fractal
curve, which is called an SLE trace, that grows in a plane domain. The
behavior of the trace depends on a real parameter « > 0. We write SLE(«)
to emphasize the parameter «. If ¥ € (0, 4], the trace is a simple curve; if
k > 4, the trace is not simple; and if ¥ > 8§, the trace is space-filling. For
basic properties of SLE, see [6] and [11].

Many two-dimensional lattice models from statistical physics have been
proved to have SLE as their scaling limits when the mesh of the grid
tends to 0, e.g., the convergence of critical percolation on triangular lat-
tice to SLE(6) [16], loop-erased random walk (LERW) to SLE(2) [9,18],
uniform spanning tree (UST) Peano curve to SLE(8) [9], Gaussian free
field contour line to SLE(4) [13], and some Ising models to SLE(3) and
SLE(16/3) [15]. And there are some promising conjectures, e.g., the con-
vergence of self-avoiding walk to SLE(8/3) [8], and double domino tilling
to SLE(4) [11].
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For k > 4, people are also interested in the hulls that are generated by
the SLE(x) traces. Duplantier proposed a rough conjecture about the duality
between SLE(«) and SLE(16/«), which says that when « > 4, the boundary
of an SLE(k) hull looks locally like an SLE(16/«) trace.

For « < 8, the Hausdorff dimension of an SLE(k) trace was proved
to be 1 + «/8 [3]. If the duality conjecture is true, then we may conclude
that for ¥ > 4, the Hausdorff dimension of the boundary of an SLE(x) hull
is142/«k.

For some parameter «, the duality is already known. The duality between
SLE(8) and SLE(2) follows from the convergence of UST and LERW to
SLE(8) and SLE(2), respectively, and the Wilson’s algorithm [17] that links
UST with LERW. The duality between SLE(6) and SLE(8/3) follows from
the conformal restriction property [8]. The duality between SLE(16/3) and
SLE(3) follows from the convergence of Ising models.

In [4], J. Dubédat proposed some specific conjectures about the duality
of SLE, one of which says that for k > 4, the right boundary of the
final hull of a chordal SLE(k; k — 4) process started from (0, 0") has the
same law as a chordal SLE(«’; ;(/c’ — 4)) trace started from (0, 07), where
k' = 16/k. And he justified his conjecture by studying the distributions
of the sets obtained by adding Brownian loop soups to SLE(k; x — 4) and
SLE(«'; ;(K’ — 4)), respectively.

Recently, a new technique about constructing a coupling of two SLE
processes that grow in the same domain was introduced in [19] to prove the
reversibility of chordal SLE (k) trace when « € (0, 4]. In this paper, we will
use this technique to prove some specific versions of the duality conjecture,
which are not exactly the same as those in [4]. For example, one of our
results is that for x > 4 and «" = 16/k, the right boundary of the final
hull of a chordal SLE(x; k — 4) process started from (0, 0") has the same
law as the image under the map z — 1/z of a chordal SLE(x’; ;(K’ —4))
trace started from (0, 07). If the degenerate chordal SLE(«x’; é (k' —4)) trace
satisfies reversibility, which is Conjecture 1 of this paper, then Dubédat’s
conjecture is proved.

This paper is organized in the following way. In Sect. 2, we review
the definitions of the chordal and strip (i.e., dipolar) Loewner equations
and SLE(k; g) processes. The conformal invariance of chordal and strip
SLE(«x; p) processes are introduced. In Sect. 3, we study the tail behavior
of a chordal or strip SLE(x; p) trace when the force points and forces
satisfy certain conditions. In Sect. 4, for x > 4 > ' > 0 with kx’ = 16,
some commutation result of a chordal SLE(k; p) process with a chordal
SLE(x’; ¢') process is described in terms of a two-dimensional martingale.
This is closely related with J. Dubédat’s work in [5]. Then the technique
in [19] is applied to get a coupling of the above two SLE processes. In Sect. 5,
we consider the coupling in the previous section with some special choices
of force points and forces, and apply the geometry results from Sect. 3 to
prove that in this coupling, the chordal SLE(x’; p') trace becomes the outer
boundary of the chordal SLE(«; g) hull, and so prove the duality conjecture.
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Then we derive the equation of the boundary of a standard chordal SLE(x)
hull, ¥ > 8, at the time when a fixed x € R \ {0} is swallowed. Then we
give a new proof of the fact that for « > 8§, the chordal SLE(k) trace is
not reversible. This result was claimed in [11]. At the end, we derive the
reversibility property of some chordal SLE(4; p) traces.

2 Preliminary

2.1 Chordal SLE. If H is a bounded and relatively closed subset of H =
{ze C:Imz > 0}, and H \ H is simply connected, then we call H a hull
in H w.r.t. 0o. For such H, there is ¢4 that maps H\ H conformally onto H,
and satisfies ¢y (z) = z + ; + 0(;2) as z — oo, where ¢ = hcap(H) > 0
is called the capacity of H in H w.rt. co. If Hy C H, are hulls in H
w.r.t. 0o, then Hy/H; = ¢p,(Hy \ H)) is also a hull in H w.r.t. co, and
hcap(H,/H) = hcap(H,) — hcap(H;). If Hi C H, C Hj; are three hulls
in H w.r.t. 0o, then H,/H, C H3/H, and (H3/Hy)/(H,/H,) = H3/H>.

Proposition 2.1 Suppose Q2 is an open neighborhood of xy € R in H.
Suppose W maps Q conformally into H such that for some r > 0, if
z € Q approaches (xo — r, xo + r) then W(z) approaches R. So W extends
conformally across (xo — r, xo + r) by Schwarz reflection principle. Then
for any € > 0, there is some 6 > O such that if a hull H in H w.r.t. 00 is
contained in {z € H : |z — x¢| < 6}, then W(H) is also a hull in H w.r.t. 0o,
and

|heap(W(H)) — W' (x0)” heap(H)| < elhcap(H)|.

Proof. This is Lemma 2.8 in [7]. |

For a real interval I, we use C (/) to denote the space of real continuous
functions on /. For T > O and £ € C([0, T)), the chordal Loewner equation
driven by £ is

dp(t, 2) = v(0,2) =z.

2
o(t, 2) — &)’
For 0 <t < T, let K(¢) be the set of z € H such that the solution ¢(s, z)
blows up before or at time t. We call K(¢) and ¢(¢,-), 0 <t < T, chordal
Loewner hulls and maps, respectively, driven by &.

Definition 2.1 We call (K(t),0 <t < T) a Loewner chain in H w.r.t. o0, if
each K(t) is a hull in H w.r.t. 0o; K(0) = 0; K(s) ; K(?) if s < t; and for
each fixed a € (0, T) and compact F C H \ K(a), the extremal length [1]
of the curves in H \ K(t + ¢) that disconnect K(t + ¢€) \ K(¢) from F tends
to 0 as ¢ — O, uniformly int € [0, al.

Proposition 2.2 (a) Suppose K(t) and ¢(t,-), 0 < t < T, are chordal
Loewner hulls and maps, respectively, driven by & € C([0, T)). Then
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(K(1),0 <t <T)isaLoewner chainin Hw.r.t. 00, gy = ¢(t, - ), and
hcap(K(t)) = 2t for any 0 < t < T. Moreover, for every t € [0, T),

Y= [ K@+e)/K@.

ee(0,T—1)

(b) Let (L(5),0 < s < S) be a Loewner chain in H w.r.t. 0o. Let v(s) =
hcap(L(s))/2, 0 < s < §. Then v is a continuous (strictly) increas-
ing function with u(0) = 0. Let T = v(S) and K(t) = L(v~'(¥),
0<t<T.Then K(t), 0 <t < T, are chordal Loewner hulls driven by
some & € C([0,T)).

Proof. This is almost the same as Theorem 2.6 in [7]. m|

Let D be a domain and K C D. Let p; and p, be two boundary points
or prime ends of D. We say that K does not separate p; from p; in D if
there are neighborhoods U; and U, of p; and p,, respectively, in D such
that U; and U, lie in the same pathwise connected component of D \ K.
In our definition, K may separates some p from itself. Let Q be a set of
boundary points or prime ends of D. We say that K does not divide Q in D
if for any p;, p» € D, K does not separate p; from p, in D.

Let (¢, -) and K(7) be as before. Let x € R. If at time ¢, ¢(¢, x) does
not blow up, then K(#) does not separate x from oo in H, and vice versa.
In fact, we have a slightly stronger result: if ¢(s, x) blows up before or at
s =1¢€[0,T),then | J,_, K(s) also separates x from oo in H. This follows
from the property of a Loewner chain.

Let B(t), 0 < t < oo, be a (standard linear) Brownian motion. Let
k > 0. Then K(¢) and ¢(t,-), 0 < t < o0, driven by &) = /kB(1),
0 <t < 00, are called standard chordal SLE (x) hulls and maps, respectively.
It is known [11,9] that almost surely for any ¢ € [0, c0),

p@) = tim ()7 (2) 2.1)

exists, and B(r), 0 < r < oo, is a continuous curve in H. Moreover, if
k € (0, 4] then B is a simple curve, which intersects R only at the initial
point, and for any t > 0, K(f) = B((0, t]); if x > 4 then  is not simple,
and intersects R at infinitely many points; and in general, H \ K(¢) is the
unbounded component of H \ B((0, ¢]) for any # > 0. Such B is called
a standard chordal SLE(k) trace.

If (£(r)) is a semi-martingale, and d(&(¢)) = kdt for some x > 0, then
from Girsanov theorem and the existence of standard chordal SLE(«x) trace,
almost surely for any ¢ € [0, T), B(¢) defined by (2.1) exists, and has the
same property as a standard chordal SLE(x) trace (depending on the value
of «) as described in the last paragraph. R
_Letk >0, p1,...,ovy € R, x € R,and py, ..., py € R\ {x}, where
R =R U {oo} is acircle. Let £(f) and pi(?), 1 < k < N, be the solutions to
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the SDE:
B N dt
d&(t) = JkdB(t) + Y i, S(t)p—k]?k(f) 2.2)
dpi(t) = ,,k([z)‘ﬁg(t)’ I=k=N

with initial values £(0) = x and p(0) = pr, 1 < k < N. If (¢, -) are
chordal Loewner maps driven by £(7), then pi(f) = ¢(t, p). Here if some
pr = o< then py(f) = oo and s(t)fkpk([) = 0 for all + > 0, so p; has no effect
on the equation. Suppose [0, T') is the maximal interval of the solution.
Let K(t), 0 < t < T, be chordal Loewner hulls driven by &. Then we
call K(r), 0 <t < T, a (full) chordal SLE(k; p1, ..., py) process started
from (x; py, ..., py). Since (£(¢)) is a semi-martingale, and d(&(¢)) = «dt,
so the chordal Loewner trace B(), 0 < t < T, driven by & exists, and is
called a chordal SLE(k; py, ..., py) trace started from (x; py, ..., py). If
we let g and p to denote the vectors (pi, ..., py) and (pq, ..., py), then
we may call K(¢) and B(f),0 < t < T, chordal SLE(k; p) process and trace,
respectively, started from (x; p). If S € (0, T] is a stopping time, then K (7)
and (1), 0 <t < S, are called partial chordal SLE(x; p) process and trace,
respectively, started from (x; p).

These p;’s and p;’s are called force points and forces, respectively. For
O<t<Tand 1 < k < N, ¢(t, pr) does not blow up, so K(¢) does not
divide {c0, p1, ..., py}in H. If T < oo then there must exist some p; € R
such that ¢(t, py) — &) — Oast — T,so | J,_; K(7) separates p; from oo
in H. If T = oo then | J,_; K() is unbounded, so | J,_, K(r) separates oo
from itself in H. Thus in any case, | J,_; K() divides {oo, py, ..., py}in H.

The chordal SLE(x; p) defined above are of generic cases. We now intro-
duce degenerate SLE(k; p), where one of the force points takes value x™
or x~, or two of the force points take values x* and x~—, respectively,
where x € R is the initial point of the trace. Let k > 0; py,..., oy € R,
and py > /2 —=2; p1 = x*, pr,...,py € R\ {x}. Let &) and p(p),
1 <k<N,0<t<T,bethe maximal solution to (2.2) with initial values
£(0) = p1(0) = x, and pr(0) = pi, 1 <k < N. Moreover, we require that
p1() > &) forany 0 < t < T.If N = 1, the existence of the solution
follows from the Bessel process (see [8]). The condition p; > «/2 — 2 is
to guarantee that p; is not immediately swallowed after time 0. If N > 2,
the existence of the solution follows from the above result and Girsanov

Theorem. Then we obtain chordal SLE(«; py, ..., py) process and trace
started from (x; x™, pa, ..., py). If the condition p;(r) > &(¢) is replaced
by p1(t) < &(¢), then we get chordal SLE(«; p1, ..., py) process and trace

started from (x; x~, p2, ..., py). Now suppose N > 2, p1, p» > /2 — 2,
p1=x",and p, = x~. Let &(r) and pi(£), 1 <k < N,0 <t < T, be the
maximal solution to (2.2) with initial values £(0) = p;(0) = p,(0) = x,
and pr(0) = pr, 1 < k < N, such that p;(t) > &) > p,(¢) for all
0 <t < T. Then we obtain chordal SLE(x; p1, ..., py) process and trace
started from (x; x™, x~, p3, ..., py). The existence of the solution to the
equation follows from [13] and Girsanov theorem.
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The force point x™ or x~ is called a degenerate force point. Other force
points are called generic force points. Let ¢(t, - ) be the chordal Loewner
maps driven by &. Since for any generic force point p;, we have p;(1) =
@(t, p;), so it is reasonable to write ¢(z, p;) for p;(¢) in the case that p;
is a degenerate force point. Suppose p; is the force associated with some
degenerate force point p;. If we allow that the process continues growing
after p; is swallowed, the condition that p; > k/2 — 2 may be weakened
to pj > —2[8].

From the work in [14], we get the conformal invariance of chordal
SLE(«; p) processes, which is the following lemma.

Lemma 2.1 Suppose k > 0and p = (py, ..., py) with ZZZI Pm = k — 6.
For j = 1,2, let Kj(1), 0 <t < T}, be a generic or degenerate chordal
SLE(k; p) process started from (x;; p;), where p; = (pj.1,-.., pjn), j =

1, 2. Suppose W is a conformal or conjugate conformal map from H onto H
such that W(x;) = x, and W(p1) = pam» | < m < N. Let pj o =
W= (c0) and D200 = W(00). For j = 1,2, let S; € (0, T;] be the largest
number such that for 0 < t < §;, K;(t) does not separate pj ~, from oo
inH. Then (W(K(%)),0 <t < 8y) has the same law as (K,(1),0 <t < S,)
up to a time-change. A similar result holds for the traces.

Proof. Here we only consider the generic cases. The proof of the degen-
erate cases is similar. Let Q; = {00, pj 1, ..., Pj N, Pj.oo}» J = 1, 2. Then
W(Q1) = 0, and §; is the maximum number in (0, 7;] such that for
0 <t<Sj, K;(t) does not divide Q; in H. For 0 < t < Sy, since K (#) does
not divide Q; in H, so W(K(¢)) does not divide Q, in H. From Theorem 3
in [14], after a time-change, (W(K(¥)),0 < t < S)) is a partial chordal
SLE(k; p) process started from (x,; p,). We now suffice to show that this
chordal Loewner chain can not be further extended without dividing Q,
in H. If this is not true, then Uo<z<s. W(K(t)) does not divide Q5 in H.
So o<, s, Ki (f) does not divide Q; in H, which contradicts the choice
of S;. O

Note that if « € (0,4] then S; = T}, j = 1,2, so we conclude that
(W(K (1)), 0 <t < Tp) has the same distribution as (K»(#),0 <t < T,) up
to a time-change. In general, by adding oo to be a force point with suitable
value of force, we may always make the sum of forces equals to ¥k — 6, so
the lemma can be applied.

2.2 Strip SLE. Strip SLE is studied independently in [20] and [2] (where
it is called dipolar SLE). For i > 0, 1letS, = {z € C : 0 < Imz < h}
and R, = ih 4+ R. If H is a bounded closed subset of S;, S, \ H is simply
connected, and has R, as a boundary arc, then we call H a hull in S;
w.r.t. R;. For such H, there is a unique ¥y that maps S, \ H conformally
onto S, such that for some ¢ > 0, Y x(z) = z£tc+ o(l) as z - £o0
in S;. We call such c the capacity of H in S, w.r.t. R, and denote it by
scap(H).
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For & € C([0, T)), the strip Loewner equation driven by £ is

Y(t, z) — (1)

0;Y(t, z7) = coth < 5

), ¥(0,z2) =z. (2.3)

For 0 <t < T, let L(¢) be the set of z € S; such that the solution (s, z)
blows up before or at time #. We call L(¢) and ¥(t,-), 0 < t < T,
strip Loewner hulls and maps, respectively, driven by &. It turns out that
Y(t,-) = ¥y and scap(L(f)) = t for each r. From now on, we write
coth,(z), tanh,(z), cosh, (z), and sinh, (z) for functions coth(z/2), tanh(z/2),
cosh(z/2), and sinh(z/2), respectively.

Letk« >0, p1,...,o08y € R, x € R, and p;,...,py € RUR, U
{400, —00} \ {x}. Let B(t) be a Brownian motion. Let &(r) and py(?),
1 <k < N, be the solutions to the SDE:

de(t) = /edB(1) + 33, % coth (§(1) — pi(D)dr

2.4

dpi(t) = cothy (pr (1) — §(n)dr, 1 <k <N, 24
with initial values £(0) = x and p;(0) = py, 1 < k < N. Here if some
pr = Foo then pi(f) = £o0 and coth, (£(f) — pi(¢)) = F1 for all t > 0,
so py has a constant effect on the equation. Suppose [0, 7') is the maximal
interval of the solution. Let L(f), 0 <t < T, be strip Loewner hulls driven
by &. Then we call L(r) ,0 < ¢t < T, a (full) strip SLE(x; p) process started
from (x; p), where g = (p1, ..., py) and p = (p1, ..., py).

The following two lemmas show that strip SLE(k; p) processes also
satisfy conformal invariance, and are conformally equivalent to the corres-
ponding chordal SLE(k; g) processes. The proofs are similar to that of
Lemma 2.1, and use the result of Sect. 4 in [14], so we omit the proofs.

Lemma 2.2 Suppose k > 0and p = (py, ..., py) with an\;:lpm =Kk —06.
For j = 1,2, let Li(1), 0 <t < Tj, be a strip SLE(k; p) process started
Sfrom (x;; ﬁj), where ﬁj = (pj1»---» PjN)- Suppose W is a conformal or
conjugate conformal map from S, onto S, such that W(x,) = x, and
W(pim) = Pam» 1 <m < N. Let I; = W'(R,) and I, = W(R,). For
Jj = 1,2 let S; € (0, T;] be the largest number such that for 0 < t < §;,
L;(t) does not separate I; from Ry in S;. Then (W(L(1)),0 <t < S) has
the same law as (L,(t),0 <t < S») up to a time-change.

Lemma 2.3 Suppose k > 0and g = (p1, ..., py) with Zgzl,om =Kk —06.
Let K(f), 0 <t < T, be a chordal SLE(k; p) process started from (x; p),
where p = (p1, ..., py). Let L(f), 0 <t < S, be a strip SLE(k; p) process
started from (y; q), where § = (qi, ..., qn). Suppose W is a conformal
or conjugate conformal map from H onto S, such that W(x) = y and
Wpr) = g 1 <k < N. Let I = W '(R,) and goc = W(c0). Let
T' € (0, T] be the largest number such that for 0 <t < T', K(t) does not
separate I from oo inH. Let S" € (0, S] be the largest number such that for
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0 <t < S, L(t) does not separate g, fromR,. Then (W(K(1)),0 <t < T')
has the same law as (L(t),0 <t < S') up to a time-change.

As usual, if « € [0,4], then §; = T;, j = 1,2, in Lemma 2.2, and
T'=T and S’ = Sin Lemma 2.3. In general, for a strip SLE(k; g) process,
by adding +o00 and —oo to be force points with suitable values of forces,
we may always make the sum of forces equals to x — 6, so the above two
lemmas can be applied. From Lemma 2.3, we have the existence of the strip
SLE(«; p) trace, and the above two lemmas also hold for traces.

3 Geometric properties

Suppose B(f), 0 < ¢t < T, is a chordal SLE(k; p) trace. In this section, we
will study the existence and property of the limit or subsequential limit of
B(?) ast — T in certain cases. The three lemmas in the last section will be
frequently used.

3.1 Many force points. Let « > 0, p. = (ps1,..., PiN.), Pr =
(P£15 > PN ), Where 0 < py < -+~ < py,, 0> p_y > - > p_n_,
and p1; € R, j = 1,...,Ny. Let (1), 0 < t < T, be a chordal
SLE(k; p,, p_) trace started from (0; p,, p_). Let ¢(t,-) and &(1),
0 <t < T, be the chordal Loewner maps and driving function, respectively,
for the trace y.

Theorem 3.1 Suppose forany 1 <k < N, Z]]-;l P+j = K/2—2.

(i) Almost surely T = 00, so o0 is a subsequential limit of B(t) ast — T.
(ii) Ifin addition, k € (0, 4], then almost surely B((0, c0)) N (R\ {0}) = @.

Proof. Let,l)(]><Q = K—6—Z;V:+]pj—2;v;1p,j.Leth =0.Forl <k < Ny,
let x4 = ijl p+j > k/2—2. Let XE, = max{)s : 1 <k < Ny}

(1) If T = o0, then the diameter of B((0, ¢]) tends to co as t — 00,
80 oo is a subsequential limit of B(¢) as t — T. So we suffice to prove that
T = occas. If T < oo, then for x = py or p_y, ¢(t,x) — &) — 0 as
t — T, where £(7) and ¢(t, - ) are the driving function and chordal Loewner
map. For any ¢t € [0,T), o(t, p—1) < &) < o(t, p1), SO d@(t, p1) =
2/(p(t, p1) — §(®) > 0 and 3,¢(, p—1) = 2/(p(t, p—1) — (1)) < 0. Thus
@(t, p1) — @(t, p—1) increases. If p(z, p1) —&(1) — 0, then (¢(t, p1) —§(1)/
(p(t, p1)—o(t, p—1)) — 0,50 (p(t, p1)—®))/(ED—¢(t, p—1)) — 0.Simi-
larly, if £(r) — (¢, p_1) — 0, then (§(t) — @(t, p_1))/(@(t, p1) —&(1)) — O.
Thus if T < oo, then In(&(¢) — (¢, p_1)) — In(e(t, p1) — &(¢)) tends to +00
or—ooast — T.

Suppose W maps H conformally onto S, such that W(0) = 0 and
W(p+1) = 00. Let goo = W(0o0) and g+; = W(p+;), 1 < j < Nx. Let
y(@) = B '(1) for0 <t < S = u(T), where u is a continuous increasing
function on [0, T") such that scap(L(¢)) = ¢ for any ¢, and L(¢) is the hull
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in S, w.r.t. R, generated by ¥((0, #]). From Lemma 2.3, (1), 0 < ¢ < S,
is a strip SLE(k; po, p, p_) trace started from (0; goo, G, §_), Where
Gy = (g1, ..., qen.). Since all g;’s are either o0 or lie on R, which
will never be swallowed, so S = oc.

Let ¥(¢, - ) and n(#), 0 < t < 00, be the strip Loewner maps and driving
function, respectively, for the trace y. Let X, (f) = Rey(t, go0) — n(®)
and X.;(1) = Rey(t,q+;) —n(@®), 1 < j < Ni. Then X »,(t) < --- <
X N < Xoo(® < Xy, (1) < --- < X5(). And for some Brownian
motion B(t), n(¢) satisfies the SDE:

dn(t) = JxdB(@) — © > tanhy (Xoo (0)dr
N, o N_ -
— ; 5 tanho(X;(0)dr — ; , tanho(X_;(0)dr

For0 <t < T,let W, = Y(u(),-) o Wo (t,-)"". Then W, maps H
conformally onto S, W;(£()) = nu(?), Wi(c0) = ¥ (u(f), ¢s), and
Wi (g(t, p+1)) = £00. Thus

In(€@®) — @(t, p—1)) — In(p(t, p1) — &) = Re Y(u(?), goo) — n(u(r))
= Xoo(u(1)).
Thus if T < oo then X, (f) tends to +00 or —o0 as t — 00. SO now we
suffice to show that a.s. lim sup,_, ., X (f) = 400 and liminf,_, oo Xoo(?) =
—oo. We will prove that a.s. lim sup,_, ., Xoo(#) = +00. The other statement

follows from symmetry.
Let Xy, +1(5) = X_n__1(t) = Xo(1). Then X (?) satisfies the SDE:

_oxvy t X—N_>

dX oo () = —/kdB(D) + (; ) tanhy (X o, (1))

Ny
X — Xi-
+y 7 5 7! tanhy (X, (1))

j=1

N_
+2.77 7 tanhy (X_j(1))dt
j=1

— —JkdB(1) + ('; - 2) tanh, (X o (1)) dt

32 % anha (X (1) — tanha(X; 41 (0)ds
j=1
N_ .
+ 307 anha(X0) — tanha (X1 ().

j=1
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Note thatfor 1 < j < Ni, :i:(tanhz(Xi] (1)) — tanhy (X141 (7))) > 0. Since
k/2—2 < x; < xE, for1 < j < Ny, so for some adapted process
A =0,

dX (1) = —/kdB(t) + A(Hdt + (K — 2) tanh; (X (7))dt

Ny

+< —1) Z(taﬂhz(x (1)) — tanhy(X;41(1)))dt

n Xf;ax Z(tanhz(x, §(H) — tanhy(X_;_ (1)))dt
Jj=1 _
= —JkdB(t) + A(Ddt + (Z 1 X;ﬂ")a + tanhs (X0 (1)) ).

Note that tanh,(X4,(#)) = =£1. Define f on R such that for any x € R,
fl(x) = (" + l)i(xnftax*z*"/z). Since x,.. = «/2 —2,s0 f'(x) > 1 for
any x € R. Thus f maps R onto R. Let Y(¥) = f(Xx(?)), and Av(t) =
(X (®))A() = 0. From Ito’s formula, we have

dY(t) = —/x ' (X (0)dB(t) + A(Ddt.

Let M(r) = Y(r) — fo A(s)ds Then we have Y(r) > M(¢) and dM(t) =
—\/Kf (Xoso(®))dB(1). Let v(t) = fo K f'(Xoo(s))?ds. Then v is a continu-
ous increasing function on [0, co), and maps [0, co) onto [0, co). And
M@~ (#)),0 < t < 0o, is a Brownian motion. Thus a.s. lim sup,_, o, M(1) =
+o00. Since Y(f) > M(¢) for any ¢, so a.s. limsup,_,  Y(f) = +4oc. Since
Xoo(®) = F71(Y(9)), so a.s. lim SUP,_, oo X 0o () = +00, as desired.

(ii) From symmetry, we suffice to show that a.s. B((0,00)) N
(—00,0) =@.Fixanyry € (—oo, p_y_)NQandr_ € (p_1, 0)NQ. We suf-
fice to show that a.s. 8((0, c0)) N (ry, r_) = . Choose W that maps H con-
formally onto S, such that W(0) = Oand W(r+) = *o0.Letgs; = W(p+)),
1 <j <Ny and Gy = (guars---,gan.)- Let goo = W(00) € (0, 00). Let
y(®) = B (1)) for 0 < t < S = u(T), where u is a continuous increasing
function on [0, T') such that scap(y((0, ¢])) = ¢ for any ¢ € [0, S). From
Lemma 2.3, y(1), 0 <t < S, is a strip SLE(k; ps, 0, p_) trace started
from (0; oo, G4, ).

Let ¢(¢, -) and n(¢), 0 < t < S, be the strip Loewner maps and driving
function, respectively, for the trace y. Let X o, (1) = ¥(2, goo) —1(0), gn, 41 =
g-N_—1 = {qoo>and X4 ;(t) = ¥(t, q+;) — (1), 1 < j < N1+ 1. Then there
is a Brownian motion B(f) such that X, (#) satisfies:

dX o (t) = —/kdB(t) + <1 + ,0;0) cothy (X oo (7)) dt
Ny N_

P P—j
+y ) cothy (X;()dr + > 5 cotha(X_;(0)d
=1 =1
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— —/kdB() + <'; - 2) coth, (X oo (1))dt

Ny
+ 3 7 (cotha (X; (1)) — cothy (X;1(0)ds

j=1

N_
+ ; X; (cothy (X_; (1)) — cothy(X_j_y()))dr.

Since X;(1),1 < j < Ny +1, lie on the boundary of S in the counterclock-
wise direction; and X_;(#), 1 < j < N_+1, lie on the boundary of S, in the
clockwise direction, so we have £(cothy(X1;(#)) — cothy(X1(j11)) > 0
for1 < j < Ny Since x_; > k/2—2,1 < j < N_,and x; < x1 ..
1 < j < Ny, so for some adapted process A;(¢) > 0,

dXoo(1) = —/kdB(t) — Ay (Ddt + ('; — 2) cothy (X oo (1)) dt
+ <Z - 1)(C0th2(X—1(f)) — cothy(X_y_—1(1)))dt

+
I Xn21ax (cothy (X (1)) — cothy (X, 11()))dt
= —/kdB(t) — A (Hdt
N (Z _ 1) (cotha(X_ (1)) + cothy(X oo (1) dr

N
+ " (cotha (X (1) — cothy(Xoc ()d.

We have cothy(X_;(#)) + cothy (X ()) > 0 because X_;(f) € R, and
X (t) € (0,00). Since x € (0,4], so k/4 — 1 < 0. Thus for some adapted
process A, (1) > A;(¥) > 0,

+
dX oo () = —/kdB(t) — Ay (t)dt + X‘;‘”‘ (coth, (X (¢)) — cothy (X (2)))dt.

For 0 <t < §, since X (¢) > 0, so
Yo [
VB < T / (cothy (X1 (5)) — cothy(X o (5)))ds.
0

Since 0 < X1(s) < Xo(s) for 0 < s < §, so the integrand is positive. Thus
if x+ <0, then B(t) < 0for 0 < < S. Now suppose x| > 0. Let
q1(t) = ¥(t, q1) and g (t) = ¥ (t, goo). From the strip Loewner equation,
forO <t < S,

i

VB = 17 (q1(5) = 4.,

Xon Xon
= ="M@ = 4o @) Lo = "0 (G0 — a0,
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where the second “<” follows from the fact that ¢, (f) < g (f). Thus in any
case, B(¢) is uniformly bounded above on [0, S). So we have § < oo a.s.
For a hull H in S, w.r.t. R, if scap(H) = s then the height of H is
no more than 2 cos ™! (e7*/?), and the equality is attained when H is some
vertical line segment. Now for 0 < ¢ < §, scap(y((0, ¢])) =t < S, so the
distance between y((0, t]) and R, is bigger than = — 2 cos~!(e~5/?). Since
a.s. § < 00,50 ¥((0, §)) is bounded away from R . From the property of W
and the definition of y, we conclude that a.s. 8((0, co0)) is bounded away
from (r,, r_). So we are done. O

Theorem 3.2 Suppose x € R, k € (0,4], p1, 02 > k/2 — 2, and B(1),
0 <t < 09, is a chordal SLE(k; p1, p») trace started from (x; p1, p2).

(i) If py = x~ and p, = x™, then a.s. lim;_, o, B(f) = oc.
(ii) If p1 € (=00, x) and p; € (x, +00), then a.s. lim,_, o, B(t) = oo.

Proof. We may suppose x = 0. We first consider the case that p; =
x~ =0 and p, = xt = 0. Let Z denote the set of subsequential
limits in H of (7) as t — oo. We suffice to show that Z = ¢ a.s. From
Lemma 2.1, for any a > 0, az,B(t), 0 <t < 00, has the same distribution as
B(at), 0 < t < oo, which implies that a> Z has the same distribution as Z.
Thus we suffice to show that a.s. 0 ¢ Z.

Let ¢(¢, -) and &(¢) be the chordal Loewner maps and driving function
for the trace B. Choose W; that maps (H; &(7), ¢(f, 07), ¢(z, 07)) conform-
ally onto (S;; 0, +00, —00), and let X, (f) = Re W,(00). Then X (f) =
In(ep(t, 01) — £(1)) — In(&(¢) — ¢(t, 07)). From the proof of Theorem 3.1 (i),
we see that a.s. lim sup X, (f) = 400 and liminf X, (f) = —oo. Thus a.s.
there is ¢ > 1 such that X (1) = 0, i.e., ¢(t,07) — &(t) = &(t) — @(£,07).
Let T denote the first ¢ with this property. So T is a finite stopping time.

Let g(z) = (o(T.2) — &(T))/(¢(T,07) — &T)) and f = g~'. Then
g maps H \ B((0, T]) conformally onto H, g(8(T)) = 0; and f extends
continuously to HUR such that f='(0) = {—1, 1}. Let y(¢) = g(B(T + 1)),
t > 0. Then after a time-change, y(¢), 0 < t < oo, has the same dis-
tribution as a chordal SLE(k; p;, py) trace started from (0; —1, 1). From
Theorem 3.1 (ii), y((0, 00)) is bounded away from {—1, 1} a.s. Thus a.s.
B([T, o0)) is bounded away from 0, which implies that 0 ¢ Z. So we
proved (i).

(i1) Suppose p; € (—oo, x) and p, € (x, 00).Letr = (p, —x)/(x — p1).
Let Bo(f) be a chordal SLE(k; p;, po) trace started from (0; 0~, 0"). Let
o(t,-) and &(r), 0 < t < oo, be the chordal Loewner maps and driving
function for the trace fy. Let X (#) be defined as in the last paragraph
with § replaced by Sy. Then there is a.s. ¢+ > 1 such that X, (#) = In(r),
ie., (o, 07) — &)/ (E@®) — @(t,07)) = r. Let T, denote this time. Since
(Xoo(1)) is recurrent, T is a finite stopping time. Let

2(z) = x + (P2 = p(p(T;, 2) — §(T}))
o(T,, 0%) — (T, 07)



Duality of chordal SLE

Then we see that g maps (H \ Bo((0, T;]); Bo(T,), 0~, 0T) conformally onto
(H; x, p1, p2). So after a time-change, (g(Bo(T, + 1)), 0 < t < 00), has the
same distribution as (8(1), 0 < t < 00). From (i), a.s. lim,_, o, Bo(¢¥) = o0,
so we have a.s. lim,_, o, B(f) = oo. |

Conjecture 1 (Reversibility) Suppose « € (0,4), p—, p+ > /2 — 2, and
B(1),0 <t < 0o,isachordal SLE(x; p_, p, ) trace started from (0; 0—, 0).
Let W(z) = 1/z. Then after a time-change, the reversal of (W(B(¢))) has
the same distribution as (5(7)).

If « = 0, the conjecture is trivial because the trace is a half line. If
pr = p_ =0, 1i.e., Bisastandard chordal SLE(k) trace, the reversibility is
known in [19]. If ¥ = 4, the reversibility is a result of the convergence of
discrete Gaussian free field contour line in [13]; and is also a special case
of Theorem 5.5 in this paper. To prove this conjecture using the technique
in [19] and this paper, one may need to know the conditional distribution
of B(r), T <t < T, given its initial segment B([0, 77]) and final segment
B([T5, 00)), where T is a stopping time, 75 is a “backward” stopping time,
and 77 < T>. In the case that § is a standard chordal SLE(x) trace, we find
that B(¢), Ty <t < T, is achordal SLE(k) trace in H\ (8((0, T7]U[T5, o0)))
from B,(T1) to B2(T»), up to a time-change. If k = 4, we will see in the
proof of Theorem 5.5 that after a time-change, B(#), 1 < t < T, is
a generic SLE(k; p_, py) trace in H \ (B((0, T1] U [T,, 00))). In general,
this conditional distribution may not be an SLE(x; p) trace.

3.2 Two force points. We now study a strip SLE process with two force

points at oo and —oo. Let k > 0 and p,, p— € R. Suppose B(#),0 <t < T,

is a strip SLE(k; p4, p—) trace started from (0; 400, —00). Let 0 =

(o— — p4)/2. Then T = oo and the driving function is £(f) = /k B(t) + of,

0 <t < oo, for some Brownian motion B(f). Let L(t) and ¥ (z, - ),

0 <t < 00, be the strip Loewner hulls and maps, respectively, driven by &.
We first consider the case that |o| < 1. Then &(¢) satisfies

E(N)] < A(w) +0't, V¥t >0, (3.1
where 0’ := (1 + |o])/2 < 1 and A(w) > 0 is a random number.
Lemma 3.1 If |o| < 1, then L(c0) is bounded.

Proof. Leto” = (1+|0’])/2. We may choose R > 0 such that Re coth,(z) >
o” when z € S; and Rez > R. From (3.1) there is a = a(w) > R+ 1
such that R + 1 4+ &(r) — 0"t < a for all + > 0. Consider a point z € S,
with Re z > a. Suppose there is ¢ such that Re ¥ (¢, z) — &£(f) < R. Since
¥(0,z) =z, so Rey(0,z) = Rez > a > R. Since £0) = 0, so
Re ¥(0, z) — £(0) > a > R. Thus there is a first 7y such that Re ¥ (¢y, 7) —
&(ty) = R. Fort € [0, 1], we have Re ¥ (¢, z) — £(¢) > R, and so

9; Re y(t, 7) = Recoth, (W (1, 2) — &(1p)) > o”.
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Integrating the above inequality w.r.t. ¢ from O to 7y, we get

R = Re Y (o, z) — &(to) = Re ¥(0, z) + 0”"tg — &(to)
>a+o"ty—&(ty) > R+1,

where the last inequality uses the property of a. So we get a contradiction.
Therefore Re y/(t, z) — &(t) > R for all t > 0. So ¥ (¢, z) will never blow
up, which means that z ¢ L(¢) for all # > 0, and so z ¢ L(oo). Similarly,
there is @’ = a’(w) > O such thatif z € S; and Rez < —a’ then z ¢ L(0o0).
Thus L(o0) is contained in {x + iy : —d’ < x < a,0 < y < 7}, and so is
bounded. O

Let N
feo(x) = f exp(s/2) ¥ cosha(s)™ < ds. 3.2)

—0oQ
Since [o| < 1,50 fi.» maps R onto the interval (0, A, ) forsome A, , < 0.
Let

X,(2) =Rey(1,2) — £().

Now fix zg = x9 + i € R;. Then (¢, z9) € R, for all ¢. Let X, denote
X,(zp) temporarily. Then dX, = tanh,(X,)dt — d&(¢). From Ito’s formula,
we have

dfes(X,) = —exp(X,/2) % coshy(X,) ¥ /kdB(2).

Thus f, »(X;) is a local martingale. " .,

Let u(0) = 0 and u/'(r) = [exp(X,/2) « coshz(Xs)*K\//c]z. Then u
is a continuous increasing function. Let T = u(oco) € (0, 4o0], and
v = u~'. Then (fe.o(Xu@), 0 < t < T) has the same distribution as
(B(1),0 <t < T).Since f,+(Xy@p) stays inside (0, A, ), so from the prop-
erty of Brownian motion, we have a.s. T < oo and lim;_, 7 fi (X, () exists.
If lim; 7 fio(Xye) is neither O nor A, ., then fi ,(X,) is uniformly
bounded away from O and A,, on [0,7), so X, is uniformly bounded
on [0, co), which implies that u'(¢) is uniformly bounded below, and so
T = u(oo) = o0. Since T < oo a.s., so lim,, 7 fi o« (Xy1)) € {0, Ac s} as.
Thus lim,_, o, X, € {00} a.s. Moreover, the probability that X, — +oo is
equal to fi ,(x0)/Ak.o by the Markov property.

Define

Jr =inf{x e R: lim X,(x 4+ mi) = 4+o0};
—00

J_=sup{x e R: lim X,(x + mi) = —00}.
—00

Since x; < x, implies Re ¥/ (z, x; + mi) < Rey(t, xo, + mi) for all ¢, so
we have J_ < J,; and for x < J_, X,(x + wi) — —oo, for x > J,,
X/(x +mi) - +ooast — oo. Hence P{J; < x} < fio(X)/Avs <
P{J_ < x} for all x € R. Since f, , is strictly increasing, so J_ = J, a.s.
By discarding an event of probability 0, we may assume that J, = J_, and
let it be denoted by J. The density of J is exp(x/2) ¥ cosh, (x)_i1 [Axo-
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Lemma 3.2 L(c0) NR, = {J + mi}.

Proof. If J + mi ¢ L(00), then there are b, ¢ > 0 such that dist(x + i,
L(00)) > cforall x € [J — b, J + b]. From the definition of J, X,(J £
b + mi) - +oo ast — oo. Thus Rey(t,J + b + i) — Rey(t, J —
b + mi) — +o00 as t — 0o0. By mean value theorem, for each ¢, there is
x; € [J — b, J + b] such that [0,y(t, x, + wi)| — 00 as t — oo. From
Koebe’s 1/4 theorem, we conclude that dist(x, + i, L(¢)) — 0, which is
a contradiction. Thus J + i € L(00).

Suppose xo > J. Then X,(xg + mi) — +00 as t — oo. Thus d,y(¢,
Xxo +mi) —> last — oo.Recall that 0 < ¢’ < 1, and |£(F)| < A(w) + o't
for all + > 0. So there is H > 0 such that when t > H, X;(xo + 7i) =
Re y(t, xo + i) — &(t) > '271. So X,(x + 7i) > 't for all x > xo and
t>H.

Differentiate (2.3) w.r.t. z, then we get

30,9 (t,2) = —1/2 - 9, ¥(t, 2) - sinho (Y (1, 2) — &(1) >
Thus
3, In 9,9 (1, 20)| = Re (—1/2 - sinhy (Y (1, 29) — £()) ). (3.3)

It follows that for all x > xg,

o ! —-1/2
[0,(t, x + 7i)| = exp </o Re (sinhz(W(s, x ot i) — S(s))Z)ds)
' ~1/2
= exp Re|( . ) -~ |ds
</o (smhz(XS(x + i) + m)z) )
' 1/2
= exp o ds
</o coshy (X (x + 7i))? )

" gs > 1
< exp + ) 2a’s < 4o00.
o 2 H 2cosh, (]E‘T s)

Then by Koebe’s 1/4 theorem, for all x > x¢, x + i is bounded away from
L(00) uniformly. Thus L(00) is disjoint from [xg + i, +00) for all xg > J.
So L(o0) is disjoint from (J + mi, +00). Similarly, L(oco) is disjoint from
(—o00, J + mi). Thus L(oc0) intersects R, only at J + . |

Theorem 3.3 Ifx € (0,4] and |o| < 1, then a.s. lim;_, o, B(t) € R,.

Proof. Let O = m0§t<oo Blt, 00). By Lemma 3.1, Q is nonempty and
compact. Suppose E has the same law as &, and is independent of &. Let E(t)

and {ﬁv (t,-), 0 <t < oo, be the strip Loewner trace and maps driven by &,
respectively. Let (¥;) be the filtration generated by &. For & € (0, 1), let T},
be the first # such that Im 8(#) = m — h. From Lemma 3.2, T}, is a finite (¥;)-
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stopping time. Let &, (1) = () for 0 < 1 < Tj; £.(1) = &(Ty) + &t — T)
for ¢t > Tj,. Then &, has the same distribution as &. Let B,(f) be the strip
Loewner trace driven by &,. Then B, (1) = Wy, (B(t —T})) for t > T),, where
Wr,(2) = w(Th, )~ (E (T) + z). Since B, has the same distribution as S,
so Wy, (Q) has the same law as Q.

Let A_ denote the set of curves in S; \ ﬂ((O T]) that connecting
(=00, 0) with the union of [0, c0) and the righthand side of B((0, 7j]).
Let p = Re B(T},) + mi, and A ={z€S;:h < |z— p|l < rm}. Then
every curve in A_ crosses A. Thus the extremal length [1] of A _ is at least
(In(rr) — In(h)) /7. From the property of v7,, Wy, maps S, conformally
onto S; \ E((O, T,]). There are ¢, < 0 < d), such that Wy, ((—o0, ¢;]) =
(=00, 0] and Wy, ([dy, 00)) = [0, 00). Singe k € (0,4],s0 Wr, ((cn, dp)) =
B0, T,]) C S,. Moreover, Wy, (0) = B(Ty), and Wy, maps [0, d;) to
the righthand side of B((0, 7;,]). From conformal invariance of extremal
length, the extremal distance between (—o00, ¢;,) and [0, 00) in S, is not less
than (In(w) — In(h))/m. Thus ¢, — —oo uniformly as 2 — 0. Similarly,
dy, — +oo uniformly as 7 — 0.

Forany z € S;, wehaveIm W, (z) > Im z; and the strictinequality holds
when z € S; or z € (¢p, d). Thus min{Im Wy, (Q)} > min{Im Q}. Since
Wr, (Q) has the same law as O, so a.s. min{Im Wy, (Q)} = min{Im Q}. Sup-
pose now Q ¢ R, holds with a positive probability. Since Q is a bounded
set, there is R > 0 such that P[E;] > 0, where &g denotes the event that
O C {z:]Rez|] < R} and QO ¢ R, both hold. If % is small enough, we
have |cy|, |dy| > R. Assume that &g occurs. For any z € Q \ R,, either
Z € Sy or z € (¢, dy). In both cases, we have Im Wy, (z) > Imz. Thus
min{Im Wy, (Q)} > min{Im Q} on &g, which is a contradiction. Thus a.s.
QO C R,. From Lemma 3.2, we have a.s. Q = {J + mi}, which means that
lim, o, B(¢t) = J + 7. O

Now we consider the case that |o| > 1.

Theorem 3.4 Ifk € (0,4] and o > 1, then almost surely lim;_, o, B(t) =
+o0.

Proof. Let o > 1. Let W(z) = ¢ — 1. Then W maps (S,; 0, 00, —00)
conformally onto (H; 0, oo, —1). From Lemma 2.3, after a time—change,
W(B(?)),0 < t < 00, has the same distribution as a chordal SLE(K, 5—3+0)
trace started from (0; —1), which is also a chordal SLE(K —3+40,0) trace
started from (0; —1, 1). Sinceo > 1, so 2—3+0 > ’;—2 SlnceK € (0, 4],

so0 > ’; —2. Thus from Theorem 3.2 (ii), a.s. lim,_, .« W(B(f)) = o0, which
implies that lim,_, o, B(f) = 4+00. The case o < —1 is similar. O

Remark. Theorems 3.3 and 3.4 should hold true in the case k > 4. For
example, the only part that the condition x € (0, 4] is used in the proof of
Theorem 3.3 is that Im Wy, (x) > 0 = Imx for ¢, < x < dj,. If this is not
true for any « > 4, then we get some cut point of the hull that lies on the
real line, which does not seem to be possible. If ¥k > 4 in Theorem 3.4, we
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can prove that if o > 1 (resp. 0 < —1), then L(c0) is bounded from left
(resp. right) and unbounded from right (resp. left), and L(co) N R, = @.

3.3 Three or four force points. First, we consider a strip Loewner process
with three force points. Let k > 0 and p; 4+ p_ 4+ p = k — 6. Suppose S(?),
0 <t < T,isastrip SLE(x; p4, p—, p) trace started from (0; +00, —00, p)
for some p € R,. Then T = oo. Let p = Re p. Then the driving function
£(1), 0 <t < 00, is the solution to the SDE:

d&(t) = /kdB(1) + "=, dr — & tanhy (p(1) — £(1))dr;

_ ~ (3.4
dp(t) = tanhy (p(1) — &(1))dr.
Here p(t) € R and p(t) + wi = (¢, p) for any ¢ > 0, where ¥ (t, -),
0 <t < o0, are strip Loewner maps driven by &. Let X(¥) = p(¢) — &(1).
Then X (7) satisfies the SDE:

dX (1) = —/kdB(t) — - 5 P+ ar + (1 n g) tanhy (X(D)di.  (3.5)

Suppose f is a real valued function on R, and for any x € R,

() = exp(x/2)« 2" coshy(x) =« (112)

From Ito’s formula, f(X(?)) is a local martingale.

Let I = f(R).Recallthat p =k —6 — py — p_. If p1 > /2 — 2 and
p— > k/2 —2,then I = R, so a.s. limsup X(f) = +oco and liminf X(¢) =
—oo. If py < k/2 —2and p_ > «k/2 — 2, then I = (a, co) for some
a e R,soas. limX(f) = —oco. If p, > «/2 —2and p_ < k/2 — 2, then
I = (—o0, b) for some b € R, so a.s. lim X(f) = 4oc0. If p,. < «/2 -2
and p_ < «/2 — 2, then I = (a,b) for some a,b € R, so with some
probability P € (0, 1), lim X(#) = —oo; and with probability 1 — P,
lim X () = 4o0.

Letl; = [«x/2—2,00), 1, = (k/2—4,k/2—2),and I3 = (—o0, k/2—4].
Let Case (jk) denote the case that p; € I; and p_ € I;. We use (p, +00) or
(—o00, p) to denote the open subarc of R, between p and +oo or between p
and —oo, respectively.

Theorem 3.5 Suppose k € (0,4]. In Case (11), a.s. lim,_.», B(t) = p.
In Case (12), a.s. lim,_, , B(f) € (=00, p). In Case (21), a.s. lim,_, o, B(t) €
(p, +00). In Case (13), a.s. lim,_,o B(f) = —oo. In Case (31), a.s.
lim, o B(f) = +oo. In Case (22), a.s. lim,_ o, B(t) € (—o0, p) or €
(p, +00). In Case (23), a.s. lim,_, o, B(f) = —ooore (p, +00). In Case (32),
a.s. lim,_, o, B(t) € (—o0, p) or = +o00. In Case (33), a.s. lim,_, o, B(f) =
—00 or = +00. And in each of the last four cases, both events happen with
some positive probability.
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Proof. The result in Case (11) follows from Theorem 3.2 and Lemma 2.3.
Now consider Case (12). We have a.s. lim X (f) = 4+o00. Let Y(¥) = X () +
J/kB(t). From (3.5), a.s.

Y () =-"" ) P+ 4 (1 n g) tanh, (X (1))
P+ pr—p- K
— l=_ —-2—p_
2 =, p
ast — o0o. Thus a.s.

lim X(0)/t = lim Y()/t =k/2 =2 p_ > 0. (3.6)

From (3.4), we see that as t — oo, the SDE for £(¢) tends to d&é(r) =
VKkdB(t) 4+ odt, where o 1= """ — p/2 = p_ — (k/2 = 3) € (-1, 1).
From Theorem 3.3, it is reasonable to guess that a.s. lim,_.», () € R,.
This will be rigorously proved below.

Let
_ 2 .
a(t) = (1 — tanhy (X (2))); (3.7)
JEK
M(t) = exp (— /ta(s)dB(s) — ! /ta(s)zds) (3.8)
0 2 Jo

From (3.6), a.s. fooo a()*dt < 00, so a.s. lim,_, o M(f) € (0, 00). From Ito’s
formula, M () is a positive local martingale, and dM(¢)/ M(t) = —a(t)dB(?).
For N € N, let Ty € [0, oo] be the largest number such that M(f) <
(1/N,N) for 0 < t < Ty. Then Ty is a stopping time, M(t A Ty) is
a bounded martingale, and P[{Ty = oo}] — 1 as N — oo. Define Q
such that dQ = M(Ty)dP, where M(o0) = lim,_, . M(¢). Then Q is also
a probability measure. For t > 0, let B(f) = B(¢) + fot a(s)ds. From (3.4),
we have

£(r) = £(0) + /k B(t) + ot.

From Girsanov theorem, §(t), 0 <t < Ty, is a partial Q-Brownian
motion. Since ¥k € (0,4] and |o| < 1, so from Theorem 3.3, Q-a.s.
lim,_, 7, B(f) € Ry on {Ty = oo}. Since 1/N < dQ /dP < N, so Q is
equivalent to P. Thus (P-)a.s. lim,_, 1, 8(f) € R, on {Ty = oo}. For any
e > 0, there is N such that P[{T)y = oo}] > 1 — ¢. Thus with probability
greater than 1 — ¢, lim; o, B(f) € R;. Since ¢ > 0 is arbitrary, so a.s.
lim,_, o, B(¢) € R,. Now for any x € R and x > p, (¢, x + mi) € R, and
Re ¢(t, x 4+ i) > Re y(t, p + mi) for any r > 0. Thus Re y(¢, x + mi) —
&(t) — oo ast — o0o. From an argument in the proof of Lemma 3.2, we
have dist(x + i, B((0, 00))) > 0. Thus lim,_,, B(t) ¢ [p, +00), so a.s.
lim; . B(7) € (=00, p).

Now consider Case (13). The argument is similar to that in Case (12)
except that now o = p_ — (k/2 — 3) < —1, so from Theorem 3.4, we have
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a.s. lim,_, o B(f) = —o0. Cases (21) and (31) are symmetric to the above two
cases. In Case (22), a.s. lim; .o X(f) = +00 or = —oo. If lim,_, o, X(¢) =
+o00, then as t — oo, the SDE for &(¢) tends to d&(f) = /kdB(t) + odt,
where 0 = p_ — (k/2 —3) € (—1, 1). Using the argument in Case (12), we
get a.s. lim,_, o, B(¢) € (—o0, p) whenever lim;_,, X () = +o00. Similarly,
a.s. lim,_, o B(t) € (p, +00) whenever lim,_, o, X (f) = —o0. The arguments
in the other three cases are similar to that in Case (22). O

Next, we consider a strip Loewner process with four force points. Let
k> 0and p. + p— + p1 + p2 = k — 6. Suppose B(1),0 <t < T,is a strip
SLE(x; p+, p—, p1, p2) trace started from (0; +o00, —o0, p1, p2) for some
p1, p2 € Rwith p; > 0 > p,. Then the driving function £(r),0 <t < T,
is the maximal solution to the SDE:

d(t) = \/kdB(t) + PP dt — Y7, ) cothy(p; (1) — £(t))dt;
dp; (1) = cothy(p; (1) — E@)dr,  j=1,2.

Here p;(t) = ¥(t, p)) e R,0<t < T, j=12 where y(t,-),0 <t < T,
are strip Loewner maps driven by &.

3.9

Theorem 3.6 Suppose « € (0,41, p1, p2> "3, (o1 +p:) — (p2+p-)| <2,
and min{p;, p} < 0. Then a.s. T = 0o and lim;_, o, B(t) € R,.

Proof. We only consider the case that p, < 0. The case p; < 0is symmetric.

Let X;(1) = p;j(t) —&(@®), j = 1,2. Then X (1) > 0 > Xp(»),0 <1t < T.
And we have

dX, (1) = —/kdB(@) — ©

-~ P+
dt
2

+ (1 + ’;‘) cothy (X, (1))dr + ‘;2 cothy (X, (1))dt.

Define f on (0, co) such that for any x > 0,

p——p++p)

£/ =exp(e/2)+" 5 sinhy (x)F 0+9)),

Then for any x > 0,

I;f”(x) = f’(x)(p‘ B ’;* o (1 + ’;1) Cothz(x)).

Let Y(r) = f(X1(¢)) for any ¢ € [0, T'). From Ito’s formula, we have
dY (1) = —/i f' (X1 ())dB(1) + /;2 (X1 (®)(1 + cothy (X2(1)))dt.

From the conditions of p;’s, f maps (0, 00) onto (—o0, b) for some b € R.
Since p, < 0 and X,(f) < O, so the drift is non-negative. Thus a.s.
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lim, .7 Y(t) = b, which implies that lim, .7 X;(f) = +o00. Let Z(¢) =
X1 (f) + /xk B(f). Since cothy(X»(¢)) < —1 and p, < 0, so if T = oo, then
ast — 0o,

—,07—,02_’_

/ P+
Z'(1) >
) = )

(1 n ‘; ) cothy (X, (1))

_>1+/0++/01—/0——/02.

2

Then liminf, X;(#)/t = liminf,, Z(®)/t > 0 = 1+ (po4+ + p1 —
p——p2)/2 > 0.

Let a(f) and M(¢) be defined by (3.7) and (3.8) except that p and
tanh, (X (7)) in (3.7) are replaced by p; and coth, (X (7)), respectively. If
T = o0, since liminf, o, X (¢¥)/t = 0 > 0, so a.s. lim,_, o, M(?) € (0, 00).
This is clearly true if T < oo because a(s) is bounded. Let §(t) =
B(t) + [, a(s)ds, 0 < t < T.From (3.9) we have

— P+ =P

de(6) = JiedB(t) + ,

dr — ’)2 2 cothy (Xa (1)) d.

If under some probability measure Q, (§(t)) is a partial Brownian mo-
tion, then B(#), 0 < t < T, is a partial strip SLE(k; ,ojr, p—, p2) pro-
cess started from (0; +00, —00, p2), where o\ = py + pi. Since p/, +
p—+p2=kKk—06,p € (k/2—4,«/2—2)and p» > k/2 — 2, so from
Lemma 2.2 and Theorem 3.6, we have Q-a.s. lim, . 8(f) € R, US,,. From
the proof in Case (12) of Theorem 3.6, we have a.s. lim,_, 7 () € R, US,,.
Since B is a full trace, it separates either p; or p, from R, in S,, so
lim;_,r B(¢) € S,; is not possible. Thus lim,_,7 B(¢#) € R, a.s. This implies
that 7 = lim,_, 7 scap(B((0, t])) = oo. m|

4 Coupling of two SLE processes

Let k1,60 > 0; kikp = 16; pj,, € R, 1 <m < N, j=12 N €N;
Pom = —K201.m/4 1 <m < N;xy,x2, p1, ..., py € Rare distinct points.
Let p; = (pj1,---»pjn)s j = 1,2, and p = (p1,..., py). Note that if
Ky = ky = 4,then g, +p5, = 0;if k1, ky # 4,then g,/ (k1 —4) = 5,/ (ko —4).
The goal of this section is to prove the following theorem.

Theorem 4.1 There is a coupling of K((¢), 0 <t < Ty, and K,(t), 0 <
t < Ty, such that (i) for j = 1,2, K;(t), 0 < t < T}, is a chordal
SLE(k;; —sz,ﬁj) process started from (x;;x3_;, p); and (ii) for j #
k € {1,2}, if ty is an (F})-stopping time with t, < Ty, then conditioned
on 57[:‘ e(tk, Ki(1), 0 <t < Ti(t), has the same distribution as a time-
change of a partial chordal SLE(k;; —';j,ﬁj) process started from
(@ (T, X7)3 Ex(t), i (e, P)), where @i (t, p) = (@i(t, p1)s - ... @k(t, py)),
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ee(t,-) = k00 Ti(t) € (0, T;] is the largest number such that K;(t) N
Ki(ir) = 0 for 0 < t < Ti(&), and (F;) is the filtration generated by
(K; (D), j = 1.2.

In many cases we can prove that ¢ (f, K;(1)), 0 < t < T;(), has the
same distribution as a time-change of a full chordal SLE(k;; —Kz’ , bj) pro-
cess started from (g (%, x;); & (), ¢k (f, p)). From the property of T;(#),
U0§t<7}(fk) K; (1) touches K (f), so UOSI<Tj(fk) @i (r, K; (1)) touches R. So
the chain can not be further extended while staying bounded away from the
boundary. Thus if k; < 4, it is a full process. Another case is when there
is some force point py that lies between x; and x,. Then osz<rj(fk) K;(1)
separates ¢y (f, pr) from co. So again we get a full process.

4.1 Ensembles. Let’s review the results in Sect. 3 of [19]. For j = 1, 2,
let K;(f) and ¢; (¢, - ),0 < t < §, be chordal Loewner hulls and maps driven
by & € C([0, S))). Suppose K(t;) N K»(t,) = ¥ for any #; € [0, S;) and
1 €10, 8,). For j #k e {1,2},1 € [0, S) and € [0, §)), let

K@) = (Kj() U Ki(10))/ Ki(10), 910t ) = @k, 0)- 4.1
Then for any #; € [0, S7) and £, € [0, S»),
(pKl(tl)UK2(tz) = ¢1,t2(t17 ) o 902(52a ) = (pZ,tl (IZ’ ) © 901 (tlv : ) (42)

We use 91 and 9, to denote the partial derivatives of ¢;(-, -) and @; (-, -)
w.r.t. the first (real) and second (complex) variables, respectively, inside the
bracket; and use d to denote the partial derivative of ¢;,(-,-) w.r.t. the
subscript fy. From (3.10)—(3.14) in Sect. 3 of [19], we have

@i (5, & (1) = —32¢x. (s, &(1)); 4.3)
3001, (s, @) _ 1 <a§¢k,,(s, sj(z»)z 4 B §0) “44)
00 (s.§0) 2 \ 0.00,(s. &(1)) 3 0008, &)
20.¢(to, & (1))*
N1t 2) = it 2) — @ (10, & (D) *+3)
000, 2) 20,005, &)
= ; 4.6)
0015(t2)  (9i5(t,2) — @i (s, §(D)))?
<8§¢,~,s(r, z>) _ A0:014(5, £5(0)70:01,5(1, 2). @7
0,05t 2) ) (9151, 2) — @i (5, &) '
. (afw,-,s(r, z)) _ 400k (5.§(0)70291.4(1. 2)
“\ 0.9;,5(t, 2) (@).5(1, 2) — @1 (5, &(1))°
120.01 (s, §(0)20.9,4(1, 2)? “s

(@151, 2) — @ra (s, &;(ON*
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4.2 Martingales. Suppose xi, x2, p1, ..., py are distinct points on R. Let
& € C([0,Ty)), j = 1, 2, be two independent semi-martingales that satisfy
d(§;(1)) = k;dt, where k1, k; > 0. Let ¢(z,-) and K;(1), 0 < 1 < o0, be
chordal Loewner maps and hulls driven by §;, j = 1, 2. Let

D = {(t1, 1) : K1(11) N Kx(ta) = ¥,
@(t;, pn) does notblow up, 1 <m < N, j =1,2}. (4.9)

For (r1,0) € D, j # k € {1,2}, and h € Z, define A;;,(t,1) =
Rl gl)ktj(lk,%_](l)) For (t;,) € O, 1 < m < N, and h € Zo, let

mh(ll,lz) = 09k, (t)UKs (1) (Pm)- For j =1,k =2,and 1 <m < N, we
have the followmg SDE:s:

0jAj0 = Aj10§;(1) + ( 3) A0t (4.10)
BjAjl Aj2 1 AJ22 Kj 4 Aj3
= T + T — - ) ot 4.11
A1 Aja 5 ) 2 A3 2 3) An)Y 1D
2AJ"?1 9; Ag. 2A2
3 Aro = ’ t, = zaz,, 4.12)
Ao — Ajo At (Ao — Ajo)
2 2
9By = 245 o, % B _ —24 0. (4.13)
B,o—Ajo B, 1 (Bm,o — Ajo)

Here 9; means the partlal derivative w.r.t. f;. Note that (4.10) and (4.11)
are (4. 10) and (4.11) in [19]; (4.12) follows from (4.5) and (4.6) here;
and (4.13) follows from (4.5), (4.6), and (4.2). By symmetry, (4.10)—(4.13)
also hold for j =2 and k = 1.

For j # k € {1,2}, let Ej’() = Aj’() — Ak,O = —Eio; Ej,m =
Ajﬁ() — Bm,Oa 1 <m <N, and le’mz = Bm1,0 — Bmz’o, 1 <m; <mp< N.
From (4.10), (4.12), and (4.13), forO <m < N,

BJEJm Ajl Kj Aj2 Ajzl
M T e (1) + —3) 2 T Y (414)
Eim  Ejn 7 2 Ejw "E3, )"

From (4.12) and (4.13),for 1 <m < Nand1 <m; <mp, <N

9.E —2A? 9.C —2A2
A T ;. (4.15)
Ek.m EjoEjm Conyom E/ m Ejomy
Now suppose 1k, = 16. For j =1, 2, let
6 —k; 8 — 3k;)(6 — k;
o =C"0 = BTE—K) (4.16)

2Kj 2Kj
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Then A; = A,. Let it be denoted by A. From (4.11) and (4.12), we have

UAT  6—k A 1 A2, 1 A

J:1 J J.2 J:2 7.3

2= Ry +a = o (417

AY 2 Ay () (4 A2 6 Aj,]> i @)
9; AL 2 3 g A2
Pl = o Mgy = =79 T g, (4.18)
Ak,l 7,0 8 Ej,O

Suppose ﬁ] = (pj,l’ ---,/Oj,N) € RN,j = 1s2’ and ﬁZ = _’ZZﬁ] Let
pjf’jm = pjm/Kj» 1 <m < N, j=1,2. Then ,oim = —Klpfm/4 and p}"’m =
—K2p§’m/4 for 1 <m < N.From (4.14) and (4.15), for j # k € {1, 2} and
1 <m < N, we have

8j|Ejm|p;m Aj] Kj —6 Aj2
=i )+, < Tt
2
Kj * * A',l
¥ (21 PPl — 1)+2pj,m> o @19)
J,m
o E Pem 2 /(-p’.km A2
) "””/')* =200, T ap=""" T g (4.20)
| E p |m EjoEjm 2 EjoEjm

Let E = |E| o| = |E20|. From (4.14), for j =1, 2,

3]'E_1/2 1 A Kj Aj’z 3Kj —8 A]2’1>
. alj.

jil 6 —
=—_ - . 05+ 4
7,0

E-1/2 2 E Ej,o 8 Ejz’o
“4.21)
For1 <m < N, let
K1 K2
For j =1, 2, from (4.13) we have
9B (Kf' ff 1) 4+2p" )A’z’laz 4.22)
= Pim\Ljm — Pj. - .
By — 2P g,
For1l <m; <my <N, let
8m1,m2 = 2 p],m|lol,m2 = 2 /Oz,m]/oz,mz'
From (4.15), for j =1, 2,
8j|cm] mzlsml'm2 Ajzl
’ = —K;p:, pPr ’ or;. (4.23)
|Cm|,mz|§m]"n2 SEp g m Ej,mlEj,mz !
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For (1, 1) € D, let

2 L2AL (1, $2) Ao (51,
F(l],tz):exp( / / L1(s1, 52)Az,16s1 SZ)dsldsz). (4.24)
0 Jo E(s1, 52)

From (4.15) in [19], for j =1, 2,

9; F=* 1 A%, 1 A,
J :—,\( 2 fﬁ)arj. (4.25)

F* 4 A 6 A
Let
~ AV AP N 2
= B T T8) TT Gt

j=l1 1<mi<my<N

(4.26)

Now we compute the SDE for BJM / M in terms of 0&;(t;) and 0t;. The
coefficient of the 0&;(7;) term should be the sum of the coefficients of
the 0&;(¢;) terms in (4.17)—(4.25). The SDEs in (4.17)—(4.25) that contain
stochastic terms are (4.17), (4.19) and (4.21). So the sum is equal to

N
6—k; A; 1 A A;
L o Y (4.27)
2Kj Aj,l 2 Ej,O — Ej,m

The coefficient of the d¢; term equals to the sum of the coefficients of
the d¢; terms in (4.17)— (4 25) plus the sum of the coefficients of the drift

terms coming out of products. The drift term in the SDE for 9; M / M con-
tributed by the products of (4.17) and SDEs in (4.19) is

N
6 — K; Aj 2 Aj 2
/ o 2/{1 Aj’] Jm E Z J.m E],m
The drift term contributed by the products of (4.21) and SDEs in (4.19) is
N N * 2
Ajy 1 A KiPim — Ajl
: R e I M (429
“i mXZ; pj’m Ej,m ( 2 Ej’0> n; 2 Ej,OEj,m ( )

The drift term contributed by the product of (4.17) and (4.21) is

6—k;i A 1 A 6—Ki A
G- 0T 1,2.( jl)__ G A 4.30)
2Kj Aj,l 2 E 4 Ej,O
The drift term contributed by the products of pairs of SDEs in (4.19) is
Aj Aj A7,
Kj- p*m —_— p*m : o= Kp*m p m
' ]Smlg:'leN " Ej’m' e Ej’m2 ]SmKXr:nzSN TrRmT EJ mi EJ ma

(4.31)
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The sum of the coefficients of the d¢; terms in (4.17)—(4.25) is equal to

4 A5 6 Aj e -y o
N 2
K * *k K],Om A
+Z( p,m(pj,m—1)+2pj,m> +Z jm S0
]0 j,m
6—k; Ajp 3k —8A7 Yk A2
+ ! N - + * _1 +2 * Js
( 4 Ej,() 8 ) r; ( 10] m(pj,m ) p],}’l’l) Eim
- D GPwh A2 —x(l Al 1 Am)
iPj, .
I<mj<my<N m jm2Ejm1Ejm2 4 A2 6 Aj,l
N *
" Ejn w2 EioEjm
6—k; Ao A2
oy By OO (4.32)
4 Ej,O l<m1<Zmz<N g jszJmlEsz

From (4.28)—(4.32), the SDE for 3; M / M has no ; terms. Thus from (4.27),
for j = 1,2, we have

~

8JM_(6—KJ Aj2
M

» .Aj:]_ +mz ij )ag,(z) (4.33)

For (t;, 1) € D, let

Mty 1) = 1 MO.0) (4.34)
M(t;, 0)M(0, 1)

Then M(t;,0) = M(0,t,) = 1fort; € [0,T;), j =1,2.

The process M turns out to be the local Radon-Nikodym derivative
of the coupling measure in Theorem 4.1 w.r.t. the product measure of two
standard chordal SLE(«x) processes. Fix j # k € {1, 2}. Such M must satisfy
SDE (4.33). So there are factors A7), [T, |Ej |, and E~"/% in (4.26).
Other factors in (4.26) make M a local martingale in ¢;, for any fixed #.
Moreover, if #; is fixed, M should also be a local martingale in 7. And
we expect some symmetry between j and k in the definition of M. This
gives restrictions on the values of «; and p;,,, j = 1,2, 1 < m < N.
The process M then becomes the local Radon—Nikodym derivative of the
coupling measure in Theorem 4.1 w.r.t. the product of its marginal measures.
The property of M will be checked later.
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Let B;(¢) and B,(¢) be independent Brownian motions. Let (5"/ ) be the
filtration generated by B;(?), j = 1, 2. Fix j # k € {1, 2}. Suppose &;(1),
0 <1t < T;, is the maximal solution to the SDE:

—K;i/2 N Pj,m )
d&; () = Jic;:dB,; ! ! d,
E] (0 \/IC] J(t) + (EJ (1) — (Pj(tj’ Xi) 2:: &) — (] (s pm)

(4.35)
with £;(0) = x;. Then (K;(#),0 <t < T;) is an SLE(k;; —sz , ﬁj) process

started from (xl,xz,ﬁ) Since ¢ ,(t,-) = id, so at t; = t and 1, = O,

Aj1=1,A4,=0,E;o=&j) — ¢t &), and E;,, = &(j) — ¢;(t, pn),
1 <m < N. Thus
N

6—K' A"z 1 A"l A"]
( e DD )
ki Aja Ejo = " Eim /) ly=rn=0
N *
= / + Z & ) (4.36)
& (1) — @ (t;, xi)

-1 Sj(t) - ¢j(tjv pm)

For j #k € {1,2}and ; € [0, T}),let T;(t) € (0, T;] be the largest number
such that for 0 <t < Tj(t), K;(t) N Ki(t) = 9.

Theorem 4.2 Fix j # k € {1,2}. Let &, be an (\’F[k)-stopping time. Then
the process t +— M|,j:mk 0 <t < Tj(t), is an (F x ?[_f),zo-local
martingale, and

=0’

N
ajM _ |:(6 —Kj ] Aj,2 _ 1 ) Aj,l —I—Zpﬁm Aj,] )
M ti=t,t; =i 2Kj Aj,l 2 Ej,O m=1 Ej,m ti=t,t; =ik
N *
—1/2 ;
- ( / + Fiom )} JK;3B;(1).
&) —¢;(t.x0) = E@) — @t p)
4.37)
Proof. This follows from (4.33)—(4.36), where all functions are valued at
ti =t and f; = 1, and all SDE are (F x J‘ft—]’:)—adapted. |

Now we make some improvement over the above theorem. Let 7, be an
(F?)-stopping time with 7, < T». Suppose R is an (F;! x J‘ft_zz)tzo—stopping
time with R < T;(f,). Let F3; denote the o-algebra obtained from the
filtration (F,' x F ),>o and its stopping time R, i.e., & € Fp; iff for
any t > 0, QO{R < 1t e F! x?z For every t > 0, R 4 ¢ is also an
(F' x F )t>0 -stopping time. So we have a filtration (g, 7,)r=0-

Theorem 4.3 Let t; and R be as above. Let I € [0, ;] be F ;,-measurable.
Then (M(R +1,1),0 <t < Ti(I) — R) is a continuous (Fg,, ) r=0-local
martingale.
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Proof. Let BR(t) = Bi(R+1 — Bi(R), 0 <t < oo. Since B;(t) is
an (?1 X 37 )t>0-Brown1an motion, SO BR(t) is an (Fgy, 7 )=0-Brownian
motion. Slnce o1(R+1t,-)1is (IF] x F ‘"2)[>0 -adapted, so & (R + 1) satisfies
the (F,! x ?2)t>0 adapted SDE

—K1/2

— R H
d&1(R + 1) = /dB (1)dg; (1) + R+ 1) — (R4 1,2

N
Pl,m
YL R0 Ren )™

Now we show that ¢» (1, -) is F 7,-measurable. Fixn € N. Let I, = |nl|/n.
For m € NU {0}, let §,(m) = {m/n < I < (m 4+ 1)/n}. Then &,(m) is
Fr z-measurable, and [, = m/n on &,(m). Since m/n < hand I, =m/n
on &,(m), so I, agrees with (m/n) A t, on &,(m). Now (m/n) A t, is an
(f‘"z) -stopping time, and ¥ ‘"(i/nw_z - TFIZZ C Frp- So ga((m/n) Ay, -) is
Fr r,-measurable. Since ¢,(1,, -) = @2((m/n) Aty, -) on &,(m), and &, (m)
is F ;,-measurable for each m € N'U {0}, so ¢»(I,, - ) is Fy ;,-measurable.
Since 3 (1y, -) = ¢2(I,-) asn — 00, 80 (I, -) is also F 7, -measurable.
Thus K>(I) is Fg;-measurable. Hence for any ¢ > 0, ¢k, (rinuk,a) 18
Frir.,-measurable. From (4.2), ¢1 /(R + t,-) and @3 py,(I, -) are both
Frr.r,-measurable. If the #; and 7 in (4.17)—(4.25) are replaced by R + ¢
and I, respectively, then all these SDEs are #%,, 7 -adapted. From the same
computation, we conclude that (M(R +1,1),0 <t < T;(I) — R) is a con-
tinuous (Fg,, 7,)r=0-local martingale. O

Let HP denote the set of (H;, H,) such that H; is a hull in H w.r.t. co
that contains some neighborhood of x; in H, j = 1,2, H; N H, = §J, and
pm & HHUH,, 1 <m < N.For (Hy, H,) € HP, let T;(H,) be the first time
that K;(r) NH \ H; # @, j = 1,2. An argument that is similar to the proof
of Theorem 5.1 in [19] gives the following.

Theorem 4.4 For any (H, Hy) € HP, there are C, > C; > 0 depend-
ing only on Hy and H, such that M(t;, ;) € [Cy, C3] for any (t;,1,) €
[0, T1 (H1)] x [0, To(Ha)].

Fix (Hy, H,) € HP. Let u denote the joint distribution of (§,(¢) :
0<tr<T)and (&(t) : 0 <t < T,). From Theorem 4.2 and Theorem 4.4,
we have

/M(Tl(Hl), T,(Hy))du = E, [M(T,(H,), T,(H>))] = M(0,0) = 1.

Note that M(T,(H,), T,(H;)) > 0. Suppose v is a measure on 377!1(1'11) X
?’TZZ(HZ) such that dv/du = M(T,(H,), T,(H,)). Then v is a probability
measure. Now suppose the joint distribution of (£,(£),0 < ¢ < Ti(H;))
and (&(1),0 < t < Ty(H,)) is v instead of w. Fix an (F,%)-stopping
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time #, with 5, < T>(H,). From (4.35)—(4.37) and Girsanov theorem,
there is an (F,! x F: 2) Brownian motion Bj(f) such that &, (7) satisfies the

(F' x F ‘"2) -adapted SDE for 0 <t < T\(H,y):

dt.

(t,1)

_ 6—K1 A12 K1 A
d& () = dB (¢ N m
E1(0) = Vi 1(>+< 2 AL T2 Erg +W;p1 £ m)
Let & ;1) = Aot ) = ¢2:(2, (1), 0 < t < Ty(H,). From Ito’s
formula and (4.3), &, ;, () satisfies

dt.
(t.0)

(4.38)

A7 A%,
dg, () = A1, 7 dB(t E b
€150 L1(t ) /K 1()+( 2 Ey L o El,m>

m=1

Since @, (1, - ) is a conformal map, and from (4.1), for 0 < t; < T (1),

K5 (1) = (Ki() U Kx(12)/Kx(tr) = @a(ta, K1 (1)),

so (K, 7, (1) is a Loewner chain. Let v(r) = hcap(K| ;,(¢))/2. From Prop-
osition 2.2, v(#) is a continuous increasing function with v(0) = 0, and
(K (1) = K, ,z(v_l (t))) are chordal Loewner hulls driven by some real con-

tinuous function, say S (1), and the chordal Loewner maps are ¢(z,-) =
Pk, ;00 = ‘Pl,fz(U*l (1), -). Moreover,

E@o =Kot +e)/Ke®); {&®O)=[)Ki+e)/Ki@.

£>0 £>0
Let W, = ¢, (2, - ). From (4.2), for ¢ > 0, we have
Wi (K (t +¢)/ K (1))
= W00t )(Ki(t + &)\ K1(2)
= Ok, (UK (7)) (K1t + ) \ K1 (7))
= Pk, uk.) (K1t +8) U Ky (1)) \ (K (1) U Ka(12)))
= (Ki(t + ) U K7 (12))/ (K1 () U K»(12))
= [(K\(t + &) U K3 (12))/ K2 (t2)]/[(K1 () U K3 (12))/ K2 (12)]
= K, ;,(t + /K, () = K((t + )/ K(0()).
Thus € (v(1)) = W, (& (0) = @2.4(t2, £1(1) = & (1. Since heap (K (1 + ¢)/
K (#)) = 2¢ and heap(K (v(t + ¢))/ K (v(?))) = 2v(t + ¢) — 2v(?), so from
Proposition 2.1, v'(t) = W/(&(1))* = 8.¢,1(52, &1(1)* = A1 1 (1, 1),
From the definitions of E; o and E| ,,, and (4.2), we have
E o(v' (0, B) = E0) — 8t &(B)); (4.39)
Evn(v' (0, 5) =E0) = 9t 2B, pu)- (4.40)
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From (4,38)—(4.40), and the properties of v(#) and g(t), there is a Brownian
motion B (¢) such that £(r), 0 < t < v(T,(H;)), satisfies the SDE:

N
dg(t)szldgl(t)+(~ _fl/z B e )dt.
§E0) — o, &(n) 550 — @, 9212, pm))

Note that E(O) = §;,0) = ¢>(1>, x1). Thus conditioned on J‘ftzz, K (0,
0 <t < v(T1(H)})), is a partial chordal SLE(x; —*, p;) process started
from (@2(f2, x1); &2(1), ¢2(f2, p)). By symmetry, we may exchange the
subscripts 1 and 2 in the above statement.

Theorem 4.5 Suppose n € N and (H{", Hy') € HP, 1 < m < n. There
is a continuous function M,(t|,t,) defined on [0, 00)? that satisfies the
following properties:

(i) M,=Monl0, Ty(H")] x [0, To(H}")] for 1 <m <n;

(ii) M.(t,0) = M,(0,t) =1 foranyt > 0;

(iii) M(t1, 1) € [Cy, Cy] for any t1,t, = 0, where C, > C; > 0 are
constants depending only on H", j = 1,2, 1 <m <n;

(iv) for any (F,%)-stopping time t, (M (11, 1), t; > 0) is a bounded con-
tinuous (?’,1] X \’Ft_f)tlzo—martingale; and

(v) for any (F,')-stopping time ty, (M, (i1, 12), t, > 0) is a bounded con-
tinuous (J‘rt_]] X ff"tzz)tzzo—martingale.

Proof. This is Theorem 6.1 in [19]. For reader’s convenience, we include
the proof here. The first quadrant [0, co]? will be divided by the vertical or
horizontal lines {x; = Y}(Hj’”)}, 1 <m <n,j=1,2,into small rectangles,
and M, will be piecewise defined on these rectangles. Theorem 4.4 will be
used to prove the boundedness, and Theorem 4.3 will be used to prove the
martingale properties.

LetN, := {k € N: k < n}. Write Tj" for TJ(H}), keN,j=12.
Let S C N, be such that {40, Tf1 x [0, T5¥] = (U;_, [0, T{]1 x [0, T4 1,
and ) , ok < ), o kif & C N, also satisfies this property. Such S is
a random nonempty set, and |S| € N,, is a random number. Define a partial
order “<” on [0, 0o]? such that (s;, s,) < (f1, 1) iff s; < #; and s, < 1.
If (51, 82) < (t1, o) and (sy, 52) # (21, 1), we write (s, 52) < (t1, ). Then
foreach m € N, there is k € S such that (77", T;") < (TF, Tzk); and for each
k € S there is no m € N, such that (T¥, Tzk) < (1", 1,").

There is amap o from {1, ..., |S|}onto Ssuch thatif 1 < k; < ky < |S]|,
then

Tla(k]) < Tla(kZ)’ T;(k.) - T;(kz). (4.41)

Define 77 = 77D = 0 and 771%™ = 779 = 00. Then (4.41) still
holds for 0 < k; < k, < |S|+ 1.
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Extend the definition of M to [0, co] x {0} U {0} x [0, oo] such that
M(t,0) = M@©,f) = 1 for t > 0. Fix (t;,t) € [0, 00]>. There are
ki € NISH—I and k, € NlS\ U {0} such that

Tl(f(kl—l) <n < Tl(f(kl)’ Tz(f(kz‘i‘l) <n< TZU(]Q). (442)
If ky <k, let
M. (t, 1) = M(ty, 1o). (4.43)
Itk > ky + 1, let
M. (1, ) =
M(Tla(kZ), tz)M(Tf(k2+l), T;(k2+l)) . M(Tla(kl_l), Tzo.(kl_l))M([], Tzo'(kl))
M(Tla(kZ), T;(kZJF])) . M(Tla(klfz)’ Tza(klfl))M(TIU(klfl)’ T;(k]))
(4.44)

In the above formula, there are k; — k» + 1 terms in the numerator, and
ki — k, terms in the denominator. For example, if k; — k, = 1, then

M. (1, 1) = M(Tla(kZ), lz)M(l] s T;(k'))/M(TIUUQ)’ T;(k'))‘

We need to show that M, (t, t,) is well-defined. First, we show that the
M(-,-)in (4.43) and (4.44) are defined. Note that M is defined on

[S]+1
z:= J[0.77%] x [0. 17“].
k=0

Ifky < kythenz; < TP < 77" and 1, < T7*, 50 (11, 1) € Z. Thus
M(t,, t;) in (4.43) is defined. Now suppose k; > k,+1. Since t, < TZ(r *2) and
t < Tf(k‘), ) (Tla(kZ), ), (1, Tza(k‘)) e Z.Itis clear that (Tf(k), Tz"(k)) eZ
for ko +1 <k < k; — 1. Thus the M(-, -) in the numerator of (4.44) are
defined. Fork, < k < ky — 1, Tla(k) < Tl"(kH), ) (Tl"(k), TZU(H”) € Z. Thus
the M( -, -) in the denominator of (4.44) are defined.

Second, we show that the value of M, (#;, ;) does not depend on the
choice of (ky, ky) that satisfies (4.42). Suppose (4.42) holds with (ki, k;)
replaced by (k}, k»), and k| # k;. Then |k} — k;| = 1. We may assume
Ky =k +1.Thent; = Tl"(k'). Let M. (1, 1) denote the M, (1, t,) defined
using (k/, k»). There are three cases.

Case 1 ki < k/l < k. Then from (443),M;(l1, H) = M(t;, 1) = M.(t1, 15).

Case 2 ky = ky and k| — k, = 1. Then 77" = 77% = 1,. So from (4.43)
and (4.44),

M.(t1, 1) = M(T{" )M (1, T7Y) M (17, 15740
= M(t), ) = M.(t;, 15).
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Case 3 k| > ki > k,. From (4.44) and that T{T(k” = t;, we have

!
M (1, 1)
M(Tla(kZ) lz)M(TltT(szrl) T2<T(k2+1)) . M(Tla(lq) Tza(k]))M(tl T;(k|+1))
- M(Tf(k” T;(kz“))...M(TlU(kl—l) Tzd(kl))M(Tla(kl) Tza(k1+1))

M TU(]Q), t M TU(kZ"Fl)’ TU(k2+1) .. M t , TU(kl)
= ( ; a(i)) (a(lk +1) ’ a?k -1 (cr](k )2 ) = M.(11, ).
M(Tl L )"'M(Tl CL T 1)

Similarly, if (4.42) holds with (k, k») replaced by (ki, k5), then M, (1, 1)
defined using (k, k3) has the same value as M(t, t;). Thus M, is well-
defined.

From the definition, it is clear that for each k; € Ny and k» €
Njsj U {0}, M, is continuous on [Tl"(k‘_l), Tla(k‘)] X [T;(k2+l), Tla(kZ)]. Thus
M, is continuous on [0, oo]?. Let (t;,%) € [0, oo]>. Suppose (f1, 1) €
[0, T1"] x [0, T;"] for some m € N,,. There is k € Njg such that (77", T,") <
(17 ® Ty ®). Then we may choose k; < k and k, > k such that (4.42)
holds, so M,(t;, ;) = M(t;, ). Thus (i) is satisfied. If 1, = 0, we may
choose ki = 1 in (4.42). Then either ky < k, or k, = 0. If k; < k, then
M. (t;, 1) = M(t;,1,) = 1 because t; = 0. If k, = 0, then

M.(t1, 1) = M(T{, )M (0, T3 V) /M (170, T7D) = 1
because Tl"(o) =t = 0. Similarly, M, (t;, ;) = 0 if , = 0. So (ii) is also
satisfied. And (iii) follows from Theorem 4.4 and the definition of M.,.

Now we prove (iv). Suppose (t1, 1) € [0, 00]*> and t, > \/;’1:1 ' =
77, Then (4.42) holds with k, = 0 and some k; € {1,...,|S| + 1}. So
ky > ky+ 1. Since 7™ = 0.and M(0, 1) = 1 for any r > 0, so from (4.44)
we have

M(TIU(kZJF]), Tza(k2+1)) . M(Tla(klfl), T;(klil))M(l‘l, T;(k]))

M, (1, 1) = M(Tla(kz-t,-l)’ Tz(r(k2+2)) . M(Tla(kl—l)’ Tza(kl))
Since the right-hand side of the above equality has no f,, so M, (¢, t;)
M. (t,\/,_, T;") for any 1, > \/_, 7). Similarly, M.(t;,1)
M.(\/} _, T",1,) forany t; > \/" _ T/".

Fix an (F,?)-stopping time . Since My (-, 1) = M. (-, LA\ _, TY)),
and i A (\/ _; Ty") is also an (F,%)-stopping time, so we may assume that
<\ _ T Let Iy = i. For s € N U {0}, define

R, = sup{Tlm :meN,, T, > IS};
Ly =sup{Ty :m eN,, T} < I, T]" > R}. (4.45)
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Here we set sup(¥) = 0. Then we have a non-decreasing sequence (R,) and
a non-increasing sequence (/;). Let S and o(k), 0 < k < |S| + 1, be as in
the definition of M,. From the property of S, for any s € N U {0},

Ry =sup{T{ :ke S T > L} (4.46)
Suppose for some s € N U {0}, there is m € N, that satisfies 7," < I, and
T" > R;. Then there is k € S such that Tjk > T, j=1,21f Ty > I,
then from (4.46) we have R; > le > T{", which contradicts that 7" > R;.
Thus Tzk < I;. Now Tzk < I, le > T" > R, and T2" > T,". Thus for any
s € NU {0},

Iy =sup{TS ke S TS <I, T > R,}. (4.47)

First suppose 7, > 0. Since 7, < \/"_, T" = Ty, so there is a unique
ky € Njg such that 77% > 7, > 779%™ From (4.46) and (4.47), we
have R, = T7%™ for 0 < s < |S| — ky; Ry = T7Y for s > [S] — ko
I, =T7%" for 1 <5 < |S| —ky; and I, = O for s > |S| — k, + 1. Since
Ry=T/ ) and 1, < 77 *®) 50 from (i),

M, (1), ) = M(t), 1), fort; € [0, Ro]. (4.48)
Suppose #; € [R,_1, Ry] for some s € Njg_4,. Let k; = k> + 5. Then
Tl‘r(k]*l> <t < Tl"(k”. Since I, = Tz"(kzﬂ) = Tz"(k'), so from (4.44),
M, (t1, 1) /M (Rs_1, 1) = M(t1, I;))/M(Rs_y, Iy), fort; € [Ry_1, Ry].
4.49)

Note that if s > |S| — kp + 1, (4.49) still holds because Ry = R,_1. Suppose
ti > R,. Since n > |S| — ky, so R, = 7™V = \/" _, T". From the

=1
discussion at the beginning of the proof of (iv), we have "

M.(t;, 1) = M. (R,.1,), fort; € [R,,o0]. (4.50)

If , = 0, (4.48)—(4.50) still hold because all I, = 0 and so M. (t;, ) =
M(ty, I;) = M(t;,0) = 1 forany t; > 0.

Let R_; = 0. We claim that for each s € NU{0}, Ry is an (F,' x ?;zz)tzo‘
stopping time, and /; is 5 | ;,-measurable. Recall that 5, ; isthe o-alge-
bra obtained from the filtration (th] X \’Ft_j),zo and its stopping time R;_;.
It is clear that R_; = 0 is an (F;,' x F);>o-stopping time, and Ip = 7 is
Fr_, »-measurable. Now suppose I, is F  ;-measurable. Since I; < 1,
and R;_; < Ry, soforany ¢t > 0, {R; <t} = {R;_; <t} N &, where

g = ﬂ ({1 < Lju{r" <1})

m=1

= h(U({sz <q§fz}ﬂ{q<1s})U{T{”§t}).

m=1 qeQ
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Thus & € Fr_, 7 V (F' x 37[_22), andso {R; <t} € F! x 37[22 for any ¢ > 0.
Therefore R; is an (5?,1 X J‘Tt_zz)tzo-stopping time. Next we consider /;, . For
any h > 0,

U >y =] ({h <" < L) n {1y > R})

m=1

=U(U(n<m <q<nfnta<1)n{r > r})
m=1 qeQ
€ ?Rs,[_Z'

Thus I, is F3_;-measurable. So the claim is proved by induction.

Since 1, < \/) _| T" < T, so from Theorem 4.3, for any s € N,
(M(Ry—1 +1,1),0 <t < Ti(Iy) — R,—1) is a continuous (Fg_,17,)=0-
local martingale. For m € N, if T," > I, then T" < T\(T}") < Ti(ly).
So from (4.45) we have R; < T\(I;). From (4.49), we find that
(My(Ry—1 + t,1),0 < t < Ry — R,_) is a continuous (Fz ., 7)i=0-
local martingale for any s € N,,. From Theorem 4.2 and (4.48), (M, (1, 1),
0 <t =< Ro) is a continuous (F,;);>o-local martingale. From (4.50),
(M.(R, +1t,1),t > 0) is a continuous (Fr,++.5,)1=0-local martingale. Thus
(M,.(t,1),t > 0) is a continuous (¥:.;,)i=0-local martingale. Since by (iii)
M,(t;, ) € [Cy, C;], so this local martingale is a bounded martingale.
Thus (iv) is satisfied. Finally, (v) follows from the symmetry in the defini-
tions (4.43) and (4.44) of M,. O

4.3 Coupling measures. Let C :=J; (o) C(10, T)). Themap T : C —
(0, oo] is such that [0, T(&)) is the definition domain of &. For ¢ € [0, 00),
let F; be the o-algebra on C generated by {T > s, &(s) € A}, where A is
a Borel set on R and s € [0, ¢]. Then (%;) is a filtration on C, and T is an
(¥1)-stopping time. Let Fo, = \/, #;.

For & € C, let K:(1), 0 <t < T(§), denote the chordal Loewner hulls
driven by &. Let H be a hull in H w.r.t. co. Let Ty (&) € [0, T(§)] be the
maximal number such that Ke(r) NH\ H = @ for 0 < t < Ty. Then
Ty is an (F;)-stopping time. Let Cy = {Ty > 0}. Then & € Cy iff H
contains some neighborhood of £(0) in H. Define Py : Gy — C such that
Py (&) is the restriction of & to [0, Ty (§)). Then Py(Cy) = {Ty = T},
and Py o Py = Py. Let Gy denote the set of & € {Ty = T} such that
U0§t<T(§) Kg(l) N (H\ H) 7é @. If%' e CyN {TH < T}, then PH(S) € GH,E)-
If Ais a Borel set on R and s € [0, 00), then

Py'(E € € T®) > 5,59 € AD
= (£ €Cx: Tu® > 5.6(5) € A} € F.

Thus Py is (TFT;, Foo)-measurable on C. On the other hand, the restriction
of f‘"T; to Cp is the o-algebra generated by {§ € Cy : T (&) > s, &(s) € A},
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where s € [0, o) and A is a Borel set on R. Thus P,;l (F~) agrees with the
restriction of ?T to Cy.

LetC = C U {00} be the Riemann sphere with spherical metric. Let
'z denote the space of nonempty compact subsets of C endowed with
Hausdorff metric. Then I'z is a compact metric space. Define G : € — I'a
such that G (§) is the spherical closure of {t +i&(f) : 0 <t < T(§)}. Then G
is a one-to-one map. Let I = G(C). Let 37,2’ denote the o-algebra on I
generated by Hausdorff metric. Let

R={zeC:a<Rez<b,c<Imz<d}:a,b,c,deR}.

Then TFIZ agrees with the o-algebra on I; generated by {{F € Is :

FNR#@}: R € R}. Using this result, one may check that G and G~!
(defined on ;) are both measurable with respect to ¥, and J‘flg .

For j = 1,2, let §;(1), 0 < t < Tj, be the maximal solution to (4.35).
Then §; is a C-valued random variable, and 7(&;) = T;. Since B;(¢) and B,(?)
are independent, so are &(¢) and & (7). Now we write K;(f) for Ky (1),
0<t<T,j=1,2.Forj=1,2,let u; denote the distribution of &§;, which
is a probability measure on C. Let © = pu; X u, be a probability measure
on C2. Then p is the joint distribution of & and &,. Let (H,, H,) € HP.
For j = 1,2, H; contains some neighborhood of x; = &;(0) in H, so
& € Cp;. Since U0§t<Tj K;() disconnects some force point from 0o, so
we do not have Uo<z<Tj K;(r) C Hj, which implies that Ty, (§;) < T,
j = 1,2. Thus Py, (&) € Ch, s, and s0 (Py, X Pp,)«(1) is supported by
Cuys X Chy g

Let HP, be the set of (H;, H,) € HP such that for j = 1,2, H;
is a polygon whose vertices have rational coordinates. Then HP, is count-
able. Let (H{", H}"), k € N, be an enumeration of HP,. For each
n € N, let M} (1, o) be the M, (,, ;) given by Theorem 4.5 for (H{", H}"),
1 < m < n, in the above enumeration. For each n € N define V' =
(v, vy) such that &"/du = M}(c0,00). From Theorem 4.5,
M (00, 00) > 0 and fM:f(oo, oo)du = E,[M](c0,00)] =1, so V" is
a probability measure on C%. Since dv}/du; = E,[M"(co, 00)|F2] =
M (00,0) = 1, so v] = p. Similarly, v = u,. So each v" is a coupling
of wy and w,.

Let V" = (G x G),(V") be a probability measure on F%. Since F%
is compact, so (V") has a subsequence (V%) that converges weakly to
some probability measure b = (¥;, V) on I'z x I'z. Then for j = 1,2,
DJ'.”‘ — ; weakly. For n € N and j = 1,2, since vj'.' = W, SO 17J'.' =
Gi(u;). Thus v; = Gu(u;), j = 1,2. So v is supported by Ié. Let
v = (v, = (G' x G™),(V) be a probability measure on C>. Here
we use the fact that G™' is (F,”, F&)-measurable. For j = 1,2, we
have v; = (G‘l)*(f)j) = ;. So v is also a coupling measure of

and ;.
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Lemma 4.1 For any r € N, the restriction of v to ‘f’ box ?Tzr is
2
absolutely continuous w.r.t. u, and the Radon—Nikodym derlvatzve is

M(Ty; (€1), Ts (52)).

Proof. We may choose s € N such that H’HH \H =¢,j=1,2.Since M
is continuous, SO M(THv &), Ty (&) is F. T, fo _ -measurable. Let v, be
H
defined on "Tl X fFTz_ such that dv(v)/d,u = M(THr &), Ths (52)) From
HY Hj
Theorems 4.2 and 4.4, v is a probability measure on f‘"T], x F T, . Let
1 2

D) = (Pry X Ppg)s(v(s)). Since Py s (J‘TJ_ , F)-measurable, j = 1,2,
so P is a probability measure on G2, and is absolute continuous w.r.t.
(Puy % Pp3)« (). Let by = (G x G)4 (D). Since G is (FL, 37,2’) -measur-
able, j = 1,2, so V) is a probability measure on 1(2;. Since dv™ /du =
Mj¥(o00, 00), and MJ*(-,-) satisfies the martingale properties, so the
Radon—-Nikodym derivative of the restriction of v to 37 I ox ? 2 Wt

is M (Thy (1), Try (52)). I n = s then M"k(THs(gl) THs(gz)) —
M(Ty; (§1), Tuy (52)). Thus the restriction of v™ to #! x F7 equals
to v(5), which implies that Hy H;

2
(G X G)y o (Ppy X Pyg) (V™) = (G x G)y 0 (Pyy X Prg)i(v(s)) = V).

For n € N, let a @*-valued random variable (¢}, ) have the distribu-
tion v", and n; = PHJ,s (&), j = 1,2. Let 7(;) denote the distribution of
(G(&]), G(&), G(n}), G(ny)). Then T(§, is supported by &, which is the
setof (L1, L,, Fy, F») € F4 such that F; C L;, j = 1, 2. It is easy to check
that & is a closed subset of F4 Then (nx) has a subsequence (n;) such that
(r(v)) converges weakly to some probability measure 7y on E. Since the

margmal of T ‘L'(s) at the first two variables equals to (G x G),(V" k) = P,
and 7% — D weakly, so the margmal of 7, at the first two variables

equals to ». Since the margmal of ‘E(Y) at the last two variables equals to
(G xG)yo (PH]s X PHs) " k) = V(s when n} > s, so the marginal of Ty
at the last two Variables equals to V).

Now 7, is supported by I¢. Let 1) = (G x G x G x G); ().
Let a G*-valued random variable (1, &2, 11, 172) have distribution (5. Since
V= (GxG),(v)and 5 = (GxG).(P(y)), so the distribution of (¢, £») is v,
and the distribution of (11, 12) is V(. For j = 1,2, since G(n;) C G(¢)),
so n; is some restriction of ¢;. Note that for j = 1,2, K;(#) does not
always stay in Hjs, so u; is supported by {TH; < T;}, so (PHJ.s)*(Mj) is
supported by @[{;’3. Thus (PHf X PH;)*(M) is supported by Cus .o X Cpy.p-
Since Dy is absolutely continuous w.r.t. (Pys X Pug)«(1), 80 ) is also
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supported by Cuy.o X Cuy.p- Thus for j = 1,2, K, (1) N H \ Hj = ¢ for
0 <t < T(n;),and U0<[<T(n) K, (DN(H \ H;) # §. Since n; is arestriction
of ¢;, so from the above observation, we have n = PHv (¢j), j =1,2. Thus
Vi) = (Pry X Pp3)«(v).

We now have (PH]s X PHS)*(V) =Dy = (PH]s X PHE')*'(U(S)). Sov(€) =
V(5 (&) forany € € P ’1(5"1) X P’I(F2 ). Since ’1(5"0]0) agrees with the
restriction of ‘"], to GHs j=1, 2 and both v and V(s) are supported by

HY
Cuy % Cpj, 8O the restriction of v to J‘7T1 X ? a equals to V(5). From the

definition of vy, the Radon—-Nikodym der1vat1ve of the restriction of v to
Fro x FLow.rt wis M(Tyy (61), Ty (€2)).
1 I

For j = 1,2, since Hf NH\ H; = @, so p; and v; are supported
by {THr < THs} Since 37] C ?j, on {TH»- < THs} j = 1,2, so the

restriction of v to F7 X ? s absolutely continuous w.r.t. i, and the
2

Radon—Nikodym derivative equals to

E, [M(Ty; (£1), Tuy (62)) | f"TlHi. X 5‘32%] = M(Th; (1), Tuy (6,))-

Proof of Theorem 4.1 Now let the C2-valued random variable (£, &) have
distribution v in the above theorem. Let K;(#) and ¢;(z,-),0 <t < T}, be
the chordal Loewner hulls and maps, respectively, driven by &;, j = 1, 2.
For j # k € {1,2}, since v; = u;, so K;(r), 0 <t < Tj, is a chordal
SLE(«;; —sz , ;) process started from (x;; xi, p).

Fix j # k € {1, 2}. Suppose # is an (F)-stopping time with ; < T;.
For n € N, define

R, _sup{ ( ) 1 <m<n, Tk(Hk)zt_k}.

Here we set sup(J) = 0. Then for any ¢ > 0,

n

(Ry =)= () (i > T(H)) U {7 (B7) 1)) € 57 x 5

i
m=1
So R, is an (TF/ X J‘ft_i‘)tzo—stopping time for each n € N. For 1 <
m < n,let {" = & A Ty(HY"). Then 7" is an (F¥)-stopping time, and
" < Ti(H"). Let (L(7)) be a chordal SLE(k;j; —';j,ﬁj) process started
from (@i(t2, x;); & (f), @i (tk, p)). From Lemma 4.1 and the discussion
after Theorem 4.4, ¢ (1", K;(1)), 0 <t < Tj(HJm), has the distribution
of a time-change of a partial (L(¢)), i.e., (L(¢)) stopped at some stopping
time. Let &,,, = {&x < T (H/)} N {R, = Tj(H")}. Since {R, > 0} =
U= €1.m» and on each &, ,,, & = 7" and R, = Ti(H"), so ¢ (i, K;(1),

m=1
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0 <t < Ry, has the distribution of a time-change of a partial (L(¢)). Since
Ti(5) = sup{T;(H") : m € N, Ti(H]") = &} = \/;2, Ru, 50 @i (i, K; (D)),
0 <t < T;(t), has the distribution of a time-change of a partial (L(t)).
Thus after a time-change, ¢ (%, K;(1)), 0 < t < T;(#), is a partial chordal
SLE(k;; —';j . ;) process started from (¢ (2, x;); & (1), x (tx, P))- O

4.4 Coupling in degenerate cases. Now we will prove that Theorem 4.1
still holds 1f one or more than one force points p,, are degenerate, i.e., p,,
equals to x or x5 The results do not immediately follow from Theorem 4.1
in the generic case. However, we may modify the proof of Theorem 4.1
to deal with the degenerate cases. We need to find some suitable two-
dimensional local martingales, and obtain some boundedness.

We use the following simplest example to illustrate the idea. Suppose
there is only one degenerate force point, which is p; = xﬁ. Then the (K (1))
and (K,(?) in Theorem 4.1 should be understood as follows: (K;(¢)) is

a chordal SLE(«; — 2 , P1) process started from (x; x», x;r, D2y s DN,
and (K, (7)) is a chordal SLE(k;; —*? 5 021,022, P2, N) process started
from (x5; x1, p2, ..., py). Here the force points x; and p; = xl for (K> (1))

are combined to be a single force point x;. And in Theorem 4.1, ¢, (12, p1) =
0 (1, xf) should be understood as ¢;(#,, x1); and ¢ (t1, p1) = ¢1(t, xf)
should be understood as p;(¢;), which is a component of the solution to the
equation that generates (K (7)).

We want to define M(¢#, ) by (4.34) and (4.26). However, for the
case we study here, some factors in (4.26) does not make sense, and some
factors become zero, which will cause trouble in (4.34). Let’s check the
factors in (4.26) one by one. Let j # k € {1,2}. First, A;,(t1, 1) =
aggok,tj (tx, &;(t;)) is well defined for h = 0, 1, and A;; is a positive num-
ber; and E(t;, 1) = |A] o(t1, ) — Az o(t1, )| > 0 is well defined. Then
F(t1, 1) > 01is well defined by 4.24). NOW Bm olt1, ) = DK, (1) UK2(12) (Pm)
is well defined for each 1 < m < n. For the degenerate force point pl =X,
the formula (pKl([l)UKz(,z)(xl ) is understood as @, (f2, @1 (1, X N =
02,4, (p1(t1)). SO Ej y = Ajo— Byoand Cyy, jn, = Bin, .0 — Bin,y,0 are all well
defined. Among these numbers, |Cp,,.m, (11, t2)| 1s positive if m| # m,, and
|Ej . (t1, 2)] is positive except when j = 1, m = 1 and #; = 0. The factor
By 1(t1, 1) = 0.9k, (1)) UK () (Pm) 15 Well defined and positive except when
m = 1. Now for (¢, ;) € D, define

o az
~ 11
N, ) =

2

1z o} Sy

l_[ <ertll 1_[ |Ej,m| j’m) l_[ |Cm1,m2| e
m=2 j=1 1<mi<mr<N

and

N(t1, 1) = (N(11, )N(0, 0)) /(N (t;, )N (0, 1)). (4.51)
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Then in the generic case, we have M(t;, t,)/N(t1, t,) = Li(t1, ) /L2(t1, 1),
where

Ly(t1, 1)
0.0k, )UK (P @20, (2. E1(11) — @2, (82, 1 (11, p1)IF1
0.0k ka0 (PN 92,0 (0, (1) — 92, (0, @1 (11, p1)I7H
02,0, (2. E1(11)) — @21, (12, 1 (11, P71

= 8 902,1 (t2$ (Pl(tl, pl))yl *
o 1&1(t1) — @1 (11, py)|°h

Ly(11, 1)
0.0k, 0UKa() (PD [ @20(12, £1(0)) — @2.0(t2, 91 (0, pp))|1
0.0k, 0K (P 192,00, £1(0) — 02.0(0, 91(0, p1)|7i
|92(t2, x1) — @a(ta, p1)|7i

’

= 0,¢2(t2, p1)V"

xi — |7
In the above equalities, (4.2) is used. Thus in the generic case,
M, ) (3z€02,z. (2, o1 (1, Pl)))y' . ( X1 — pil )p]*"
N(t, 1) 9:¢2(t2, p1) l@2(12, x1) — @2(t2, p1)l

, <|¢2,,1 (02, £111) = 924 (12, @1 (11, pD))| )"fl
1€1(t1) — @1 (11, p1)l .

Now come back to the degenerate case p; = x|~ we are studying here.
Then

0.02.1, (2, @1 (t1, p1)) = 0,024, (12, 1 (11, xf)) and
0.¢2(t2, p1) = 0;92(f2, X1)

still make sense and are both positive. If #; > 0, then |y, (f2, &1(t1)) —
@21, (2, @1 (t1, p1))| and |&(¢;) — @1 (f1, p1)| both make sense and are posi-
tive. And we have

[lif{)l+ [02.1, (12, &1(t1)) — @21, (L2, @1 (21, pO)I/1E1(11) — @i (21, p1)l
1=

== az(pZ,t] (t27 El (tl))
Since p; = x|, we may view |x; — pi|/|ga(t2, X1) — @a(t2, p1)| as

lim+ |x1 = pl/lg2(ta, x1) — @2(t2, p)| = 1/0,02(t2, X1).

p—)xl

These observations suggest us to define M(¢,, t,) in the case p; = xf
as follows. For (t1,1,) € D, define U(t;, 1) such that U(0,15) =
8z(p2’,] (lz, S] (ll)); and if t >0, then

Ut1, 1) = |2 (2, E1(11)) — 2.1, (2, @1 (21, pi)I/1E1 (1) — @i (t1, p1)I.
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Then U is continuous on . Now for (¢, 1) € M, define

Ut )" 0.0, (12, @1 (11, X))
U0, )" B:a(ty. x1)""

Then M is continuous on . It is direct to check that M(#,0) =
M(0, t,) = 1forany #; € [0, T7) and £, € [0, T5).

Suppose (£1(7),0 <t < T1) and (§,(#), 0 < t < T3) are independent. Let
w; denote the distribution of (§;(1)), j = 1,2, and u = p; X p,. Let (%))
be the filtration generated by (§;(¢)), j = 1,2. Let j # k € {1, 2}. Then
for any fixed (?jk)—stopping'time t, with f, < Ty, the process M| R
0 <t < Ti(t), is an (F, x J‘Tfi‘)—adapted local martingale, under the
probability measure p. The argument is similar to that used in Sect. 4.2.

Let HP denote the set of (H;, H>) such that H; is a hull in H w.r.t. oo that
contains some neighborhood of x; in H, j = 1,2, Hi N H, = @, and p,, ¢
H, U H,,2 < m < N. Here we only require that the non-degenerate force
points are bounded away from H; and H,. Then Theorem 4.4 still holds here.
For the proof, one may check that Theorem 4.4 holds with M(t,, t,) replaced
by N(t1, ), U(t1, r2), 9,024, (2, 1 (11, xf)), and 0,¢, (1>, x1), respectively.
So for any (H;, H,) € HP, E,[M(T,(H,), T>(H,))] = 1. Suppose v is
a measure on ¥, X Ff£ ) such that dv/du = M(Ty(Hy), To(Hy)).
Then v is a probability measure. Now suppose the joint distribution of
&1(0),0 <t < Ty(Hy)) and (&(1),0 < t < T»(H,)) is v instead of .
Let j # k € {1,2}. Using Girsanov theorem, one may check that for
any fixed (F;%)-stopping time 7 with 7 < Ti(Hj), conditioned on thi‘,
(oe(te, Kj()), 0 < t < T;(H,), is a time-change of a partial chordal
SLE(k;; —Kz’ , ;) process started from (¢x (%, x;); & (&), i (x, p)). We now
can use the argument in Sect. 4.3 to derive Theorem 4.1 in this degenerate
case.

M(t, 1) = N(ty, 1p) - (4.52)

5 Applications

5.1 Duality. We say « is a crosscut in H on R if « is a simple curve that
lies inside H except for the two ends of o, which lie on R. If « is a crosscut,
then H \ o has two connected components: one is bounded, the other is
unbounded. Let D(«) denote the bounded component. We say that such «
strictly encloses some S C Hif S C D(«) and S N = 0.

In Theorem 4.1, letk; <4 < kp;x1 < xo; N = 3; p1 € (—00, x1), p2 €
(x2,00), p3 € (x1,x2); for j = 1,2, pj1 = Ci(k; — 4), pj2 = Calk; — 4),
and p;3 = ;(Kj —4) for some C; < 1/2 and C; = 1 — C;. Let K;(1),
0 <t<T,j=1,2,be given by Theorem 4.1. Let ¢;(¢, -) and B;(1),
0<t<T;,j=1,2,be the corresponding Loewner maps and traces.

Let K»(T;) = Up<iop, K2(2). Since k; € (0,4), 50 B1(1), 0 <t < Tj,
is a simple curve, and B;(f) e Hfor0 <t < T;. From Theorem 3.6 and
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Lemma 2.3, a.s. Bi(T)) = lim,_, 7, Bi(¢) exists and lies on (x2, p»). For
simplicity, we use §; to denote the image {B,(f) : 0 <t < Ty}. Thus B, is
a crosscut in H on R.

Suppose S C H is bounded. Then there is a unique unbounded compo-
nent of H \ S, which is denoted by D,. Then we call 3D, N H the outer
boundary of S in H. Let it be denoted by dg™"S.

Lemma 5.1 Almost surely B, = 05" K (T, ).

Proof. For j = 1,2, let & denote the set of polygonal crosscuts in H
on R whose vertices have rational coordinates, which strictly enclose x;,
and which do not contain or enclose x3_; or p,, m = 1,2, 3. For each
y € &}, let Tj(y) denote the first time that B; hits y. Then T;(y) is an
(¥,’)-stopping time, and T;(y) < T;. Moreover, we have T; = \/ye P T;(y).
Let &5 denote the set of polygonal crosscuts in H on R whose vertices have
rational coordinates, and which strictly enclose x;.

We first show that K>(7, ) C D(B;) U B a.s. Let & denote the event
that B, intersects H \ (D(B;) U B1). We need to show that P[&] = 0. For
a € Py and y € P, let &, denote the event that « strictly encloses B,
and B, hits o before y. Then & = L_J()[efpz*;yej)2 €.y Since 5 and P, are
countable, so we suffice to show P[&,.,] = 0 forany « € £, and y € $.

Now fixa € 5 andy € P,.Lett, denote the first time that 8, hits «Uy .
Then 7, is an (F,?)-stopping time, and 7, < T»(y) < T». From Theorem 4.1,
after a time-change, ¢, (%2, B1(2)), 0 < t < T\ (1), has the same distribution
as a full chordal SLE(«; —"2‘ ,Ci(ky — 4), Ca(ky — 4), ;(/q — 4)) trace

started from (@ (t2, x1); &2(52), @2(t2, p1), @2(t2, P2), @a2(t2, p3)). Here we
have

0a(tz, p1) < @a(ta, x1) < @a(ta, p3) < E2(2) < @a(ta, p2).

Since Ci(ky —4) > k1/2 =2, J (k1 —4) > k1/2 — 2, and

1
(Ci(k1 — 4) + Calkcy — 4)) — <2(f<1 —4)+ <—"2‘))‘ = lk1 —2| <2,

so from Theorem 3.6 and Lemma 2.3, as. lim,_ s, 0 (tr, B1(D)) €
(&2(12), pa(t2, p2)). Thus as. {@a(f2, f1(7)) : 0 < t < Ti(f2)} disconnects
& (t,) from oo in H. So a.s. B; disconnects S;(f;) from co in H \ K;>(#,).

Assume that the event &,.,, occurs. Since B, starts from x,, which is
strictly enclosed by «, so B(f) € D(«) for 0 < t < 1, which implies
that K»(;) C D(«). On the other hand, 8 is strictly enclosed by «, and
B2(1r) € a. Thus By does not disconnect B, (%) from oo in H \ K,(%). So
we have P[€,.,,] = 0. Thus K>(T, ) C D(B) U B as.

Next we show that a.s. i C Kx(T, ). Fix y € P and g € Qx. Let
fi = ¢ ATi(y). Thent isan (F,')-stopping time, and 7; < T1(y) < T;.From
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Theorem 4.1, after a time-change, ¢ (¢;, B2(£)),0 < t < T»(f;), has the same
distribution as a full chordal SLE(x»; — "22 , Ci(kp—4), Ca(kp—4), é (ka—4))

trace started from (¢ (71, x2); &1 (1), @1 (t1, p1), @1(t1, p2), i1 (t1, p3)). Here
we have

i(t, p1) < &) < @i(t1, p3) < i(t1, x2) < @i(t1, p2).

Since ;(Kz —4) > k)2 =2, Colkn —4) > k/2 — 2, and Cr(k, — 4) +
Ci(kp —4) = k) —4 > k/2 — 2, so from Theorem 3.1 and Lemma 2.1,
a.s. &(f) is a subsequential limit point of ¢, (7, B2(r)) as t — T»(ty).
Thus a.s. B(f)) is a subsequential limit point of B,(r) as ¢t — T»(f).
So Bi(t)) € Kx(Tx(t1)™) C K»(T, ) as. Since Qs is countable, so a.s.
Bi(g AN Ti(y)) € Ky(T, ) for any g € Q. Since Q¢ is dense in R,
so a.s. B1(1) € Ko(T, ) for any t € [0, T (y)]. Since &; is countable and
T, = \/yE?] Ti(y), so almost surely B,(t) € K,(T, ) for any ¢t € [0, T}),
ie., i C Ky(T,) as. Finally, K»(T, ) C D(B1) U Bi and B1 C K»(T,)
imply that B; = 03" K»(T, ). O

Theorem 5.1 Suppose k > 4; p1 <x;1 < p3<xy < py, C; <1/2<C,
and Ci + C, = 1. Let K(t), 0 < t < T, be chordal SLE(K;—;,
Ci(k —4),Cr(k — 4), ;(/c — 4)) process started from (xa; X1, p1, P2, P3)-
Let K(T™) = U0§t<T K (). Then a.s. K(T™) is bounded, and 35" K(T ™)
has the distribution of the image of a chordal SLE(k’; —"2/, Ci(k' — 4),

Cr(k' — 4), ;(K’ — 4)) trace started from (x1; X2, p1, p2, p3), where k' =
16/k.

Theorem 5.1 still holds if we let p; € (—00, x1), or = —00, or = x| ; let
P2 € (x2,00), or = 00, or = x5 ; and let p3 € (x1, x3), or = x|, or = x5
In some cases we may use Theorem 3.3, Theorem 3.4, or Theorem 3.5
instead of Theorem 3.9 to prove that 8, is a crosscut. We may derive some
interesting theorems from some cases.

Theorem 5.2 Suppose k > 8, and K(t), 0 < t < o0, is a standard chordal
SLE(k) process, i.e., the chordal Loewner chain driven by &(f) = /k B(?).
Let x € R\ {0} and T, be the first t such that x € K(t). Then 0K(T,) NH has
the same distribution as the image of a chordal SLE(«’; —"2/, —"2/, ’g —-2)
trace started from (x; 0, x%, x?), where k' = 16/k, a = sign(x) and b =
sign(—x).

Proof. K(1),0 <t < T, is a full chordal SLE(k; 0) process started from
(0; x). Since k > 8, so K(Ty) = Jy<,.7, Ki and 9K(T,) N H = 0" K(T).
If x < 0, this follows from Theorem 5.1 with x; = x, x, = 0, p1 = x|,
pr=00,p3 =x,;Cy =2/(k—4)and C, = 1 — C;.If x > 0, this follows
from symmetry. O
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One may expect that after reasonable modiﬁcations the above theorem

also holds for k € (4, 8). In this case, for the SLE(«’; , ’g, 5 —?2) trace
started from (x; 0, x¢, x?), the force — that corresponds to the degenerate

force point x“ does not satisfy —"2/ z k'/2 — 2. So we must allow that
the process continue growing after the degenerate force point is swallowed.
This will make sense because —*, > —2.

Corollary 5.1 For k > 8, chordal SLE(x) trace is not reversible.

Proof. Let B(1),0 < t < 00, be astandard chordal SLE (x) trace. Let W(z) =
1/z and p(r) = W(B(1/1)). Suppose chordal SLE(k) trace is reversible,
then after a time-change, (y(¢),0 < ¢ < 00) has the same distribution as
(B(),0 < t < o0). Let T be the first time such that 1 € B(¢). Since k > 8,
1 is visited by B exactly once a.s. Thus 1/T is the first time such that
1 € y(¢). From the above theorem, d(8((0, T'])) N H and 8()/((0 1/T])) NH
both have the distribution of the image of a chordal SLE («’; , 2/, 5 —2)
trace started from (1;0, 17, 17), where ¥/ = 16/«. From Lemma 2.1 and
the definition of y, we find that a(8([T, c0))) N H has the distribution of

the image of a chordal SLE(x’; 3" — 4, "2 -2, —"2/) trace started from

(1;0,17,17). Since «’ < 2, so — 2/ 35 — 4. Thus 9(8((0, T'])) N H and
d(B([T, c0))) N H have different distributions. However, since f is space-
filling and never crosses its past, the two boundary curves coincide, which
gives a contradiction. |

Suppose S C H and S N [a, 00) = @ for some a € R. Then there is
a unique component of H \ S, which has [a, co) as part of its boundary. Let

D denote this component. Then 9D, N H is called the right boundary of S
in H. Let it be denoted by 9;: S.

Theorem 5.3 Let k > 4, C > 1/2, and K(¢), 0 < t < oo, be a chordal
SLE(k; C(k — 4), ;(K — 4)) process started from (0; 0", 07). Let K(c0) =
U, oo K(0). Let W(z) = 1/z. Then W(aﬁ K(00)) has the same distribution
as the image of a chordal SLE(k'; C' (k' — 4)) trace started from (0; 01),
where k' = 16/k and C' =1 — C.

Proof. Let Wy(z) = 1/(1 — z). Then Wy is a conformal automorphism
of H, and Wo(0) = 1, Wy(c0) = 0, Wp(0*) = 1*. From Lemma 2.1,
after a time-change, (Wy(K(7))) has the same distribution as a chordal
SLE(k; C/(K—4)—'§, C(k—4), é(K—4)) process started from (1; 0, 17, 17).
Applying Theorem 5.1 withx; =0, xo =1, py =07, pp =17, p3 =17,
C| = C'and C, = C, we find that B%U‘WO(KOO) has the same distribution as
the image of a chordal SLE(k’; C(x’' —4) — 2, C' (k' — 4)) trace started from
(0; 1,07). Let B denote this trace. From Lemma 2.3 and Theorem 3.4, 8 is
a crosscut in H from 0 to 1. Thus 3 Koo = W, ' (B), and so W(3;i Koo) =
Wo Wo_l(ﬁ). Let W, =Wo Wo_l. Then Wi (z) = z/(z—1). So W;(0) =0,
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Wi(1) = oo, Wi(07) = 0". From Lemma 2.1, after a time-change, W;(B)
has the same distribution as the image of a chordal SLE(k’; C’'(x' —4)) trace
started from (0; 07). O

Theorem 5.4 Let k > 4, C > 1/2, and K(f), 0 < t < o0, be a chordal
SLE(k; C(k — 4)) process started from (0;0"). Let K(c0) = |J,_,, K(1).
Let W(z) = 1/z. Then W(Bﬁ K(00)) has the same distribution as the image
of a chordal SLE(k'; C' (k' — 4), é(K’ — 4)) trace started from (0; 07, 07),
where k' = 16/k and C' = 1 — C.

Proof. This proof is similar to the previous one. We use the same W, Wi,

X1, X2, p1, and p,, except that now p3 = 0" instead of 1~. And the 8 here is
a chordal SLE(«"; C(k' — 4) — "2/, é(/c’ —4), C' (k' — 4)) trace started from
(0;1,07,07). O

Corollary 5.2 Let k > 4, and K(t), 0 < t < 00, be a chordal SLE(k;
Kk —4, é(/{ —4)) process started from (0; 0", 07). Let K(00) = |J,_, K(©).
Then 33 K(00) has the same distribution as the image of a standard chordal
SLE(«') trace, where k' = 16/k.

Proof. This follows from Theorem 5.3 and the reversibility of chordal
SLE(«’) trace when «’ € (0, 4] (see [19]). O

If we assume that Conjecture 1 is true, then in Theorem 5.3 we conclude
that 8;; K (00) has the same distribution as a chordal SLE («’; C’ (k' —4)) trace
started from (0; 0"); and in Theorem 5.4 we conclude that Bﬁ K(00) has the
same distribution as the image of a chordal SLE(x’; C' (k" — 4), ;(K’ —4))
trace started from (0; 0", 07), where ¥’ = 16/k and C' = 1 — C. Moreover,
assuming Conjecture 1, and letting C = 1 in Theorem 5.4, we conclude
that the right boundary of the final hull of a chordal SLE(k; k — 4) process
started from (0; 07) has the same distribution as the image of a chordal
SLE(k’; é(/c — 4)) trace started from (0; 0~), which is Conjecture 2 in [4].
Moreover, we conjecture that for C,, C; > 1/2, if (K(¢)) is a chordal
SLE(x; Cr(k —4), C;(k —4)) started from (0; 0T, 07), then 8;{[((00) has the
same distribution as the image of a chordal SLE(«’; C).(k" —4), C;(k" — 4))
trace started from (0; 07, 07), where C. = 1 — C, and C,=1/2-C,.

5.2 Reversibility

Theorem 5.5 Let p, = (pi1,..., piny) and py = (P£1s- -y PENL),
where 0 < £pi, < £pi, for1 <m < n < Ny; 22:1 P+m > 0 for
1 <n < Ny, and Zi’le pim = 0. Let B(t), 0 < t < o0, be a chordal
SLE(4; p., p_) trace started from (0; p, p_). Let W(z) = 1/z. Then a.s.
lim,_, o, B(¢) = oo, and after a time-change, the reversal of (W(B(t))) has
the same distribution as a chordal SLE(4; —p ., —p_) trace started from

(O; W(p), W(p_)), where W(ps) = (W(ps1), ..., W(pan.)).
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Proof. Choose xo > py,. Let Wy(z) = xo/(xo — z). Then Wy maps H
conformally onto H, and Wy(0) = 1, Wy(oo) = 0. Let g+; = Wo(p+j),
1 <j=<Ni Then0 < gy <---<qg <1l <gq <- <qn,.
Letx; = 1,x, =0, p; 4+ = py, and p, . = —p,. From Theorem 4.1,
there is a coupling of two curves B;(1), 0 <t < T;, j = 1,2, such that
for fixed j # k € {1,2}, (i) (B;(») is a chordal SLE(4; -2, 0, 1, 0; )
trace started from (x;; xi, po, p_); and (ii) for any (fF/‘)—stopping time
f with 1 < Ti, ei(ti, Bj(1)), 0 < t < T;(f), has the same distribution
as a chordal SLE(4; =2, 0, 1, p; ) trace started from (¢ (%, x;); & (#),
oc(te, Py, ok(tx, p_)), where @;(t,-) and &;(r), 0 < t < T, are chordal
Loewner maps and driving function for the trace B;, j = 1, 2. Note the
symmetry between p; ;. and g 4: Y Prem > O0forall 1l <n < Ny,
and ZZ*Z] PrLem = 0; nyf;n P4m > 0 forall 1 < n < Ng, and
anri:l P2, 4+m = 0.

Fix j # k € {1, 2}. From Lemma 2.1 and Theorem 3.1, we have a.s. x; €
B;((0, T;)). Now fix an (fFf)—stopping time 7, € (0, 7). From Lemma 2.1
and Theorem 3.1, we have a.s. g (#, B;((0, Tj(%)))) N R = {& (%)}, which
implies that 8;((0, 7; (%)) N (R U Br((0, 7)) = {Pi(f)}. Since 7 > 0,
s0 Bi(t) # Br(0) = xi. If Tj(%) = Tj, then x; € B;((0, T;(#))), which
a.s. does not happen. Thus a.s. T;(#x) < T;. So we have a.s. §;(Tj(f%)) =
lim,_, 7,i)- B;(®) € B;((0, T; (tx))). From the definition of 7j(#), we have

a.s. Bi(Tj(t)) € Bi([0, &]). Thus a.s. B;(Tj (1)) = Br(te).

We may choose a sequence of (5"," )-stopping times (fk(”)) on (0, T) such
that {t_k(") : n € N} is dense on [0, T]. Then a.s. ﬁk(fk(")) = ,Hj(Tj(fk("))) for
any n € N. From the denseness of {t_k(") : n € N} and the continuity of B;
and By, we have a.s. B ((0, T)) C B;((0, T;)). Similarly, a.s. B;((0, T})) C
Br((0, T)). So a.s. B, is a time-change of the reversal of f;.

From Lemma 2.1, (Wy(B(¢))) has the same distribution as (3 (¢)) after
a time-change. Thus the reversal of (W(B(¢))) has the same distribution as
(W o W, ' (B2(1)) after a time-change. From Lemma 2.1, (W o W, ' (Ba(1)))
has the same distribution as a chordal SLE(4; —p,, —p_) trace started from

(O; W(p,), W(p_)). O

This theorem may also be proved using the convergence of discrete
Gaussian free field on some triangle lattice with suitable boundary con-
ditions (see [13]). It also holds in the degenerate cases, i.e., p; = 0"
and/or p_; = 0~ and/or py, = +o0 and/or p_y_ = —o0. For example,
let p, p— > 0, and apply Theorem 5.5 with N, = N_ = 2, p; = 01,
p-1 =07, pp = 400, p2 = =00, p1 = Py, P2 = —P4, P-1 = P,
and p_, = —p_. Then we conclude that if 8(¢), 0 < ¢ < o0, is a chordal
SLE(4; py, p_) trace started from (0; 0T, 07), then after a time-change, the
reversal of (W(B(¢))) has the same distribution as (5(¢)). This is the case
when x = 4 in Conjecture 1 of this paper.
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