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Abstract

A 2-SLE,; (k € (0,8)) is a pair of random curves (1, 72) in a simply connected domain D
connecting two pairs of boundary points such that conditioning on any curve, the other is a
chordal SLE, curve in a complement domain. In this paper we prove that for any zg € D, the
limit lim, o+ r~*P[dist(z0,7n;) < 7,j = 1,2], where ap = w, exists. Such limit is
called a two-curve Green’s function. We find the convergence rate and the exact formula of
the Green’s function in terms of a hypergeometric function up to a multiplicative constant.
For k € (4,8), we also prove the convergence of lim, _,q+ r~*P[dist(zg, 71 N72) < 7], whose
limit is a constant times the previous Green’s function. To derive these results, we work
on two-time-parameter stochastic processes, and use orthogonal polynomials to derive the
transition density of a two-dimensional diffusion process that satisfies some system of SDE.

1 Introduction

The Schramm-Loewner evolution (SLE), first introduced by Oded Schramm in 1999 ([24]), is a
one-parameter (k € (0,00)) family of measures on non-self-crossing curves, which has received a
lot of attention over the past two decades. It has been shown that, modulo time parametrization,
many discrete random paths on grids have SLE with different parameters as their scaling limits.
We refer the reader to Lawler’s textbook [§] for basic properties of SLE.

One of the most important functions associated to SLE is the Green’s function, which can be
roughly defined as the scaling limit of the probability that an SLE curve hits a small disc around
an interior or boundary point of its domain. The existence of chordal SLE Green’s function
for an interior point was given in [5], where conformal radius was used instead of Euclidean
distance. The existence of the original one-point Green’s function (using Euclidean distance)
was proved later in [9]. The existence of boundary point Green’s function for chordal SLE was
given in [7]. Other related works include the Green’s function for radial SLE ([1]), multipoint
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Green’s function for chordal SLE ([I1} [7, 9] for 2-point, [19] for n-point), and Green’s function
for SLE,(p) and hSLE ([12]).

A 2-SLE, (also called bi-chordal SLE,) is a pair of random curves in a simply connected
domain connecting two pairs of boundary points, which satisfy that, when any one curve is
given, the conditional law of the other curve is that of a chordal SLE, curve in one complement
domain of the first curve. It is a special case of multiple N-SLE, (when N = 2) studied in
[4], and exists for all k € (0,8) and any admissible link pattern. A 2-SLE arises naturally as a
scaling limit of some lattice model with alternating boundary conditions (|26} [3]), as interacting
flow lines in imaginary geometry ([15] [14]), and as two exploration curves of a CLE (16}, [17]).

Suppose (n1,72) is a 2-SLE, in a simply connected domain D, and 29 € D. Then the
probability that both 7, and 7 visit a small disc centered at zg with radius € tends to 0 as
e — 0. It is expected that this probability decays like some power of £, and the rescaled
probability tends to a nontrivial limit, which is called the two-curve Green’s function for this
2-SLE,.. A similar object considered in [12] is the rescaled probability that either 1 or 7o
gets close to a given interior point. Their Green’s function is a sum of two one-curve Green’s
functions for the 2-SLE,, and is different from the one considered here. In this paper we focus
on the interior point case, i.e., z9p € D. In the subsequent paper [2§8], we will work on the
boundary point case, which uses a similar approach.

Below is our first main theorem, which holds for all x € (0, 8).

Theorem 1.1. Let x € (0,8). Let

(12— k)(k+4)
8K

oy = > 0. (1.1)

Let F be the hypergeometric function 2F1(%, 1-— %; %, -), which is known to be positive on [0, 1].
Let D be a simply connected domain with four distinct boundary points (prime ends) ay, by, az, bo
such that ay and ay together separate by from by on 0D. Let (n1,12) be a 2-SLE,; in D with
link pattern (a1, bi;as,b2). Let zg € D, and f., be the conformal map from D onto D such that
fz(20) = 0 and f, (0) > 0. Let
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Let By = gig Let R = dist(z9,0D). Then there is a constant Cy > 0 depending only on k
such that
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Here the implicit constants in the O symbol depend only on k. In particular, it implies that
there is a constant Cfy > 0 depending only on k such that

P[dist(z0,7;) < 1§ = 1,2] < C()(%)QO, Vr > 0, (1.3)

Below is our second main theorem, which makes sense only for x € (4,8).

Theorem 1.2. Let k € (4,8). We adopt the notation in the last theorem. Then there is a
constant C1 > 0 depending only on k such that

B
P[dist(z0, 1 N72) < 7] = C1GDay bysas,bs (20)7° (1 + O(%) O), asr— 0T,

Similar theorems also hold in the case that zy lies on the boundary, assuming that 9D is
smooth near zy ([28]), where the exponent ay is replaced by another exponent: 2(12 — k).
Following the approach of [9], we expect that the second theorem above may be used to prove
the existence of the Minkowski content of 71 N 72 of dimension 2 — ag, which is the Hausdorff
dimension of the double points of SLE, ([I8, Theorem 1.1]). This is closely related to the
existence of Minkowski content of double points of a single SLE, curve.

Definition 1.3. We call Gp.q; by ;a5,b, in Theorem [I.T|the two-curve Green’s function for 2-SLE,
in D with link pattern (a1, b1;ag, ba).

Remark 1.4. It is easy to derive the following properties of the two-curve Green’s function.

(i) Using Koebe’s 1/4 Theorem and the boundedness of F' on [0,1], we see that there is a
constant C' > 0 depending only on k such that

G Diay byt (20) < C dist(zg, 2D) . (1.4)

(ii) For aj,by,as,be in the definition, there is another admissible link pattern, which is
GD;al,bQ;ag,bl(ZO)

(a1,b2;a2,b1). It is easy to see that C AN e

does not depend on zp, but only

on the cross-ratio of ay, b1, as,by in D.

The approach of the main theorems is somehow similar to that of the Green’s function for a
single chordal SLE,, where one parametrizes the curve according to the conformal radius viewed
from the marked point and obtains an invariant measure on a process of harmonic measures.
Here is how it goes for the setting here. By conformal invariance, we may assume that D is
the unit disc D = {|z| < 1} and zp is the center 0. We may further reduce it to the case that
b1 and by are opposite points on the circle, i.e., by + bs = 0, by growing a part of n; or 7
and mapping the remaining domain back to ID. In this special case, we choose to grow 7; and
72 simultaneously with random speeds so that at any time ¢, (i) the conformal radius of the



remaining domain viewed from 0 is e~%; and (ii) the harmonic measure in the remaining domain
viewed from 0 of any boundary arc bounded by b; and by is 1/2. The process is stopped when
either n; or 79 finishes its journey, or the two curves together disconnect 0 from by or bs.

It turns out that the speeds of the curves are determined by the unparametrized curves.
By Koebe’s 1/4 theorem, the assumption on the conformal radius implies that at any time
t that happens before the process ends, the minimum of dist(0,7:[0,¢]) and dist(0,72[0, t]) is
comparable to e, By Beurling’s estimate and the harmonic measure assumption, we know that
dist (0,710, ¢]) is comparable with dist(0, 72[0,¢]). Thus, both dist(0, 7,0, ¢]) and dist(0, 12[0, t])
are comparable to e~ !, if the time ¢ happens before the lifetime of the process.

At any time t, conditionally on the event that the process does not end at time ¢, if we map
the remaining domain back to D and fix 0, then the images of by and bo, say b1 (t) and ba(t) are
still opposite points on JD. The tips of 1; and 79 are then mapped to two other points on 0D,
say a1(t), az(t), that are separated by b1(t) and ba(t). The conditional joint law of the images
of the remaining parts of 71 and 72 is then a function of a;(t), as(t), b1(t), ba(t) with rotation
invariance. This means that the conditional probability that the images of the remaining parts
of 1 and ny both visit a small disc centered at 0 is a function of arg(a;(t)/b;(t)), j = 1,2.

The above observation motivates us to study the growth of the two-dimensional Markov
process (Z1(t), Z2(t)) in (0,m)?, where Z;(t) = arg(a;(t)/b;(t)). Using a framework of two-
parameter martingales, we are able to show that (Z;, Z2) is a semi-martingale, and derive the
system of SDEs for them. Then we follow the approach of [30, Appendix B] and use orthog-
onal polynomials to derive the explicit transition density for this Markov process. Using the
transition density, we find that (Z;, Z3) has a quasi-invariant measure, say ,uf on (0, )2, which
means that if we start (71, Z3) from a random point with law uf&, then for any deterministic
t > 0, the probability that the process survives at time t is e 0!, and the law of (Z1(t), Z2(t))
conditional on this event is still zZ. Furthermore, if we start (Z1, Zs) from any deterministic
point, then the conditional distribution of (Z;(t), Z2(t)) approaches exponentially to pZ. With
this quasi-invariant measure in hand, the remaining part of the proofs of the main theorems
are finished by using Koebe’s distortion theorem.

The rest of the paper is organized as follows. In Sections and we review Loewner
equations, SLE, 2-SLE, and hypergeometric SLE. In Section [2.3| we develop a framework on
stochastic processes that depend on two time parameters. In Section [3] we describe the inter-
action between two radial Loewner chains, whose chordal counterpart appeared earlier in the
works on the reversibility and duality of SLE ([33, 32]). The essential new stuff starts from
Section [4] in which we grow the two curves in a 2-SLE simultaneously as described above and
derive the SDEs for the process (Zi(t), Z2(t)). In Section [5| we derive the transition density and
quasi-invariant density of this process. In the last section, we finish the proofs.
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2 Preliminary

2.1 Loewner equations, SLE and 2-SLE

In this subsection, we recall the definitions of Loewner equations, SLE and 2-SLE. Let H denote
the upper half-plane {z € C : Imz > 0}. Let D and T denote the unit disc {z € C : |z| < 1}
and its boundary, respectively.

We will extensively use radial Loewner equation in the paper. For the definition, we start
with hulls in D. A set K C D is called a D-hull if D\ K is a simply connected domain that
contains 0. For a D-hull K, there is a unique conformal map gx from D\ K onto D such that
grx(0) = 0 and ¢%(0) > 0. By Schwarz Lemma, g% (0) > 1, and the equality holds only when
K = (). By Schwarz reflection principle, we may view gx as a conformal map from C \ Kd°ub
onto C\ Sk, where K doub 5 the union of the closure of K and the reflection of K about T, i.e.,
{1/Z: z € K}, and Sk is a compact subset of T. Let dcap(K) := log(g%(0)) > 0 be called the
D-capacity of K. If K1 C Ky are two D-hulls, then we define Ko/ K := gx, (K2 \ K1), which is
also a D-hull, and satisfies dcap(Ks2/ K1) = dcap(K2) — dcap(K7).

Let w € C([0,T),R) for some T € (0,00]. The radial Loewner equation driven by w is

ei@(t) +gt(2)
0 — g,z

Oig:(2) = gi(2) - , 0<t<T; go(2) =2

For each t € [0,T), let K; be the set of z € D) such that the solution g.(z) blows up before or at
t (so that g; is well defined on D\ K;). Then we call g; and K; the radial Loewner maps and
hulls, respectively, driven by w. It turns out that, for each ¢, K; is a D-hull with dcap(K}) = t,
and gx, = g;. If for every t € [0,T), g/ as a conformal map from I onto D\ K; extends
continuously to D, and 7(t) := g[l(em(t)), 0 <t < T, is continuous in ¢, then we say that 7 is
a radial Loewner curve driven by @w. Such 1 may not exist in general; when it exists, the hulls
(K;) are generated by 7 in the sense that for every ¢, D\ K} is the connected component of
D\ n([0,t]) that contain 0.

Let w be as above. Let u be a continuous and strictly increasing function defined on [0, T")
with u(0) = 0. Suppose that the two families g;* and K}*, 0 < ¢t < T, satisfy that 93—1(75) and
K;‘,l(t), 0 <t < u(T), are radial Loewner maps and hulls, respectively, driven by @wou~!. Then
we say that g and K}, 0 <t < T, are radial Loewner maps and hulls, respectively, driven by
w with speed du. If u is absolutely continuous, then we say that the speed is u’.

The following lemma is well known, and has appeared in the literature in different forms.

Lemma 2.1. Suppose K;, 0 <t < T, are radial Loewner hulls driven by some w € C([0,T"),R).
Let L be a D-hull such that LN Ky = 0 for all t € [0,T). Then for any t € [0,T), gk, (L)
is a D-hull that has positive distance from €W so that Ygx, (L) is analytic at ¢®®;: and



gr(Ky), 0 < t < T, are radial Loewner hulls driven by some w" € C([0,T),R) with speed
\g;Kt(L)(em(t))\Z, where W satisfies ¢ (1) = ggKt(L)(ei@(t)), 0<t<T.

It will be useful to work on the covering radial Loewner equation. Let e’ denote the covering
map z — ¢'* from H onto D\ {0}. Let cote denote the function cot(-/2). The covering radial
Loewner equation driven by w € C([0,T),R) is

9rgi(z) = cota(g:(2) — w(t)),  go(2) = 2.

For each t € [0,7), let K; denote the set of of z € H such that the solution g.(z) blows up before
or at t. We call g; and Iw(t, 0 <t <T, the covering radial Loewner maps and hulls, respectively,
driven by w. It turns out that K; has period 2w, g; maps H \ K; conformally onto H with
gi(z + 2m) = gi(2) + 2m; and if (¢¢) and (K¢) are the radial Loewner maps and hulls driven
by @, then K; = (¢)"!(K;) and e’ o g = g; o €'. If u is a continuous and strictly increasing
function on [0,7), we may similarly define covering radial Loewner maps g;* and hulls K}* with
speed du driven by w.

If w(t) =+/kB(t), 0 <t < oo, where k > 0 and B(t) is a standard Brownian motion, then
the radial Lowner curve 7 driven by @ is known to exist, and is called a radial SLE, curve in D
from 1 to 0. What will be used in this paper is a generalization of radial SLE,;: radial SLE(k; p),
whose growth is affected by one or more force points lying on the boundary or the interior. For
the generality needed here, we assume that all force points lie on the boundary and are distinct
from the initial point of the curve. We start with the definition of radial SLE(k; p) in D. Let
Pls-- s pn €R. Let e ™1, ... ¢ be distinct points on T. Let B(t) be a standard Brownian
motion. Suppose that w(t) and v;(t), 1 <j <mn, 0 <t < T, solve the following system of SDEs
with the maximal solution interval:

di(t) = VrdB(t) ZF’J cota(W(t) — 9;(t))dt,  ®(0) = w;

dvj(t) = cota(v;(t) —w(t)), v;(0)=wv;, 1<j<n.

Then we call the radial Loewner curve drlven by w the SLE(k; p1,...,pn) curve in D started
from e* aimed at 0 with force points e*” ., €. The covering radial Loewner maps implicitly
appear in the definition: if g; are covermg radial Loewner maps, then v;(t) = g(v;).

Although we say that n is aimed at 0, it often happens that  does not end at 0. A radial
SLE(k; p) curve in a general simply connected domain D started from a boundary point aimed
at an interior point with force points on the boundary is defined by a conformal map from
D onto D. The targeted interior point actually acts as another force point with force value
k=6, py (ck. [25]).

At the end of this subsection, we briefly recall chordal Loewner equation, chordal SLE,,
and 2-SLE,. Let w € C([0,T),R) for some T" € (0,00]. The chordal Loewner equation driven
by @ is

2

Oege(z) = G2 — () 0<t<T; go(z) =2z



For each t € [0,7T), let K; be the set of z € H such that the solution g.(z) blows up before
or at t (so that g; is well defined on H \ K;). Then we call g; and K; the chordal Loewner
maps and hulls, respectively, driven by w. It turns out that, for each ¢, K; is a bounded and
relatively closed subset of H, and ¢g; maps H \ K; conformally onto H. If for every ¢t € [0,T),
g; ! as a conformal map from H onto H \ K; extends continuously to H, and n(t) := g; * (@ (1)),
0 <t < T, is continuous in ¢, then we say that n is a chordal Loewner curve driven by .

If w(t) = +/kB(t), 0 <t < oo, where k > 0 and B(t) is a standard Brownian motion, then
the chordal Lowner curve 7 driven by w is known to exist, and is called a chordal SLE, curve
in H from 0 to co. In fact, we have n(0) = w(0) = 0 and lim; oo n(t) = oo ([21]). If D is a
simply connected domain with two distinct marked boundary points (prime ends) a and b, the
chordal SLE, curve in D from a to b is defined to be the conformal image of a chordal SLE,
curve in H from 0 to co under a conformal map from (H; 0, c0) onto (D;a,b).

For any x > 0, both radial SLE, and chordal SLE, satisfy conformal invariance and Domain
Markov Property (DMP). The DMP means that if 7 is a radial (resp. chordal) SLE, curve in
D from a to b, and T is a stopping time, then conditionally on the part of n before T" and the
event that 7 does not reach b at time 7', the part of n after T is a radial (resp. chordal) SLE,
curve from n(T") to b in one connected component of D \ n([0,7]). If x € (0,8), chordal SLE,
satisfies reversibility: the time-reversal of a chordal SLE, curve in D from a to b is a chordal
SLE, curve in D from b to a, up to a time-change ([33} [13]).

Let D be a simply connected domain with distinct boundary points a1, b1, as, bo such that
a; and ag together separate by from by on 0D (and vice versa). Let x € (0,8). A 2-SLE,; in D
with link pattern (a1, by;az, bo) is a pair of random curves (n1,72) in D such that for j = 1,2,
7n; connects a; with b;, and conditionally on 73_;, n; is a chordal SLE, curve in the connected
component of D \ n3_; whose boundary contains a; and b;. Because of reversibility, we do not
need to specify the orientation of n; and ny. If we want to emphasize the orientation, then we
use an arrow like a; — by in the link pattern. The existence of 2-SLE,, was proved in [4] for
k € (0, 4] using Brownian loop measure and in [I5] [13] for x € (4, 8) using flow line theory. The
uniqueness of 2-SLE,; (for a fixed domain and link pattern) was proved in [14] (for x € (0,4])
and [I6] (for x € (4, 8)) using an ergodicity argument.

Using the DMP for chordal SLE,, it is easy to derive the following DMP for 2-SLE,: If
(m,n2) is a 2-SLE, in D with link pattern (a; — b1;a2,b2), and if T is a stopping time for
11, then conditionally on the part of n; before T" and the event that n; neither reaches by or
disconnects b; from ag, bo at time 7', the rest part of 11 and the complete 79 form a 2-SLE,, with
link pattern (n1(T") — b1;az,bs) in the connected component of D \ 1;([0,T]) whose boundary
contains by, as, by. We will have a stronger DMP later in Lemma, [6.1

2.2 Hypergeometric SLE

We now review the hypergeometric SLE defined earlier in [3I] (called intermediate SLE(p)
there) and [23]. Let x € (0,8). Let F be the hypergeometric function oFy(%,1 — 28 ) in

K KK’



Theorem [LL1l Such F is the solution of

2(1— 2)F"(z) + E - 2:1;] F(z) - é(1 - é)F(a;) ~0. (2.1)

K

L(;)T
one can prove that F' is positive on [0,1]. Then we let G(z) = Kz F/((:f) F(z) = a:%F(x), and

Ol) — e @)
G(z) = kx o) = G(z) + 2.

Definition 2.2. Let 0,v1,v2 € R be such that 0 < v < vy or 0 > v; > ve. Let B(t) and B'(t)
be two independent standard real Brownian motion. Suppose @, v1,02 € C([0,00),R) satisfy
the following properties. There is T" € (0, 0o] such that w(t) and v;(t), 0 <t < T, j = 1,2, are
continuous random process such that they together solve the following SDE with the maximal
solution interval and respective initial values 0 and v;, j = 1,2:

did(t) =v/RdB(t) + (@() LN (t))é(g(t) _?l(t))dt;

t) — @\1 (t) w(t) — V9 (t) — ’Ug(t)
2dt

dv() =, j=12
() —a(t)
Moreover, if T' < oo, then W(T +t) = w(T) + /kB'(t), 0 <t < co. Then the chordal Loewner
curve driven by w is called a full hSLE, curve in H from 0 to oo with force points v1, vo.
If f maps H conformally onto a simply connected domain D, then the f-image of a full
hSLE, curve in H from 0 to oo with force points vy, v9 is called a full hSLE, curve in D from

f(0) to f(oco) with force points f(v1), f(va).

Remark 2.3. In the definition of full hSLE, in H, if x € (0,4], then a.s. T' = oo, and we do
not need the B’ in the definition. If x € (4,8), then a.s. T' < oo; and 7(t) tends to some point
on R between oo and ve. The assumption that w(T +t) = @w(T) + /&B'(t), 0 < t < oo, means
that given the part of 7 up to T', the rest of 1 is a chordal SLE, curve from n(7T") to oo in the
remaining domain. In both cases, a full hSLE, curve always ends at its target.

8_
Since £ > (1—2)+ 2, F extends continuously to 1 with F(1) = w > 0. Using 1D

Flj/-\

"

We now describe hSLE using radial Loewner equation. Let wg, v1,v2, ws € R be such that
wy > V1 > Vg > Wee > Wy — 27 Or wy < U1 < V2 < Woo < wo + 27. Let B(t) be a standard
Brownian motion. Let @y (t), W (t), and v;(t), j = 1,2, 0 <t < T, be the solution of the SDEs:

divo(t) = VrdB() + =0 cota(@o(t) — Guu (t))dt+

5 (cota(ilo(t) — (1)) — cotalo(t) — Ba(1))G(R(D),

 sina(@o(t) — 51(1)) sina(a(t) — Daolt))
) = Gy (Bo(t) — 52(0)) sina (31 (1) — Do (0))
d@w@)_m( wo(t) — o (t))dt
00,(8) = cotal@(6) — To(O)dt, §— 1,2,




with initial values wy, woo, and vj, j = 1,2, respectively, such that [0, 7") is the maximal solution
interval. Then we call the radial Loewner curve driven by wg a radial hSLE, curve in D from
e"o to e with force points €1, e?2, viewed from 0.

Proposition 2.4. Let wg, weo,v1,v2 be as above. Suppose n(t), 0 < t < T', is a full hSLE,
curve in D from e™0 to e with force points e™1,e?2. Let T be the first time that n separates
0 from any of €0, et e™2. If such time does not exist, then we set T = T'. Then up to a
time-change, n(t), 0 <t < T, is a radial hSLE, curve in D from e™° to e with force points
e’ €2 yiewed from 0.

Proof. This follows from the standard argument as in [25]. O

One important property of hSLE is its connection with 2-SLE. If (11,72) is a 2-SLE,; in D
with link pattern (a1 — bi;az — b2), then for j = 1,2, n; is a full hSLE, curve in D from a; to
b; with force points b3_; and as_; (see e.g., [26, Proposition 6.10]). The two curves n; and 7
commute with each other in the following sense: if we run one curve, say 73_; up to a stopping
time 71" before reaching b3_; or separating b3_; from b; or a;, and condition on this part of 73_;,
then the whole 7; is a full h\SLE,; curve from a; to b; in the remaining domain with force points
n3—;(T") and bs_;. This easily follows from the DMP of 2-SLE.

2.3 Two-parameter Stochastic Processes

We work on a measurable space (£, F). Let Q denote the first quadrant [0, 00)? with partial
order < such that t = (t1,%2) < (s1,s2) = s iff t; < s1 and t9 < s9. It has a minimal element

0=(0,0). We write t < s if t; < s1 and t2 < s3. Moreover, we define t A s = (t1 A s1,t2 A s2).

For n € N, we define tl") = B;%ﬂ and /" = D;L%ﬂ for t € [0,00), and ¢t = (t%nj,ténJ) and
= 1" tl") for £ = (t1,42) € Q. Note that tl7) ¢["l € Q and tIn) <t < ¢/,

Definition 2.5. A family of sub-o-fields (F;);eo of F is called a Q-indexed filtration if F; C Fy
whenever ¢ < s. A family of random variables (X (t));co defined on (2, F) is called an (F})eo-

adapted process if for any t € Q, X(¢) is Fy-measurable. It is called continuous if ¢ — X () is
sample-wise continuous.

Definition 2.6. A random map T : Q@ — Q is called an (F;)ieo-stopping time if for any
deterministic t € Q, {I' <t} € F;. Here we do not allow that T" takes value infinity. For such
T, we define a new o-field Fr by

Fr={AeF:An{T <t}eF, ViteQ}
The stopping time T is called bounded if there is a deterministic £ € Q such that T" < ¢.

Note that any deterministic number ¢ € Q is an (F;)tco-stopping time, and the F; defined
by considering t as a stopping time agrees with the F; as in the filtration.



Lemma 2.7. Let T and S be two (Ft)ieg-stopping times. Then (i) {I' < S} € Fg; (ii) if S is
a deterministic time s € Q, then {I' < S} € Fr; and (iii) if f is an Fp-measurable function,
then 1yp<syf is Fs-measurable. In particular, if T < S, then Fr C Fg.

Proof. (i) Let t = (t1,t2) € Q. We have
{T<sStn{S<t}={T <gpn{S<t}n{T £ S}*

={S<t}n{T<t}N[{S1 <Ti <t1}N{Tr Vv Sy <t} ) U{T1 VS <t1}N{S2 < Tz < ta})].
Since T and S are stopping times, {S < t} N {TL <t} € F;. Since we may write

{51<T1§t1}ﬂ{T2\/SQSt2}: U {Slgt’1<T1§t1}ﬂ{T2\/52§t2}
QN (0,t1)

= U {T<n{S <, t)}n{T < (#,12)},
#,€QN(0,t1)
we get {Sl <T < 751} N {TQ V Sy < tg} S .7:2. Similarly, {Tl Vv 5 < 751} N {52 <T) < tz} S ‘7:2'
Combining, we get {I' < S} N{S <t} € F;. Thus, {T < S} € Fs.
(ii) If S = s for some s € Q, then {I' < S} € Fr because for any t € Q,

{T<SIN{T <t} ={T <sAl} € Font C F1.

(iii) By monotone convergence, it suffices to consider the case that f = 14, where A € Fr.
Then for any ¢ € O,

A{Z<Sin{S<t}=AN{Z<th)Nn({L <S}n{S<t}) € A
So AN{T < S} € Fg, which implies that 1yp<gyf = 14nfr<gy is Fs-measurable. O

Remark 2.8. In general, we do not have {I' < S} € Fr unless S is deterministic or separable

(see Definition and Lemma [2.13]).

Lemma 2.9. Let (X;)ico be a continuous (Fy)ieo-adapted process. Let T be an (Fi)ico-
stopping time. Then Xt is Fr-measurable.

Proof. Since Tl 1T 1T, as n — 00, by the continuity of X, it suffices to show that for every n € N,

Xpin is Fpr-measurable. For a fixed n € N, since T 7] takes values in the countable set (2%)2;

and for every t € (£)?, by Lemma 2.7 (i,ii), {T1") =t} = {t < T} {T < t+ (. )} € Fr. it
suffices to show that X, restricted to {T' ln) — t} is Fr-measurable. To see this, we may write
Lipini —pXpin) = 1{IL;J:£}1{tSZ}X£. Since X; is Fy-measurable, by Lemma 1<y Xy s
Fr-measurable. So 1 ("] :t}XTLn | is Fpr-measurable, as desired. O

From now on, we fix a a probability measure P on (2, F), and let E denote the corresponding
expectation.
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Definition 2.10. An (F};);co-adapted process (Xi)ieo is called an (F;)ieo-martingale (w.r.t.

P) if every X, is integrable, and for any s < t € Q, E[X;|F;] = X,. If there is X € L}(Q, F,P)
such that X; = E[X|F;] for every ¢t € Q, then it is clear that (Xt) is an (F;)-martingale. We
call such (X;) an X-Doob martingale or simply a Doob martingale.

Lemma 2.11 (Optional Stopping Theorem). Let (X;)ico be a continuous (Fi)ieo-martingale.
The following are true. (i) If (X;) is an X-Doob martingale for some X € L', then for any
(Fi)teg-stopping time T, Xp = E[X|Fr|. (ii) If T < S are two bounded (F)ico-stopping
times, then E[Xg|Fr] = Xr.

Proof. (i) Assume that (X;) is an X-Doob martingale. First, we assume that T" takes values
in (£)? for some n € N. Since Xr is Fr-measurable by Lemma it suffices to show that,
for any A € Fr, E[14X7| = E[14X]. We now fix A € Fr. For any t € QN (&)2, since
An{T =t} e ft, using E[X|F] = Xy, we get B[1anr— Xi] = E[14nr—n X]. Summing up
over t € QN (&)2%, we get E[14X7] = E[14X] in this special case.

Now we consider the general case. Note that for every n € N, T takes values in (QZ,L )2, and
is a stopping time because for any ¢t € Q, {T"l <t} = {T < tl"]} ¢ Fiiny C F;. Applying the
special case to T, we get E[X|F 1] = Xpra. Since T' ™1 | T as n — oo. By the continuity
of X, we have XTW — Xp. Since Fr C }”TW by Lemma l a standard argument involving
uniform integrability shows that E[X|Fr] = Xr.

(ii) First assume that S is a constant s € N2, Then S > T 1 for all n € N. Using the same
argument as in (i) with Xg in place of X, we get E[Xg|Fr] = Xr.

Finally, we consider the general case. Since S is bounded, there is 7 € Q N N? such that
T <S8 <r. LetAe Fr C Fs. From the special case of (ii), we get E[14Xg| = E[14X,] =
E[14X7], which implies that E[Xg|Fr] = Xr. O

Definition 2.12. Suppose that there are two filtrations (F}) and (F2) such that Fltite) =
FL VFR, (ti1,t3) € Q. Then we say that (Fy)ieo is a separable filtration generated by (F})
and (]-"22) For such a separable filtration, if 7} is a finite (Fg)—stopping time, 7 = 1,2, then
(T, T») is called a separable (Fy)ico-stopping time (w.r.t. (F},) and (F3)).

Lemma 2.13. Let T and S be two stopping times w.r.t. a separable filtration (Fi)eo- If S is
separable, then {T < S} € Fr.

Proof. We have {T' < S} € Fr because for any t € Q,
{T<SIN{T <ty ={T < SNt} € Fsne C Fi.

Here we use Lemma [2.7] (1,ii) and the fact that S At is an (F)weo-stopping time (and so Fgat
is well defined), which follows from the assumption that S is separable. O

Definition 2.14. A relatively open subset R of Q is called a history complete region, or simply
an HC region, if for any ¢t € R, we have [0,t] C R. Given an HC region R, we may define two
functions T7%, T : [0,00) — [0, oc] such that

[0, TR (t2)) = {51 > 0: (s1,t2) € R}, [0,TF(t1)) = {s2 > 0: (t1,s2) € R}, t1,t3>0.
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A map D from € into the space of HC regions is called an (F):co-stopping region if for any
te @, {weQN:teDw)} e F. A random function X (¢) with a random domain D is called
an (Fi)reo-adapted HC process if D is an (F)eo-stopping region, and for every t € Q, X;
restricted to {t € D} is Fy-measurable.

3 Ensemble of Two Radial Loewner Chains

3.1 Deterministic ensemble

Let wy,wg,v1,v2 € R be such that wy > vy > wy > vy > wy — 27, For j = 1,2, let w; €
([0, 55),R) be a radial Loewner driving function with w;(0) = w;. Suppose w; generates radial
Loewner hulls Kj(t), radial Loewner maps g;(t,-), covering Loewner hulls K j(t) and covering
radial Loewner maps g;(t,-), 0 <t < Sj. Let D denote the set of (t1,t2) € [0,.51) x [0,52) such
that K1 (t1)NKa(t2) = 0 and €™, ™2 ¢ K1 (t1)UKz(t2). Then D is an HC region as in Definition
and we may define functions TlD and TQD. For (t1,t2) € D, let K(t1,t2) = K1(t1) U Ka(t2).
Then K(t1,t2) is also an D-hull. Let g((t1,t2),") = gk, 1.), and m(t1,t2) = deap(K (t1,t2)).
For (tl,tg) € Dand j #Fk € {1,2}, let Kj,tk(tj) = gk(tk,Kj(tj)), and gjﬂgk(tj,') = ng,tk(tj)'
Then we have

Gio(t1,) 0 ga(ta, ) = g((t1,t2), 1) = go, (t2,+) 0 ga(t1, ). (3.1)
Let K (t1,t2), Kjﬂgk (t;) C H be the pre-images of K (t1,t2), K, (t;), respectively, under the map
et. Let g((t1,t2),), (t1,t2) € D, be the unique family of maps, such that g((t1,t2), 2) is joint

. . ~ . ~ ~ Conf
continuous in t1, 2, z; g((0,0), ) = id; and for each (t1,%2) € D, g((t1,t2),-) : H\K(t1,t2) — H,
and €’ o g((t1,t2),+) = g((t1,t2),-) o e’. Define gy, (t1,-) and oy, (t2,-), (t1,t2) € D, similarly.

Using (3.1) we get
g1t (t1,-) 0 ga(ta, ) = g((t1,t2), ) = oty (t2,-) © g1 (1, ). (3.2)

Note also that g((t1,0),-) = g1(t1,-) and g((0,t2),-) = ga(t2,+). So g14,(0,-) (resp. g2z, (0,-)) is

an identity if (0,t2) € D (resp. (t1,0) € D). Let (t1,t2) € D. From the assumption on e**1, e"¥2,
g((t1,t2),-) extends conformally to neighborhoods of €™t and e?2. Thus, §((t1,t2),-) extends
conformally to neighborhoods of v; and ve. Then we define real valued functions

Vi(ti,ta) = g(t1, t2),v5),  Vja(ti,t2) = §'((t1,t2),v5), (t1,t2) € D. (3.3)

Here and below the prime means the partial derivative w.r.t. the last variable. Fix j # k €
{1,2}. From Lemma we know that gy, (t,) extends conformally to a neighborhood of
¢ (t) | Thus, k.t (tk, -) extends conformally to a neighborhood of wj(t;). Now we define

Wit 1) = Gre, (b @5(85)), - Win(ta,ta) = 37 (b, @5(t)), (h,t2) €D, (3.4)

Here and below the superscript (h) means the h-th partial derivative w.r.t. the last variable.
We then have W; > Vi > Wy > Vo > W; — 27, For a function X defined on D, k € {1,2}, and
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tr > 0, we let X(®%) be the function defined on [0, T]D(tk)) obtained from X by fixing the k-th
variable to be t;. Since gy (0,-) are identity maps, we get

k,0 k,0 k,0) __ .
Wj(,l ) =1, Wj{2 >:W]{3 V=0, j#ke{1,2). (3.5)

Using Lemma we know that, for any t; > 0, Kj4, (¢;) and gj4, (¢5,-), 0 < t; < TjD(tk),
are radial Loewner hulls and covering radial Loewner maps, respectively, driven by Wj(k’t’“) with
speed H/Vﬁt’“)? This means that

d;m = 0;(dcap(Ky(t)) + deap(Kj, (t;))) = W}, 0t;; (3.6)
0G5ty (tj, 2) = Wya(t1, ta)? cota (G, (£, 2) — Wi(ty, 12))0t;. (3.7)
Plugging z = w(t;) and z = g (tx, vs), respectively, into , we get
;Wi = W2, cota(Wy, — W)dt;,  0;Vs = W} cota(Vs — W;)dt;, s =1,2. (3.8)
Differentiating w.r.t. z, we get

ajg‘;,tk (t]7 Z)

7. (6,2 = W (t1, t2)” coth(Gja, (£, 2) — Wj(t1, t2))0t;. (3.9)
otk N0

Plugging z = wi(tx) and z = gx(tx, vs), respectively, into (3.9), we get
6jWk71 8jVs,l

Wk71 Vs 1

)

—_ sz,l COtIQ(Wk _ Wj)atj, = W72,1 COtIQ(Vs — Wj)at]’, s = 1, 2. (310)

Since coty (W), — W) < 0, we see that Wy, 1 is decreasing in ¢; and stays positive. From ({3.5)
we see that Wy, ; € (0,1]. Since m(t1,0) = ¢; and m(0,t2) = to, from (3.6]), we get

t1 Vig < m(tl,tg) < t1 + to, (tl,tz) e D. (3.11)
Let Sg := (Z—l,,)’ - %(%7)2 denote the Schwarzian derivative of ¢, and let
~ ~ Wiks 3 /Wka\2
Wis = SGis. (£, Dn(tr)) = ’—7( ) 3.12
k.S g]vtk( J wk( k)) Wk,l 2 Wk,l ( )
Differentiating (3.9) w.r.t. z, we get
=~
9t (tja Z) ~ .
01 (S ) = Waltn, ) coth G (15,2) = Wiltn, 12)), (15, 2)00
g.]7tk: 79 o
Further differentiating this equation w.r.t. z and plugging z = W (t), we get
O;Wi,s = W2 Wi | coty (W, — W;)0t;. (3.13)
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Differentiating (3.2]) w.r.t. ¢; and using (3.7]), we get
Oy Ght; (L, G (15, 2)) + G, (th, G5 (L, 2)) cota(G; (L, 2) — W5 (t5))

= Wja(tr, t2)? cota (e, (£, Ge(th, 2)) — W(t1, t2)).
Let z = g;(t;,2). Using (3.2) we get

at]' gk,tj (tlﬁ /Z\) = g;g,tj (tk? ﬁJ\j (tj))2 COt?(:qVk,tj (tkv /Z\) - gk,tj (tka ’L/U\j (tj))) - g;e,tj (tk7 /Z\) coto (/Z\— ﬁ}\j (tj))'

(3.14)
Sending z — w;(t;), we get
Oy Ght; (tis 2) |a=a; (1) = —3Ghs, (b W (t5)) = —3Wj; (3.15)
Differentiating (3.14]) w.r.t. 2 and then sending 2z — w;(t;), we get
O e, (tey D)le=ay(t;) 1/ WiaN\2 4W3 1
A i) ”ﬂ S 2SS w2, — ). 3.16
(ij1 s, g Wi~ (3.16)

Tt (e Dlz=gjy) 2

Finally, suppose that w; and ws generate radial Loewner curves 71 and 79, respectively,
and for any j # k € (1,2), and any t; € [0,Sk), the radial Loewner process driven by
W/j(k’tk) with speed |Wj(§’t’“)\2 generates a radial Loewner curve 7;;,. Then we have n;(t;) =
Gk (tes ) (i, (t5)), 0 < 8 < TjD(tk), where g, (g, )1 is understood as the continuous exten-

sion of the original gy (g, )~! from D to D.

3.2 Two-variable local martingales

We use the setup in the previous subsection. We view (w(t))o<t<s, and (W2(t))o<t<s, as
elements in ¥ := (Jyopcoo C([0,T),R). The space ¥ and a filtration (F3);>0 were defined in
[29, Section 2]. Here is a brief review. For f € X, let Tt be such that [0,7) is the domain of
f. For 0 <t < oo, the F; is the o-algebra on ¥ generated by the values of the function at the
times before t. More precisely, F; is the o-algebra generated by

{feX:s<Ty f(s)eU}, 0<s<t,UecB(R).

Now we introduce randomness. Fix x € (0,8) throughout. The boundary scaling exponent
b and central charge c are defined by
6—k (3k — 8)(6 — k)

= . Nl
2k ¢ 2K (3.17)

b=

We use coty, tang, sing, cose to denote the functions cot(-/2), tan(-/2),sin(-/2), cos(-/2), respec-
tively. For j = 1,2, we let P}, denote the law of w; + \/kB(t), 0 < t < oo, where B(t) is
a standard Brownian motion, which is a probability measure on (¥, F). For j = 1,2, let
P} denote the law of the radial Loewner driving function with initial value w; for the radial

14



SLE.(2,2,2) curve in D started from ™ aimed at 0 with force points e, e, e®3-i. For
7 =1,2, let IP’% denote the law of the radial Loewner driving function with initial value w; for
the radial hSLE, curve in D from e**s to e*”s with force points e'¥3-i, ¢*¥3-i, viewed from 0.

From now on, when there is no ambiguity, we will not try to distinguish the law of a driving
function and the law of the radial Loewner curve that it generates. We will mainly work on the
product measurable space, and use the notation in Section [2.3] We naturally have the following
product measures: P;p := IP’}B X IP)QB, Py := P} x P2 and Py, := IP’}L X IP’%L. We use E;g,E;4, E;p,
to denote the corresponding expectations, respectively.

Now suppose (71,72) is a 2-SLE,, in D with link pattern (e"* — e™1;e"2 — 2). Then 7;
is a full hSLE,, curve in D from e to ™ with force points e¥3—i and e™3-i. For j = 1,2,
let n; be the part of 7); from w; up to its lifetime or the time that it separates 0 from any of
ei, e"3-j ei3-i if the later time exists. Then we may parametrize n; using radial capacity,
and get a radial Loewner curve. By Proposition 7n; is a radial hSLE, curve in D from e™i
to e with force points e’”3-i, e™3-i  viewed from 0. We use Py to denote the joint law of
the radial driving functions for n; and 72. Such measure Py is a coupling of IP’}1 and IP’}QZ, but
is different from the product measure P;,. Instead, 11 and 79 that jointly follow the law P
commute with each other in the following sense: for any j € {1,2}, conditionally on the part
of 73_; up to a stopping time 7 before its lifetime, if g maps the remaining domain conformally
onto D with g(0) = 0 and ¢’(0) > 0, then the g-image of n; up to the time that n; hits
n3—;[0,7] is a radial hSLE,, curve in D from g(e™7) to g(e™7) with force points g(e'’3—7) and
g(n3—;j(7)), viewed from 0. The measure P, depends on the points wy, v1, w2, v2. When we want
to emphasize the dependence, we use the symbol P52,

For 7 = 1,2, let (.7-",5] ) be the filtration generated by the j-th function as described at the
beginning of this subsection. Let (F;) be the separable Q-indexed filtration generated by (F})
and (F?). Then D is an (F;)ico-stopping region, and for j # k € {1,2} and h = 1, 2,3, g; (¢, ),
wj(ty), g((t1,t2), ), i (5, -), Wik, t2), Wyn(tr, t2), Wys(tr,t2), Vj(t1,t2), Via(ts, t2), defined
for (t1,t2) € D, are all continuous (F;):co-adapted HC processes.

Let Bi(t) and Bs(t) be two independent standard Brownian motions. Suppose w;(t) =
wj++/kBj(t), 0 <t < oo. Fix j # k € {1,2}. Let ffjk’oo) denote the o-algebra fgj vV FE . Then
we get a filtration (]:t(jk’oo))tjzo. Since (@;) is independent of (FX), it is a rescaled (ft(jk’oo))tj >0-
Brownian motion started from w;. Fix an (F% )-measurable finite time 7. From now on, we
will repeatedly use Ito’s formula, where the variable ¢, is fixed to be 7y, the variable ¢; ranges in
[0, T]-D(Tk)), and all SDE are (fff’oo))tjzo—adapted. Recall that X %7) is the function obtained

from a two-variable function X by fixing the k-th variable to be 7. Using (3.41i3.15)), we get

J D>

k, Tk k,T, ~ K k,r
awF (1) = W™ ()da ) + (5 - 3)WiE™at;.

To make the symbols less heavy, we will omit the superscripts (k, 73) and the variables (t;),
and use the symbols 0;, 0w; and 0t; to emphasize the role of t;. The above SDE then becomes

N K
0jW; = W;10w; + (5 — 3) W;20t;.
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Combining this with (3.8]), we get (for s =1,2)
R K
Bj(Wj — Wk) = WjJawj + (5 - 3) Wj,gatj -+ Wj2,l COtQ(Wj — Wk)atj;
( 7, 1871)] (g >W 28t + W 1 COtQ(W V. )8t],

Vi) =
0;(Wy — Vi) = —w21 cota(W; — Wi,)t; + W7, cota(W; — Vi)t
(V} Vk) —Wj, 1 COtQ(W V. )Btj + Wj2,1 COtQ(Wj — V]C)atj.

Then we have
aj SiHQ(VVj - Wk) _1
sing(W; — W) 2

- 1
COtQ(VVj — Wk)ijlaw]’ + §W72,1 COt%(Wj — Wk)atj

1
+ 5 cota(IV; — Wk)<f - 3) 20t — EW?latj; (3.18)

8]- SiHQ(Wj — ‘/s) 1
Sing(Wj — ‘/s) 2

coto(W; — Vs)W;10w; + W21cot2(W Vi)ot;

1
+ 5 cota(W; — Vi) (5 ~3) Wyt — gwj%latj; (3.19)
0; siny(Wy — Vi 1
;inzf‘;/k’“_ 7) ) __ S Wi lL + cota(W) — W) cota(W — V;)]0t: (3.20)
0; SiHQ(V' — Vk) 1
asm(v‘ L AN 5I/Vj%lu + cota(W; — Vj) cote(W; — V)] 0t;. (3.21)
J

Using (3.16)), we get

OWi1 Wi, . 1/W;ja\2 koA Ws ;
D= 78 . _ ) 8t no at 1 _1 '
Wija Wia Wit 2(Wj,1> it <2 3) Wip (W 11— 1)ot;

Recall the W; g defined by (3.12) and the b, c defined by (3.17)). The above SDE implies that

;WP W c b
.7’1 .7)2 N 2
=b ow;j + —W; s0t; — (W —1)0ot; (3.22)
”7}31 7T ME R 1 je

Define a positive continuous function M;g_,.4 on D by

2 2
60 . . E
Mip_yes = esnm+6(m _tl_t2)[W1,1W2,1V1,1V2,1]b[H sing (W — Vj) H sing (X1 — Y2)
j=1 X,Ye{w,\V}
c t1 to
X exp ( - 6/ Wl 1W2 L cothy (Wy — Wg)dsld32>. (3.23)
o Jo
Combing (3.643.10}3.13li3.1843.22)), we get
O;M;B_sc Wio . . 1 ~
JTiBed b 5,2 Bwj + - Z COtQ(Wj — X)ijlawj. (3.24)

M. W; K
iB—c4 _771 XG{kavl’V2}
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This means that Mi(g’ifgél is an (]—"gj \Y ffo)tjzg—local martingale up to TjD(Tk).

Let F(x) be the hypergeometric function oF}; (%, 1-— %; %; :L') as before. Recall that G(z) =
mwlg(;)), F(z) = x%F(x), and G(z) = ﬂxlz((z)) = G(z) + 2. From || we get

s[4 Ao (E-1) o

Recall that W7, Vq, W, Vo are real valued functions defined on D that satisfy Wy > V7 > Wy >
Vo > Wi — 27, Define the functions R and ®; on D by
. SiIlQ(Wl — ‘/2) Sing(vl — Wg) . _SiDQ(Wj — Vk) Sing(Wk — V})
 sing(Wy — Wa)sing(Vh — Vo) sing(W; — W) sing(V; — Vi)

€ (0,1).

— Sing(Wk — Vk)
SiHQ(Wj — Vk) SiHQ(Wj — Wk) '
Wy , eivl : eng’ eiWQ]

‘I)j = COtQ(Wj — Vk) — COt2<Wj - Wk) =

Note that R equals the cross-ratio [e . Using an identity of cross-ratio, we get

. SiHQ(Wj — VJ) SiHQ(Wk — Vk)

1-R= .
Sing(Wj — Wk) SiHQ(Vj — Vk)

Thus,

R(I)j _ Sing(Wk — VJ)
1-R - SiHQ(Wj - V]) SiHQ(Wj — Wk)

Using (3.183.21)), we get

= COtQ(Wj — Wk) — COtQ(Wj — VJ)

o;R 1 1 1/k
J? 25 j,lfbj@wj + i[Cotz(Wj - Wk) + COtQ(Wj - Vk)]Wﬁl(I)jatj + 5 (5 — 3) Wj,2<I>j0tj
1
+ 5 cota(W; = V)W @505 — gcotg(ﬂfj — W)W, ®;0t;. (3.25)

Combining the above formulas in this paragraph and using a tedious but straightforward com-
putation, we get

8;F(R) 1 ~ 1k ~
S _ L G(RYW;,®,00; 7(7 —3)0 R)W, 2@t
F(R) o (R) ]71]w3+2m2 (R)W; 29,01,
1/6 ~ 2 1/6 2 @2
+ Z(E - 1) cota(W; — Vj)G(RYW,®;0t; + 1<E - 1) W2,0%0t.  (3.26)
Define another positive continuous function M;g_.., on D by
(h=6)(r—2) . b ~ 2
Mg e =€ sn  mtem—ti=t2) p(p) [W1,1W2,1V1,1V2,1]b[H sing (W — Vj)]_2b><
j=1
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t1 to
X exp ( - C/ Wl 1W2 L coth (W — Wg)d51d32>. (3.27)
0 0

6
Combining (3-6/3-10[3.13]3.19)3.20/3.223.26), we get
OiMipsen _, Wiz
8 + G(R)Wj&‘bj@ﬂh bCOtQ(W V) 7, 1(921)] (328)
M;p_sch W;,

This means that M(g:fc)h is an (.7-",5]J Y Ffo)tjzo—local martingale up to T]D(Tk).

3.3 Localization and Radon-Nikodym derivatives

For j = 1,2, let Z; denote the space of simple crosscuts of D that separate w; from vy, va,
w3_j, and 0. For j = 1,2 and §j € gy, let Tg be the first time that 7; hits the closure of &;. If

such time does not exist, then 7'5 is defined to be the lifetime of 1;. We see that TE is bounded
above by the D-capacity of the D-hull generated by &;, and so is finite.

Let = = {({1,62) € 21 x ~2ad15t(§1a£2) > 0}. For & = (&1,6) € 5, let ¢ = (74, 72)- We
may choose a countable set =% C E such that for every § = (£1,&2) € Z there is (£7,&5) € 2
such that §; is enclosed by &5, j =1, 2.

Lemma 3.1. For any § € E, |log(M;p—c4)| and |log(M;p—cn)| are uniformly bounded on [0, Té]
by constants depending only on k,§.

Proof. Fix { = (£1,§2) € Z. Throughout this proof, a constant depends only on &, {; by saying
that a function is uniformly bounded on [0, 7¢|, we mean that it is bounded by a constant on
[0, 7¢]. It suffices to show that m, |log(W;1)], |log(Vj1)|, |logsing(X; — Y2)|, X,Y € {W,V},

| log sing (W1 —V1)|, | log siny (W2 —V2)|, |log(F(R))|, and | f;* [12 Wi, W3, coty (W1 —Wa)dsydss|
are all uniformly bounded on [0, 7¢].

Let K¢ be the D-hull generated by & U &. Then 0 < t1,t3 < m are uniformly bounded by
the constant dcap(K¢) on [0, 7¢]. Note that T\ Kg is a disjoint union of two arcs, each of which
contains one of e’’s, s = 1,2. Denote the arcs I; and Iy such that e’s € I,, j = 1,2. Each
I, is divided by e’ into two open subarcs, which are denoted by I s,1 and I o such that I ;
shares one endpoint with &;, j = 1,2. Let the positive constant cs; be the harmonic measure
in D\ K¢ viewed from 0 of the arc I, ;. For any t = (t1,t2) € [0, 7¢], the harmonic measure
in D\ K, 4, viewed from 0 of the counterclockwise oriented arc from e to the clockwise
most point of 71([0,¢]) NT is bounded from below by ¢ ;. Thus, Wi — Vi > ¢11 % 27 on [0, 7¢].
Similarly, Vi—Wy > C1,2 * 2w, Wo — Vo > €22 * 2w, and Vo + 2 — Wy > C2,1 * 21 on [Q, 7’5]. Let
S = {W1—Vi,Wo — Vo, W1 — Vo, W1 — Wa, Vi — W, V] — Vo }. Then we see that sina(Z), Z € S,
are all bounded below by positive constants on [0, 7¢]. So we get the uniform boundedness of
|logsing(Z)|, | cota(Z)|, | coth(Z)], and |coty'(Z)| on [0,7¢]. Since 0 < Wj1 < 1 and t1,t, are
uniformly bounded, we get the uniform boundedness of | fg ! g PWEL W3 coty! (Wi —Wo)dsidss|
on [0, 7¢]. From and that Wi 1];;=0 = 1 and V}1(0,0) = 1 we conclude that log(W; 1)
and log(Vj1), j = 1,2, are uniformly bounded on [0,7¢]. From the definition of R we know
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that log(R) is uniformly bounded on [0, 7¢]. Since F(R) = R2"F(R), and F is positive and

continuous on [0, 1], we see that log(F(R)) is also uniformly bounded on [0, 7¢]. O

Corollary 3.2. For any s € {4,h} and { € ZE, (Mip—es(tATe))teg is an (Fi)-Mip_es(7¢)-Doob
martingale w.r.t. P;p. B B

Proof. Let s € {4,h} and { = (£1,&2) € E. We need to show that, for any t = (t1,2) € Q,

EiB[MiB—ses(Te)|Ft] = Mip—es(t A Te). (3.29)

From (3.24}3.28) we know that MiB_ws(Tgll,tg), 0 <t < TQD(Tgl), is an (F§217°°))t220—10ca1
martingale. By the previous lemma, M;p_,.s (7'511, -) is uniformly bounded on [0, 7'22]. From the

assumption on (&1,&2), we see that 7'522 < TQD(Tgll). So MiB—N:s(Tglla <A 7522) is an (ft(gl’oo))tzzo—
M; B_ws(Tfll,7'522)—Doob—martingale. This means that
‘ ‘ 1 2yl 21 _ s 1 2
EZB[MZBHCS(T§1)7—§2)|FOO V th] = MlBHCS(T£17t2 A 7'52). (330)

A similar argument using M;p_cs(+, t2 A 7'522) in place of M; BHCS(T&, -) implies that

E;B [MiB—>cs(7_§117t2 A T§2)|ft11 V .7:30] = MiB—ms(tl VAN Tgll,tg A 7-522)- (3.31)
Since
M;p_es(ti ATE ta NTE) € F, C F = FLVF2 CcFLvF?
iB—cs\U1 A\ Tgy, U2 A\ Te, (751/\7511 ,tz/\ng) (t1,t2) t1 to t1 00)
(3.31]) implies that
EiB[MiB—ms(Tgllth A T§22)|ft11 V f'}i] = MiB—)cs(tl A Tgll,tg A 7'522). (332)
Combining 1 i and using ftll \% .7-}22 CFLV ]:1522, we get (3.29)). O

The above corollary implies in particular that for any s € {4,h} and § € Z, we may define

S Mi —cs
a probability measure IP’%S by 55?; = M,E;_) ((TO%)

describe the behavior of the radial Loewner curves 1, and 7, driven by w; and ws, respectively.
Fix j # k € {1,2}. Let 7 be an (F})-stopping time such that 75, < Tgkk. From Lemma [2.11
and Corollary for any t; > 0,

. Suppose (w1, w2) follows the law IP’%S. We now

£ 1 k7 j
dP\F) v . MpT (4 AT)

dPip|F v FE - ME™ (0)

iB—cs
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From Girsanov Theorem and (3.24)3.28)), we see that, under IP’%4 and ]P’gh, w; respectively satisfies

the following two SDEs up to ng:

(k,Tk)
@y =V/ROB},, + Kb —oti+ > cota(WN™ — xEm)w o,
W] 1 Xe{W,V1,Va}
(k )
0w, =\/rOB m+an( 0t + G(R“”k))Wj{’j’fk)@gm)atj
7,1

— kbeoty (W™ — vy gy

where BS_ (t;) is a standard (]:] v Fk ' )t;>0-Brownian motion under IP’CS, s € {4,h}. Using
l 3.15)) we get the SDE satisfied by Wj(k ") under ]P’g4 and IP’ on» Tespectively, up to 7'6]_:

ow ™ = ewih™oBl + ST coto(WRTH — xRy (w2,
XE{Wk,V1,V2}

ki) (k,m1) 1~ T k,T) k,T)
oW = kW 0B, + JG(RET)RET (W™ 2o,

]Tk ]7

- HbCOtQ(Wj(k’Tk) _ Vj(k’Tk))(Wj(’; Tk))Qat

Recall the ODE .) satisfied by W and Vi, s = 1,2. This implies that, under IP’§4, condition-
ally on FF s M (85) = g7, m;(t5)) is a radial SLE,(2,2,2) curve with speed (W( ’Tk)) started

from e (W](k T’“)(O)) = gi (73, €%(0)) with force points e (W,gk T’“)( 0)) = €O = g, (74, 7 (%)),

ei(Vj(k’Tk)(O)) = gr(7y, €') and ei(V,fk’T’“)(O)) = gi(7k, %), up to 7/ ; and under Eh, condi-

tionally on ]:k, 9k (1K, m;(t;)) is a radial hSLE, curve in D from gk(Tk, @5 to gr(rh, €™7)
with force points gi(7x, €™*) and gx(7i, Mk (%)), up to Tg , viewed from 0. In particular, taking
T, = 0, we see that the j-th marginal measure of }P’gs restricted to .7-"]  agrees with P restricted
to F7, . This means that the radial Loewner curves driven by w; and @ws, which jointly follow

T,

&

the law ]P’%4 (resp. ]P’%h), respectively stopped at Tgl and 7'522, are two radial SLE,(2,2,2) (resp.
radial hSLE,) curves that locally commute with each other in the sense of [2]. Recall that P,
is the joint law of the radial Loewner driving functions for a 2-SLE, in I with link pattern
(€MW1 — Vi 2 ¢i2) yp to certain separation times. Because of the commutation relation
between the two curves in a 2-SLE,;, we find that P§h|}"§ = Py| Fe.

Using the stochastic coupling technique developed and used in [33] 32] we may construct a
probability measure P.4 on ¥ x X such that for any § € Z, Pey|F7, = IP’C4|]-}£ Here is a brief
review of the stochastic coupling technique for the setup here. Frorn (3.244§3.28) and Girsanov
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Theorem we know that Mi(gg)a(%) /M;ip—c4(0,0) is the Radon-Nikodym derivative of IP’i]]—'j ;
y T§ .

. . J
against IP’%|.7—"7J_ ;- Define M;4_,c4 on D by

j
M;ig—sca(ti,t2) Mip—c4(0,0)
Mip—sca(t1,0)Mip—ca(0,t2)

Then M4 cq(t1,t2) = 1if ¢; - t2 = 0; and under the probability measure Py = P} x P2, for any

Mia—yea(t1,t2) =

finite (fi)—stopping time 7%, Mi(fj’éi(tj) is a local martingale. From Lemma we know that,
for any § € Z, |log Mig—c4| is bounded on [0, 7¢]. Let (£")ren be an enumeration of =*. From
[33, Theorem 6.1] we know that, for any n € N, there is a uniformly bounded (F;)ico-Doob-
martingale Mgic4 defined on [0, 00] x [0,00] such that M (t1,t2) = 1if t1 -t = 0, and

14—c4d
forany 1 < k <mn, Mi(flc4 agrees with M4 .4 on |0, Tgk]. We may then define a sequence of

probability measures IP’(Z), n € N, by dIPgZ) - ™ (00, 00)dP;s. Then every IP’EZ) is a coupling

c 14—c4d

(n) ¢
ch4 | Tok MiB—>c4(T k)
¢ 3 .
of P} and P%, and for 1 < k < n, TP = Mm@ By a tightness argument, (IP’gZ))

m

contains a weakly convergent subsequence. Let P.4 denote any subsequential limit. Then for

dPcs|Fr, M; (¢)
=* £ — iBoeVs g = P .
any § € =¥, TPy — Mipoaad Since for every { € E, there is {* € Z* such that Tg < Tgx,

by the martingale property of M;p_ca(- A 7¢), we get Puy|Fr, = P§4|}'T§, as desired.

We may use the same idea to construct Pey,. It satisfies Pep,|Fr, = P%h“FTg = Py| 7, for any
¢ € Z. At this moment we do not have a proof showing that P., = Py, and we do not need this
result. We now have the following lemma.

Lemma 3.3. For any (Fi)ico-stopping time T,

dPes| Fr N{T € D} Mipea(T)  dPolFr N{T €D} Mipen(L)
dP;ig|Fr N{T € D}  Mip-(0)" dPip|FrN{L €D} M;p_s(0)’

Proof. We first work on Pey. We have {I' € D} = Jgezo{T < 7¢}. Since by Lemma [2.13
{L <7} € Fp, it suffices to show that, for any £ € =,

dPes| Fr "{L < 7¢} Mg (T)
dPip|Fr M{T <7} Mip—ca(0)

(3.33)

By Lemma and Corollary we see that E;g[M;p_ca(7¢)|Fr] = Mip—ca(T A 7¢). Let

Ae fz with A C {I < Té} en we have EiB[lAMiBﬁcz;(Téj] = EiBI:].AM/L'B*)CzL(I):IT Since

ch ‘f’f Mz —c
41 re B 4(@)7 and A C F;, by Lemma we get

d]P)iB|]:Tg T M;p_c4(0)

M;ip—ca(0)P4[A] = Eip[LaM;p—sea(7e)] = Eip[LaM;p—sea(L))].
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Since this holds for any A € Fr with A C {T < 7¢}, we get as desired.

A similar argument shows that holds with c4 replaced by ch. Since Frn{T < 7¢} C F¢
and P, agrees with P2 on fé , we find that holds with M;p_,.4 replaced by M;p_.., and
P.4 replaced by Py. So we obtain the second equality. O

We need the following lemma about the lifetime of a radial SLE,(p) curve.

Lemma 3.4. Let k > 0, n € N. Suppose p = (p1,...,pn) € R" satisfies p1,pn > 5 — 2 and
pr >0, 1<k <n. Let e, e, ..., e" be distinct points on T such that w > vy > -+ > vy, >
w—2m. Letn(t), 0 <t < T, be a radial SLE.(p) curve in D started from e™ aimed at 0 with
force points €1, ..., e Then a.s. T = oo, 0 is a subsequential limit of n(t) ast — oo, and n

does not hit the arc J := {e : v1 > 0 > v,}.

Proof. Let w(t) and v;(t), 1 <j <n, 0 <t <T, be the solutions of the system of SDE used to
define this radial SLE, (p) curve. For any t € [0,T'), we have w(t) > vy (t) > - - -, (t) > w(t)—27.
If T < oo, then one of the following events Eg,, Eff, 1 < n/ <n, must happen:

EY = {lim @(t) —v;(t) =0,1 <j <n'}n{lim @(t) —v;(t) € (0,27),n' +1 < j < n},
t—T— t—T—

EZ™ = {lim @(t) —v;(t) =2m,n' <j<n}n{lim @&(t) —0;(t) € (0,27),1 < j<n —1}.
t—1T— t—1T—

To prove that P[T < oo] = 0, it suffices to show that P[E?,] = P[E?f] =0 for 1 < n/ < n. By
symmetry, we only need to consider E?,, 1 <n/ < n. If P[E?,] > 0, using Girsanov Theorem, we
see that for a radial SLE(p1, . .., pn/) process in D from e to 0 with force points e™t,. .., en’,
there is a positive probability that the lifetime 7' is finite and lim, ,,- w(t) — v;(t) = 0, 1 <
j < n’. For this new process, X,/ (t) := w(t) — v,/ (t) satisfies the SDE:

n’ '

dX,(t) = V/kdB(t) + Z /)2—] coto (W (t) — v;(t))dt + cota(Xy(t))dt.
j=1

~

Since cota (w1 (t)—v;(t)) > cota(X (t)) and pj > 0for 1 < j < k—1, the process X, stochastically
dominates the process Y, which satisfies the SDE: dY (t) = /kdB(t) 4 (1 + §) cota (Y (t))dt,
where o = Z;il pj = p1 = 5 —2. It is easy to see that $Yj(2t) is a radial Bessel process
of dimension § = 1+ 2(2 + o) > 2, which a.s. does not tend to 0 at any finite time (cf. [6,
Appendix A],[30, Appendix B]). So the probability that the X, (t) for the new process tends to
0 at a finite time is also 0, which implies that the probability of the Eg, for the original process
is 0. Thus, a.s. T'= oo. By Koebe’s 1/4 Theorem, we see that 0 is a subsequential limit of 7
as t — oo. If i hits the arc J, then when it happens,  separates 0 from either e™! or ¢”», and
the process stops at this time. Since a.s. T = oo, such hitting a.s. can not happen. ]

Now we consider two radial Loewner curves 77 and 7, whose driving functions jointly follow
P.4. From Lemma (applied to k € (0,8) and p1 = p2 = p3 = 2) we know that the the
lifetimes of 11 and 72 are both a.s. co. Fix 7o < 0o. Conditional on ]:TQZ, 92(m2,m (t1)), t1 > 0,
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is a radial SLE,(2,2,2) curve in D started from gs(7e,e'®t) with force points ga(72,72(72)),
go(72,€™1) and ga(72,€™2), up to the lifetime of n; or the first time that n; hits n2[0, 7). If
mp hits 720, 72], then it means that go(72,71(¢1)) hits the boundary arc of D with end points
go(72,€™1) and go (72, €/¥?) that contains g2 (72, 72(72)), which is impossible by Lemma Thus,
the whole 7; does not intersect 72[0, 72]. From Lemma we also know that n; a.s does not
intersect the boundary arc of D with end points ! and e?’? that contains the initial point
of m9: €™2. From the definition of D, we have P.-a.s. TP (12) = oo. Since this holds for any
deterministic 7 < oo, and the lifetime of 75 is a.s. 0o, we get the following lemma.

Lemma 3.5. Pyy-a.5. D = Q = [0,00)2.

Let My ey = % and My 2 = M, ,. From Lemma we see that, for any (F3)ico-
stopping time T,
dPo|Fr N{T € D} My 2(T)
dPes| Fr N{L € D}  Mc4—2(0)"

Let G(w1,v1;we,v2) be defined by

(3.34)

) ) 8 1. . ) 4
G(w1,v1;we,v2) = |sing(w; — v1) sing(wg — va)|= 1] sing (w1 — wg) sing(v1 — va)|* X

o p([Fates = st ) a9
sing(w; — wy) sing(v1 — v2)
Then with o defined by (1.1]), we have
My_yeq = e®G(Wh, Vi; Wa, Va). (3.36)
From Lemma and (3.34) we see that for any (F;)ico-stopping time T,
Eg[l{zep}eao’mG(Wl, Vl; Wg, Vg)‘ézz] = G(wl, V15 W, UQ). (337)

4 A Time Curve in the Time Region

In the last section we have derived many random processes with two time parameters defined
on the time region D. We will now define a curve in D so that we can obtain one-parameter
random processes from those two-parameter random processes.

Throughout this section, we suppose v; —ve = w. Let 6 = Vi — Va € (0,27). Then
6(0,0) = 7. We are going to get a continuous and strictly increasing curve u : [0,7%) — D with
u(0) = 0 such that §(u(t)) = 7 and m(u(t)) =t for any t € [0,7"), and the curve can not be
further extended with this property. Note that

—Wﬁl sing (0)
Sing(Wj — Vl) SiHQ(VVj — ‘/2)

So 010 < 0 and 0.0 > 0. Thus, 6(¢,0) < 7 for ¢t > 0; and 6(0,t) > 7 for ¢t > 0. Let

6]-0 = Wj2,1 (COtQ(‘/l - Wj) — COtQ(‘/Q - I/V]))atj = 8tj. (41)

S| = {tl > 0: 3Jty > 0 such that (tl,tg) € D and 9(t1,t2) > ﬂ'}.
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Suppose t; € Si, and to > 0 is such that (¢1,t2) € D and 0(t1,t2) > m. Then for any ¢} € [0,¢1),
(t),t2) € D and O(t},t2) > 6(t1,t2) > m, which implies that ¢; € S1. On the other hand, since
D is relatively open in R2, by the continuity of 6, we can find t/ > ¢, such that (t/,ts) € D
and 0(t}],t2) > m, which implies that t{/ € S;. So S; = [0,7}") for some T} € (0,00]. For every
t1 > T{" and any ta > 0 such that (¢1,t2) € D, we must have 0(t1,t2) < m. For ¢; € [0,T}),
applying the intermediate value theorem to 0(t1,-) and using the strict monotonicity of € in ts,
we conclude that there is a unique t > 0 such that (¢1,t2) € D and 0(t1,t2) = 7. Let uj_o
denote the map [0,T}") > t; — t2. Since 6 is strictly decreasing in t; and strictly increasing
in tg, uj_y9 is strictly increasing. A symmetric argument shows that there exists 73" € (0, o0]
such that for any to > T3 and any t; > 0 such that (¢1,t2) € D, we have 6(t1,t2) > m; for
any to € [0,73"), there is a unique t; > 0 such that (¢1,t2) € D and 0(t1,t2) = 7; and the map
ug—1 @ [0,T3") 3 tg +— t1 is strictly increasing. Thus, u;—2 maps [0,T}") onto [0,73"), and ug_;
is its inverse. Moreover, both u1_,o and us_,; are continuous. Since m is continuous and strictly
increasing in both ¢; and ta, we see that the map [0,7}") 5 t; — m(t1, u1—2(t1)) is continuous
and strictly increasing. Since uj_,2(0) = 0 and m(0,0) = 0, the range of m(¢1, u1—2(t1)) is [0, T")
for some T" € (0,00]. Let u; denote the inverse of this map, and let uy = uj_9 o u3. Then
for j = 1,2, u; is a continuous and strictly increasing function that maps [0,7") onto [O,TJ”);
and u := (u1,u2) : [0,7%) — D is a strictly increasing curve that satisfies 6(uy(t),u2(t)) = 7
and m(uq (), u2(t)) =t for any 0 <t < T", and lim, ,p- u(t) = (T}, 13'). We see that (17, T3")
does not belong to D because if it does then 6(7},T3") = m, which contradicts the statement
that for every t; > T}* and any t2 > 0 such that (¢1,t2) € D, we have 0(t1,t2) < 7. Since m is
increasing in ¢; and t2, we get u;(t) = m(ui(t),0) < m(ui(t),ua(t)) = t. Similarly, ua(t) < t.

For any function X defined on D, we define X*(t) = X (u(t)), 0 <t < T". For example, if
X =wj, j = 1,2, then wj(t) = w;(u;(t)). Let Z; = W; —V; >0, j = 1,2. Then Z3 € (0,7)
because Z3 < V* —V4* =7, and Z}* € (0,7) because Z}" < V4* + 21 — V}* = m. From and
that 8% = w, we get ) )

u u
oo 2P 2
sz (6) "1 Sz 0)

From m(u;(t),us(t)) =t and (3.6) we get
1= (Wi ()% (8) + (W3 () (D).

Combining, we get

sin(Z2)

WH )2y =
(Wja)™; Sin(ZY) + sin(Z3)

j=1,2. (4.2)

So far u; and wug are defined on [0, T"). If T" < oo, we extend u; and us to [0, 00) such that
for t > T", u;(t) = T}, j =1,2. From uj(t) <t we get T} <T" < oo, j=1,2. Thus, the
extended u; and w9 are finite and continuous. Below is a lemma on the extended w.

Lemma 4.1. For any t € [0,00), u(t) = (ui(t), u2(t)) is an (Fy)ieo-stopping time.
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Proof. Fixt > 0 and s = (s1,s2) € Q. We need to show that {u(t) < s} € F,. For this purpose,
we consider three events. Let A; denote the event that the curve uND intersects {s1} x [0, s2);
and let Ay denote the event that the curve u N D intersects [0, s1) X {s2}. Then A; N Ag = 0,

A1 = U {(Sl,tg) € D,9(51,t2) > 7T} S ]:§7
tQE[O,SQ)mQ

and similarly Ay € F5. Here we used the fact that D is an (F;)teo-stopping region and 6 is

(Ft)tco-adapted. Let Ag = (A1 U A2)¢ € Fs. We have
{u(t) <spndo=A0N({s € Dy U{s € D,0(s) = m,m(s) > t});

1
{u(t) <s}nA = ﬂ U {(s1,t2) € D,0(s1,t2) > 7 > 0(s1,72), m(s1,72) >t—;};
neEN ro<ta€[0,52)NQ

1
{u(t) <spnAs = ﬂ U {(t1,s2) € D,0(t1,52) <7 < O(r1,s2),m(ry,s2) >t — E}
neNr1<t1€[0,51)NQ

Since the events on the righthand side are all Fs-measurable, so is {u(t) < s}, as desired. [

We now get a new filtration (F}* := Fy))i>0 by Lemma since u is non-decreasing. For
§ = (&,&) € E, let 7¢ denote the first ¢ > 0 such that ui(t) = 7'511 or ug(t) = 7'522, whichever
comes first. Note that such time exists and is finite because [0, T¢] C D.

Lemma 4.2. For { € E, Q(Tg) is an (Fi)ico-stopping time, ¢ s an (F{)e>0-stopping time,
and for any t > 0, u(t A 7'5“) is an (Ft)teo-stopping time. -

Proof. Let £ € Z. Note that for any t = (t1,t2) € Q, by Lemmas and ,
{g(Tg) <t}n {ul(Tg) = 7'511} = {7‘511 <t;1}nN {0(7’511,7'522 Nty) > m} € Fr.

Similarly, {u(7¢') <t} N{ua(7g) = Tgl} € Fi. Since either u(7¢') = Tgll or ug(7¢') = 7'522, we get
{u(rg) <t} € Fi. Thus, u(rg) is an (F)-stopping time.

To prove that Tg is an (F}*)i>0-stopping time, it suffices to show that, for any ¢ > 0 and
s € Q, {Tg <t} N{u(t) < s} € Fs. We may choose a sequence " = (£7, &5 )nen in E, which
approximates { such that {7¢ <t} = (72 {7 < t}. Then it suffices to show that, for any
n €N, {r& <t} N{u(t) < s} € F. Since u is strictly increasing on [0, 7¢n + ¢),

{re <thnfu) < sh={utg) <ut) <sp = |J  ({ud) <dnife<ult) <s}).
B B reQ?n[0,s] )
Since u(7¢') and u(t) are (F¢)-stopping times, the events in the union all belong to F,. So

{78 <ty n{u(t) < s} € Fs, as desired.
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Let t > 0 and s € Q. Note that
fult Arf) < s} = ({t < 72 N {u(t) < s}) U ({7 < 8} N {u(rd) < s}).

The first event {t < Tg} N {u(t) < s} belongs to Fy because from that 7 is an (F}*)-stopping

time we know {t < Tg} € Fi* = Fu)- The other event {Téu <t}n {Q(Tg) < s} equals

N <tynfurg) <sh=[) U (reDm) <t fulr) <),

neN neNreQ2n|o,s)

where we used that 7¢n = m(u(7¢n)). The event on the RHS of the above displayed formula
belongs to Fs because m is (F;)-adapted and u(7én) is an (F)-stopping time. Thus, the event
{7'&J <t}nN {Q(Téu) < s} also belongs to Fj. Then we get {u(t A Tg) < s} € Fs, as desired. O

Since under P;p, for j = 1,2, w;(t;) = wj++/kBj(t;), t; > 0, where (By(t1)) and (Ba(t2)) are
independent standard Brownian motions, we get five (F;)ico-martingales under P;p: w;(t;),
w;(t;)? — ktj, 5 = 1,2, and @y(t1)Wa(t2). Using Lemmas and and the facts that

ui(t),u2(t) < t, we conclude that wj(t), w}‘(t)2 — ku;(t), 7 = 1,2, and wf(t)wy(t) are all
(F{)-martingales under P;5. So we get quadratic variations and co-variation for wy, j=1,2:

(@f) = rui(t), j=1,2 (0f @3) =0. (4.3)

Fix { = (£1,§2) € E. From Lemmasand We know that M;p_s¢s (ul(t)/\Tgl,UQ(t)/\Té),
t >0, s € {4,h}, is an (F}');>o-martingale. Since 7¢' is an (F}')i>o-stopping time, we see that

MZ‘B_mS(Ul(t/\Tg)/\Tgl,UQ(t/\Tg)/\TgQ) = M;p_cs(up (t/\Tg), UQ(t/\Tg)) = fBﬁcs(t/\Tg), t>0,

*

is an (F{)i>o-martingale. Since [0,T") = [Jgez+[0, 7] and E* is countable, we conclude that

MY L (1),0 <t<T" is an (F{*);>0-local martingale.

We now compute the SDE for M}, ,(t), 0 <t <T", in terms of W} and wy. Using ([3.23)

we may express M _, , as a product of several factors. Among these factors, (Wﬂl)b, (W3)°,
2

sing (W71 — WQU)%, and sing(Wj' = V"), j, s € {1,2}, contribute the martingale part of M5 , 4;

and other factors are differentiable in ¢. For j # k € {1,2}, using (3.8/i3.153.16|) we get the
(Fi")-adapted SDEs:

u u U K u u U
AW = W deY + (5 — 3) Wjaudt + cota (W — W) (W) ?ujdt, (4.4)
aw WH,
75’1 = —jf dwj + drift terms,
Wi Wi
which imply that, for s = 1,2,
dsing(WF — VY% 1 W
> — - cotg(Wj -V )Wj71dwj + drift terms,

sing (W — V1)
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2
dsing(W —W3)= 1 ~ . .

sing (W} 2 )2 = — coto(W{* — WiH (Wi, dw} — W3, dwy] + drift terms,
sing(W' — W)= K 7 7

d(W)P W
.]71 o .],2 ~U .
(W]ul>b =b ijl dwj + drift terms.

Since we already know that @Y (t), w5(t), M5_,.4(t), 0 <t <T*", are (F}*)¢>0-local martingales,

we get
2 u

MY _Z Wy + Z ;COQ( J ) jJ] Wi (4.5)
iB—c4 ]:1 ],1 XE{W3_J',V1,V2}
One may also compute (4.5 directly, and conclude that M, . ,(t) is an (F;*)-local martingale.

From Lemmas and we know that, for any £ € Z and ¢ > 0,

d]P)iB|fg(t/\T§) MiuB—m4(0) ‘ ‘

We will use a Girsanov argument to derive the SDEs for @}‘, 7 =1,2, under P.4.

Lemma 4.3. Under P4, there are two independent standard Brownian motions B}*(t), 7=12,
such that @; satisfies the SDE

W,
dwj = \/rkujdBj + [Hb Wiju + Z cotz (W' — X*) ﬁl]u;dt, 0<t< o0.
Pl Xe{Wws_; W Ve}

Proof. For j = 1,2, define a process fﬁ;‘, which has initial value w;, and satisfies the SDE

~u ~u WuZ U u U
dwj = dwj — {mb W]{‘ + Z cote(Wj' — X )Wj’l}u;-dt. (4.7)
Bl Xe{Ws_;, Vi, Ve}

From (4.5) we know that w} ()M ,.4(t), 0 <t <T", is an (F')-local martingale under P;p.
We claim that, for any j € {1,2} and § € E, |w}| is bounded on [O,Tg‘] by a constant
depending only on x, §, w1, v1,ws, v2. The proof is similar to that of Lemma We may write

wi(t) = wi(t) + A;(t) using (4.7). From that proof of Lemma we know that |log(WjY)l,

\W;&], cotg(W;-“‘ - Wgt,), Wi =V, s = 1,2, are all uniformly bounded on [O,Tg]. Since
Té‘ = m(g(TE)) and K (Q(Tg)) is contained in the D-hull generated by & U&s, Tg is also uniformly
bounded. From (4.2) we know that w’; is uniformly bounded on [0,7¢]. The above argument
shows that |A;[ is uniformly bounded on [0, 7{']. In order to prove the uniform boundedness of

|w§| on [0, 7], it suffices to show that |@;] is ;miformly bounded on [0, ng] For wsy(t), we have
Ga(ta,v1) > Wa(ta) > Galta,v2), 0<ty <72, (4.8)
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Since 0, ga(t2, vs) = cota(ga(te, vs) — Wa(t2)), by the uniform boundedness of | cota(ga(te, vs) —
wWa(ta))| = | cota(Vs(0,ta) — Wa(0,t2))| and t2 on [0,7'522], we see that |ga(t2, vs)| is uniformly
bounded on [0, 7'522] for s = 1,2. Using 1) we get the uniform boundedness of Wy (t2) on |0, Tg]]
The argument for wy(t1) is similar except that we use gi(t1,ve + 27) > w1 (t) > g1(t1,v1). So
the claim is proved.

From Lemma and the above claim, we see that, for any j € {1,2} and £ € E, @;-‘(t A
TE)Mip o (EATE), T >0, is an (Fy)-martingale under P;p. Since this process is (]:g(t/\rg )-

aaapted, and @Emrg) C Fuw) = F¢', we see that it is an (]—"H(tATg))—martingale. From 1} we

see that @}‘(t/\TE), t>0,is an (fg(twg))—martingale under Pes. We now show that (w t/\Tg))
is an (F})-martingale under P.4. To check this, we need to show that for any ¢t > s > 0 and
Ae FY,

Eca[1aw] (A Té‘)] = Eca[1aw0] (s A Tg)] (4.9)
Write A = A U Ap, where A; = AN{7 < s} and Ay = AN{rf > s}. Since tAT¢ = s A7 on
A1, holds with A; in place of A. From Lemma As = An{u(s) < g(s/\Tg)} € ]:y(s/wg)'
So 1) also holds with As in place of A. Combining, we get , as desired. Thus, ﬁ}‘(t/\@“),

t >0, is an (F}*)-martingale under P.4. From Lemma we know that P-a.s. T% = oo. Since
T" = supgez- 7¢', we see that wj(t), 0 <t < oo, is an (F)-local martingale under Pey.

From (4.3) we know that, under P;p,
(Wi AT =ruiEATE), J=1,27 (wi(AT),wy(-ATd))e=0 (4.10)

Since P,y < P;p on ]'—g(t/\rg) for any t > 0, we also have 1' under Pey. Since T" = supgcz- 7'5“,

we conclude that, under Py,
(@) = ruy(H), J=12 (@@ =0, 0<t<T"=o. (4.11)

Since (w}), j = 1,2, are (F}')-local martingales under Pe4, we see that there are two independent
standard Brownian motions Bj(t), j = 1,2, under Pey, such that dwj(t) = /ruj(t)dB} (1),
0 <t < oo. Using (4.7) we then complete the proof. O

Recall that Z; = W; —Vj;, j = 1,2. Since Wy > Vi > Wy > Vo > W — 27, and 0% =
Vit = V3" = m, we have Z}' € (0,m), j =1,2. Let k=3 —j. Using (3.8) we get
AV} = — cota(W}* — Vi) (W) ufdt — cota (Wi — Vi) (W) ujdt.

Combining this formula with 1 ; and that V' — V' = £, we get

47 K sin(Z}) B 4cos(Z}) g 0< 1 L1
7 =\ sin(@y) +sin(z) 7 T sin(2y) 1sin(zy) st<oo, j=12  (412)
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5 Transition Density

In this section, we are going to find out the transition density of the process (Z}', Z) that
satisfies (4.12). Define BY (t) and B*(t) such that

sin(Z3(s)) sin(Z3'(s)) u
Bi(t) / \/sm Z{(s)) + sin(Z¥ dBl / \/sm Zi(s)) + sin(Z¥(s)) ABy(s)-

Then both BY(t) and B (t) are standard (F;*)-Brownian motions, and their quadratic covari-
ation satisfies

d(BY,B"); = cota(Z7 + Z3') tany(Z1' — Zy')dt. (5.1)
Let Z} = (Z{" £ Z3)/2. Then Z} € (0,7), Z" € (=5, %), and they satisfy the SDEs

dzv = \dei +2cot(Z%)dt, 0<t< ool

dz" = ‘dez ~2tan(Z%)dt, 0<t < oo.

We are going to follow the argument in [30, Appendix B] to derive the transition density of
(Z4,72"). Let X =cos(ZY}) and Y =sin(Z"). Then X,Y € (—1,1), and satisfy the SDEs

X = —\gE\/l — X?dBY - (2+ £ ) Xdt. (5.2)
VR (L h
ay =+ V/1- V2B - (2 v §>Ydt. (5.3)
From (5.1)) we have
d(X,Y), = —%XYdt. (5.4)

Since X (t)2 + Y ()2 = 1 — sin(Z¥(t)) sin(Z%(t)) < 1, we see that (X (¢),Y(t)) € D for all ¢ > 0.
We will find out the transition density p:((x,y), (z*,y*)) for the joint process (X,Y).

First, we assume that the transition density p:((x,y), (z*,y*)) for (X,Y) exists, and make
some observations. For any fixed (z*,y*) € D and typ > 0, the process Mt(x*’y*) = p(to —
t, (X (t),Y(t),(z*y"), 0 <t < tp, is a martingale. Assuming further that p is smooth in
(t,z,y), then we get a PDE:

—Op+Lp=0, (5.5)
where L is the second order differential operator:
K oo K g K K K
=—(1-— —(1- — —xy0, 0y — (24 =)x0, — (24 — .
L 8( x)o; + 8( y°)o, 4:Ey8 Oy — (2+ 8):r8 (2+ 8)y6y

We will derive the eigenvectors and eigenvalues of £. Note that for integers n, m > 0,

16
L(z"y™) = —%(n%—m)(n%—m—i—;)x"ym—%gn(n—l) " 2y™ 4 8m( —1)z"y™" 2,
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Define 16
A = —gn(m;), neNU{0}. (5.6)

Then L(z"y™) equals to Ap4mx"™y™ plus a polynomial in z, y of degree less than n+m. Hence,
for each n, m € NU{0}, there is a polynomial P, ,,)(z,y) of degree n+m, which can be written
as "y plus a polynomial of degree less than n 4+ m, such that

[:P(n,m) = )‘H-O-mp(n,m)'

Let U(z,y) = (1 — 2% — y2)2717 and define the inner product

. g)w = / /D f(&,y)g(x,y) ¥z, y)dady.

Since ¥ = 0 on T, direct calculation shows that for smooth functions f and ¢ on D,

(Lf,9)w = (fLg)w.

S0 Pp,m) 1s orthogonal to P )y w.r.t. (Yo if n+m # n +m/. Thus, we may construct a
sequence of polynomials v(, ¢, n = 0,1,2,..., s =0,1,...,n, such that v, ,) is a polynomial
in z,y of degree n, Lv, sy = AnV(ns), and {v(, 5} form an orthonormal basis w.r.t. (-)y. Here
every vy ) is a linear combination of P(; 1y over j,k € NU{0} such that j+% = n. On the other
hand, if a sequence of polynomials v(, s, n =0,1,2,..., s =0,1,...,n, form an orthonormal
basis w.r.t. (-)g, and each V(n,s) has degree n, then Lv(, s) = Apv(,5). This is because v(, 4) is
orthogonal to all polynomials of degree less than n, and so it must be a linear combination of
Py over j,k € NU {0} such that j + k = n. From [27, Section 1.2.2], we may choose v, 4
such that for each n > 0, v(,,0), V(n,1)s - - - s V(n,n) are given by
(8—1,n—2j)

Unj1 = hnj1 P, (2r — 1)r" ¥ cos((n — 27)0), 0<2j<n,

(8 —1,n—2j)

Unj2 = hw}ng; (2r% — 1)r" Hsin((n — 25)0), 0<2j<n-—1,

§7 _ .
where Pj(" Ln=2)) are Jacobi polynomials of index (% —1,n—2j), (r,0) is the polar coordinate
of (x,y): ® =rcosf and y = rsinf, and h,, j; > 0 are normalization constants. Using the polar
integration and Formula (J20, Table 18.3.1])

! atBHID(j DG +6+1)
(o,8) 1,2 p B, 2 (j+a+1)I(j
P! 1—2)%(1+2)’de = —— : 5.7
(/13 @) A=)+ e)de = e T tat B+ 1) (5.7)
with a = % — 1 and B =n — 2j, we compute

141,20, j! 8\P(n—j+8
P + 1,295 'J(ﬁ+g) (n j‘+,{)' (5.8)

’ - . u LG+ —j+1)
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Using the super norm of P\ ([20, 18.14.1,18.14.2)):

o F(max{a, B} +j+1) . .
P = ’ f > —1/2 -1 5.9
H 7 HOO J'F(maX{O(,IB} + 1) I 1 maX{OJ,ﬁ} - / ) mln{a7/3} > ’ ( )
we get
FE+j) Tn—j+1)
o gilloo = 1o 2 lloc = fin s max { ) =5+ 3 (5.10)
For t > 0, (z,y), (z*,y*) € D, we define
pt((x, 9)7 (1’*79*)) = Z Z \Il(m*7y*>v(n,s)(x7y)v(n,s) (IE*, y*)e)\nt' (511)
n=0 s=0
Let poo(x*,y*) be the term for n = s = 0. Since \g = 0 and Poa”B = 1, we have
* ok 8 k% 8 * * 8 _
Poo(@®, %) = —U(a",y*) = — (1 — (z*)* — (y*)*)~ " (5.12)

TR TR

Lemma 5.1. For any tg > 0, the series in converges uniformly on [tg,00) x D x D, and
there is Cy, € (0,00) depending only on k and to such that

|pt(($,y), (l‘*,y*)) _pOO(x*vy*” < Ctoei(QJrg)tpOO(x*vy*)’ t > o, (‘T7y)’ (x*ay*) € D.

Moreover, for any t > 0 and (z*,y*) € D,

Poola*,4) = / /D Pool, )p1((2,9), (& ) dcdy. (5.13)

Proof. The uniform convergence of the series in (5.11)) and the first formula follows from Stir-

ling’s formula, (5.8)/5.10), and the facts that Ay = —(2+ §) > Ay for any n > 1 and A, < —%nz

for big n. Formula (5.13) follows from the orthogonality of v, s w.r.t. (-,-)y and the uniform
convergence of the series in (5.11)). O

Lemma 5.2. Under P.y, pi((x,y), (z*,y*)) is the transition density for (X (t),Y (t)) that sat-
isfies , and Poo i the invariant density.

Proof. Fix (z,y) € D. Let (X (¢),Y(t)), t > 0, be the process that satisfies (5.2}f5.3)|5.4) with
initial value (z,y). Fix tg > 0. For the first statement, it suffices to show that, for any

feC(D,R),
Eealf (X, Yio)] = / /D Pro((&,9), (&, y") (@ ") da*dy (5.14)
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Since Lv(, ) = )\nv(n s), every function v, ¢ (, y)ert solves 1D Let f be a polynomial

in x,y. Let agg) = (f,vm,s)w. Then f(z,y) = 3070 00 An,5)V(n,s) (2, y), where all but
finitely many a(, ) are not zero. Define

(z,9)) ZZans (n) (2, )" //pto z,y), (2%, y") f (=", y*)dz* dy*.

n=0 s=0

Then f(t, (x,y)) solves since it is a linear combination of v, 4 (, y)ert. Let (X(t),Y(t))
be a stochastic process in D, which solves with initial value (z,y). Fix to > 0
and define My = f(to — ¢, (X(1),Y (1)), 0 < t < tg. By Itd’s formula, (M) is a bounded
martlngale W r. t P4, which implies that EC4[f(X(t0) Y (t0))] = Eca[My,] = Mo = f(to, (x,y)).
So we get ) for a polynomial f. Formula for a general f € C’(]D) ]R) follows from
Stone- Welerstrass theorem. The statement on py follows immediately from ]

Corollary 5.3. Under P4, the transition density for (Z}',Z%) that satisfies 18

. X sin z¥ + sin 22
P ((21,22), (21, 23)) = pe((cosz(z1+22), sinp(21—22)), (cosz (2} +23), sina (2] 22)))#7

and the invariant density is

sin 2] + sin 235

4
Proof. This follows from the above lemma and the fact that X (t) := cosa(Z{(t) + Z5(t)) and

Y (t) := sing (Z0(t) — Z3(t)) satisty (5.25.35.4). 0

Next, we will derive the transition density pZ ((z1, 22), (2], 25)) under Py for (Z¥, Z%). Now
B} and B§ are not standard Brownian motions under Py, and we no longer have Py-a.s. T = oo.
In fact, we will see that Py-a.s. T% < co. By saying that p7 (21, 22), (2], 23)) is the transition
density for (Z}, Z%) under Py, we mean that, for any ¢t > 0 and (21, 2z2) € (0,7)2, if (Z}, Z¥)
starts from (21, 22), then for any bounded measurable function f on (0, )2, we have

P52, 23) = Doo(cosz (2] + 23), sina (2] — 23))

E[l{T“>t}f(Z1 //Pt 21, 22), (21, 23)) f (1, 25 )dz53dz] .

In part1cu1ar we have Po[T" > t] = [ [ P7 (21, 22), (27, 23 ) )dz5d=.
From we know that, for any t > 0,

dPo| Fy 0 (T > 8 MY o(0)
Bl Ff O (T > 1) MY,(0)

Let G"(z1, z2) be a function defined for z1, zo € (0,7) such that

8

-1
G(21, 29) = [sing 21 siny 29] ¥~ coma (21 — 29) 7 F (o L2 )

cosg(z1 — 22)
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From (3.35}f3.36) we get G(W7, Vi*; Wit Vi) = G¥(Z}, Z§) and
dinsa(t) = e G (Z1 (L), Z3 (1)
Recall that P.-a.s. T% = co. So we obtain the following lemma.

Lemma 5.4. Under Py, (Zi(t), Z5(t)), 0 <t < T", is a Markov process with transition density

P7 (21, 22), (21, 23)) := e~ *'p{ (21, 22), (ﬁﬁ@)w-

Note that for some explicit constant C' € (0, 00) depending on k,

pZ (21, 22)
G“(zl, 22)

_ C0Sy 21 COS
— Cleosy 21 cosy 22] =~ sing (21 + 22)cosa (21 — 20) 7% (M)
cosa(z1 — 22)

So %"jgl 225 extends to a continuous function on [0, 7]%, which vanishes at the corners. We may

normalize 1t to get a probability density, i.e., we define

z = / / dzleQE(O o), (5.15)

Zl7 22

1 p (2:1 ZQ)
7 0o )
Poo(en, 22) = ZG(21,22)

From now on, if a quantity @ depends on ¢ € (0, 00) and other variables x, and f is a positive
function on (0,00), we write Q as O(f(t)), if for any ¢y > 0 there is C;, € (0,00) depending
only on s and ¢y such that for any ¢t > ¢y and any z, |Q(t,z)| < Cf(t).

21,22 € [O,W]. (5.16)

Lemma 5.5. (i) For anyt >0 and 27,25 € [0, 7],

/ / PZ (21, 22)P7 (21, 22), (21, 25))dz1dzg = P2 (2}, 25)e " (5.17)
0 0

This means, under the law Py, if the process (Zi', Z) starts from a random point (21, z2) €

(0, )2 with density pZ, then for any deterministic t > 0, the density of (Zi(t), Z4(t)) at
aot =7

time t is e”0'pZ
(i) For any (z1,22) € (0,7)? and a process (Zi, Z¥) started from (z1,22), we have
Po[T% > t] = ZG%(21, 22)e 0t (1 + O(e~3F5)Y)); (5.18)
(21, 22), (1, 28)) = ol > 52 (=1, 25)(1+ O(e"G+80). (5.19)

Here we emphasize that the implicit constants in the O symbols do not depend on (z1, z2).
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Proof. Part (i) follows easily from (5.13)). For part (ii), suppose (Z}', Z¥) starts from (z1, z2).
Using Lemmas and formulas ( 5.16)), we get

Pa[T" > f] = / / B2 (21, 20), (5, 23))d=}d 2
0 0

// 007 (24, 29), (25, 28)) S22 v

G (ZT’Z2)
/ / ~00tyZ (51, 28)(1 + O(e~ @+ D) G122 jay s
Gu( 17 2)

= ZG"(21, 22)e (1 4+ O(e~3F5))),
which is ((5.18]); and
,22)

~ G*(z1, 22
7 * % —aot, 2

D ((21,22), (21, % € P (1, 22), (%1, % ¥, 2k
t (21, 22), (21, 23)) = i ((21,22), (21 2))GU(zl,z2)

= e 02 (25, 23)(1+ O(e” P& “(21,22)
( 1 2)( ( ))G“(zl, ;)

= e ' ZpZ (21, 25) (14 O(e” ®T5))G" (21, 20),
which together with (5.18)) implies ([5.19)). O

6 Proofs of Main Theorems

We will prove the main theorems of the paper in this section. We will need the Domain Markov
Property for 2-SLE in the following form.

Lemma 6.1. Let (n1,12) be a 2-SLE,; in a simply connected domain D with link pattern (a1 —
bi;ag — ba). Suppose, for j = 1,2, n; is parametrized by the chordal capacity viewed from b;
(determined by a conformal map from D onto H that takes bj to co). Note that the lifetime of
the parametrized 1 and na are both co. Let (fg)tzo be the filtration generated by m;, j = 1,2,
which together generate a separable Q-indexed filtration (Fi)eo. Let T = (T1,T») be an (Fy)-

stopping time. Let D%, denote the connected component of D\ (n1([0,T1]) Un2([0,T5])) whose
boundary contains bj, j = 1,2 Then

(i) Conditioning on Fr and the event that D% = D2 =: Dr and n1(T1) # n2(T2), Ml o]
and ngl[sz}) form a 2-SLE,, in Dy with link pattern (ni(Ty) — by;n2(Ta) — ba).

i) Conditioning on Fr and the event that D} D2, nilir is a chordal SLE, curve in
T T T M51[T;,00]
Di from n;(Tj) to b;, j = 1,2, and m|i1, o) and M2|i73,00) are independent.
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Proof. By the property of 2-SLE,, conditioning on F2, n; is a chordal SLE, curve from a;
to b1 in a connected component of D \ n2. Let ]:t(f ) = .7-}11 V F2. Then we get a filtration
(.Féf’oo))tlzo. Since for any t1 > 0, {T1 < t1} = UpeniZ < (t1,n)}, we see that Ty is an
(ft(f’oo))—stopping time. If A € Fr, then from AN{T <t1} =, en AN{L < (t1,n)} , t1 >0,
we see that A € .7:7(%00). Thus, Fr V F% C fg’oo).

By the DMP of chordal SLE,, conditioning on .7-"7(%00), Mmlir, ] has the law of a chordal
SLE, curve from 7;(7T1) to by in a connected component of D\ (11([0,T1]) U n2), which is
denoted by D7, oo Note that the triple (D, oo;m1(71), b1) is measurable w.r.t. FrV F2. Since

FrV F2 C .7-"7(%00), we conclude that, conditioning on Fr V F2, nl\[Thoo} also has the law of a
chordal SLE, in Dr, o from m(11) to by. Since Fr V F2 agrees with the o-algebra generated
by Fr and ng\mm], we can say that, conditioning first on F7 and then on 772’[T2,oo]7 Ml o]
has the law of a chordal SLE, in D7, o from 7;(T7) to b;. Similarly, conditioning first on
Fr and then on n1|i7; oo, 72|[73,00] has the law of a chordal SLE, in Dy 7,. On the event that
DL £ D2 Doo,1; does not depend on n3—;([13—, 00]), 80 M1|[7; o0] a0 72|[73, 0] are conditionally
independent given Fr on this event. This is (ii). On the event that D} = D2 =: Dy and
m(T1) # n2(T2), the conditional joint law of n1|i7; o] and m2|(7, o0 given Fr agrees with that
of the 2-SLE,; in Dy with link pattern (1(71) — b1;n2(T2) — b2). So we get (i). O

Proof of Theorem[I.1. We first work on . By Koebe’s distortion theorem, it suffices to
prove the theorem for D = D and zy = 0. By symmetry, we may assume that a; = "7 and
b = ei, j=1,2, and wy > vy > wy > vg > wy — 2m. We use p(wy, v1, wa, ve;7) to denote the
probability that both 7; and 72 have distance less than r from 0. Since Gy yiw; givy giws givs (0)
agrees with the G(wi,v1;wy, va) defined by , it suffices to show that, for some constant
Cy € (0, OO),

p(wy, v1, wa, v2; 1) = CoG(wy, vr; wa, v2)r (1 4+ O(F™)), asr— 0F. (6.1)

For j = 1,2, suppose 7); is oriented from a; to b;, and let n; be the part of 7; from a; up
to b; or the first time that 7); separates 0 from any of bj, as—;, bs—; if such time exists. Then
we may parametrize 77 and 79 by the radial capacity viewed from 0 such that they are radial
Loewner curves with lefetime 77 and fg driven by some functions w; and ws with initial values
wy and wy, respectively. Then the law of (w1, Ws) is Py """ "**"2 as defined in Section

We use the symbols in Section Now we write K; and g; for K (¢1,t2) and g((t1,%2), ), and
let Dy =D\ K;. Recall that g; maps D; conformally onto D, fixes 0, and has derivative em(®
at 0. Moreover, g;(n;(t;)) = e"i® and g,(e™i) = Vi® j = 1,2. Suppose T = (T1,Th) is
an (F)tco-stopping time such that T; < fj, 7 =1,2. Then T corresponds to a stopping time
w.r.t. the Q-indexed filtration generated by 71, 72, which are parametrized by chordal capacities
viewed from by, by, respectively. By Lemma conditionally on Fr and the event that T € D,
the gp-images of the parts of 7; from 7;(u;(t9)) to €7, j = 1,2, together form a 2-SLE,; in D
with link pattern (e"1(L) — Vi(D); gWa(L) _; ¢iVa(D)),

Suppose that v; — v9 = 7 so that the time curve w in Section [4] can be defined, and we may
use the results and symbols there. Fix r € (0,1/4). Suppose that it happens that dist(0,7;) < r,
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j = 1,2. Then the parts of 71 and 72 up to their respective hitting times at {|z| = r} do not
intersect. Because if they did intersect, then they together could disconnect e®! and €2 in I,
and the rest parts of 7); and 72 would grow in different domains, and could not both visit the disc
{|z| < r}, which is a contradiction. Thus, for j = 1,2, the above part of 7; does not disconnect
0 from any of €7, e™s-i e™3-i and so belongs to n;. Let 7; be the first hitting time of n; at
{|z| =r}, 1 =1,2. Then (71, 72) € D. By Koebe’s 1/4 theorem, we get 7; > —log(4r), j = 1,2.
Recall that 0(71,0) < 7 < 0(0,72). So there is s = (s1,52) € {(11,t2) : 0 <ty < 1o} U{(t1,72) :
0<t <n} such that 0(s) = m. This implies that m(sy,s2) < T and s; = u;j(m(sy, s2)),
j =1,2. Using (3.11]) we get T% > s1 V 59 > — log(4r).

Now fix tg € [0,—log(47’)]. Then {dist(0,7;) < r,j = 1,2} C {T" > to}. When T" > ¢
happens, since u;(tg) < to, by Koebe’s 1/4 theorem, dist(0,7;[0,u;(to)]) > r, j = 1,2. Thus,
dist(0,7;) < r, j = 1,2, if and only if T" > t; and the parts of 7; after n;(u;(t0)), 7 = 1,2,
both visit the disc {|z| < r}. Suppose T" > t( does happen. Let Ry < Rs € (0,1) be such that
(el__t;)%?)lz = (8113%5)22 = 7. Since (gf)'(0) = e™@®)) = ¢fo and r < 1%, by Koebe’s distortion
theorem, {|z| <1} C Dy, and

{lz] < R} C gy ({lz] <7}) € {lz] < Ra}- (6.2)

By rotation symmetry, there is a function p(z1, z9;7) such that p(wi, vy, wa,ve;r) = p(w; —
vy, we — v9; 1) if v1 — vy = m. From the conditional joint law of the Gu(ty)-images of the parts of
n; after n;(u;(to)), j = 1,2, given F¢, and the facts that Vi*(to) —V3'(to) = mand Z}' = WV,
7 =1,2, we get

(Zl (to) ZQ (to) Rl) < IP’[dlst(O 77]) <r j =1 2| tO,Tu > to] é p(ZiL(to),Zg‘(to);Rg). (63)

We will first find the asymptotic of p(r) := fo Jo p(21, 22;7)P% (21, 22)dz1dzo as 7 — 0T,
Such p(r) is the probability that the two curves 71 and 7> in a 2-SLE, in D with link pattern
(et — 1; —e*2 — —1) both get within distance r from 0, where 21, 22 are random numbers in
(0, 7) with joint density pZ . From we know that, P[T% > tg] = e~*% and conditioning
on T% > to, (Z%(tg), Z4(to)) also has joint density pZ .

Suppose 0 < t < T". Let d; = dist(0,7;([0,u;(t)])). Since m(uy(t),us(t)) = t, by
Schwarz Lemma, we have di A dy < e~!. By symmetry we may assume that d; < dy. Since
O(ui(t),us(t)) = 7, we know that the harmonic measure of the union of 72([0, u2(t)]) and the
subarc of T between ™! and e™! that contains e®2 in D\ K (u(t),us(t)) viewed from 0 is
exactly 1/2. Using Beurling estimate, we get 1/2 < 2(dy/d3)'/?, which implies that dy < 16d;.
Since di < et we get dy,d2 < 16e™", and so dist(0,7;) < d; < 16e~*, j = 1,2. This means
that p(r) > P[T% > t] = e~ > 0 if r > 16e~". So p is positive. By we get

€_t0R1 6_t0R2

IR <) < RRR), TR S TR "

Let q(r) = r—“op(r). Suppose r, R € (0,1) satisfy that r < (1+R) By choosing ¢y > 0 such that

el = %, we conclude from the above formula that p(r) < e®0%p(R) = (%)“"%(R)
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Thus, q(r) < (1 + R)?*¢(R). Similarly, by choosing t; > 0 such that ef0 = BT e get

— (1-R)?
q(r) > (1 — R)?>*¢q(R). So we have

2a0 2 : R
(1= R*a(R) < a(r) < (1+ RPa(R), it < (6.4)
Thus, lim,_,o+ log(q(r)) converges to a finite number, which implies that lim,_,q+ ¢(r) converges
to a finite positive number. Let L denote the limit. Fixing R € (0,1) and sending » — 07 in
, we get L(1 + R)72% < ¢(R) < L(1 — R)72?. So p(r) = Lr*(1+ O(r)) as r — 0 for
some L € (0,00).

Next, we find the asymptotic of p(z1, 29;7) as r — 0T for any 21, 29 € (0, 7). From Lemma
we know that, for any tg > 0, P[T" > tg] = ZG%(z1, 22)e 0% (1 4+ O(e*?0)), and conditionally
on F and T" > to, the joint density of (Z{(to), Z4(to)) is pZ (2}, 23)(1 + O(e™)), where
Ap = -2 — . Fix r € (0,1/4) and choose tg > 0 such that ¢y < —log(4r). We now still have
. Note that R; = e'r(1 + O(e'or)), j = 1,2, if eor is small. From we get

p(21, 20;7) = ZG%(21, 20)e” 00 (1 + O(eM™))p(efor(1 4+ O(er)))

= ZLG"(21, z9)e” 0% [el0r(1 + O(e'r))]* (1 + O(e*)) (1 + O(e'r))
= ZLG%(21, 22)r (1 4+ O(eM?) 4 O(elor)).

=1
Since By = %, letting Cy = ZL and choosing €' such that efo = =31 , we get
p(zl, 22, 7’) = CoGu(zl, z2)r°‘0(1 + O(rﬁo)),

This means that we obtain in the case that v1 — vy = 7.

Finally, we consider the case that 6(0,0) = v; — vy # 7. First, suppose that 0(0,0) < .
Recall that 6(t1, t2) is increasing in ta. Let 72 be the first ¢5 such that (0,t2) € D and 6(0,t2) = 7,
if such time exists; otherwise, let 75 be the lifetime T of 2. Then 75 is an (F7?)-stopping time.
From we know that 020(0,t2) > 2cot(6(0,t2)/4), which implies that cos(6(0,t2)/4) <
e~t/% cos(0(0,0)/4) < e7¥/2. If log(2) < Ty, then cos(0(0,10g(2))/4) < 1/v/2, which implies that
6(0,log(2)) > m, and so T < log(2). If log(2) > T3, we then have 7 < T < log(2). Thus, in
both cases, 72 is bounded above by log(2), and we get an (F;)-stopping time (0, 72).

Moreover, if (0,72) & D, then 75 = T3, which means that the conformal radius of D \ 7
viewed from 0 is e=72 > 1/2, and from Koebe’s 1/4 theorem, we get dist(0,72) > 1/8. Thus,
if dist(0,72) < 1/8, then (0,72) € D, and we get V1(0,72) — V2(0,72) = m. Conditional on
F(o,7) and the event that (0,72) € D, the g .,)-image of 7)1 and the part of 7z after 12(72)
form a 2-SLE, in D with link pattern (e/V1(0m2) — ¢Vi(0.m2), (iW2(0.m2) _, eiV2(0’T2)). Since
V1(0,72) — V2(0,72) = 7, by Koebe distortion theorem and the result in the case v; — vy = m,
we get that, if r < 1/8,

p(w1,v1, w2, v2;7) = E[1{(0,7,)epyP(Z1(0, 72), Z2(0, 72); €™7(1 + O(r)))]

37



= CoE[1{(0.rp)epy ™ ™ O™ G (W1, Vi; Wa, V2)| (0.m)]7 (1 + O(r™))
= CoG (w1, v1;we, v2)r0 (1 + O(TBO)),

where the last step follows from (3.37)). The proof of the case that 6(0,0) > = is similar. So we

have proved in all cases, which implies .

Finally, from we know that there are constants p € (0,1) and C; > 0 such that if
= < p, then P[dist(20,7;) <7, = 1,2] < C1Gpiay by;a0,b5(20)77°. Using we then get
in the case 17 < p. Since P[dist(z0,7;) < 7,7 = 1,2] < 1, we get for all r > 0. O

Proof of Theorem 1.2, The proof is almost the same as that of the previous theorem except that
we need a new way to prove that P[dist(zo, 71 N72) < r] > 0 for all » € (0, R). To prove this, first
note that from the previous theorem, the probability of the event E, that both 7; and 7, visit
the disc {|z — 20| < r} is positive, and when this event happens, the connected component of
D\ 71 whose boundary contains ag, be, denoted by Dy, contains a part of the circle {|z—zg| = r}
but not the whole circle. Thus, dDs N {|z — 29| < 7} is not empty. Since conditionally on 7,
72 is a chordal SLE, curve in Dy, and k € (4, 8), the conditional probability that 7, intersects
0Dy N {|z — z0| < r} given 7y and E, is positive, and when 7 intersects 9Ds N {|z — 20| < 7},
we have dist(zp,n1 N72) < 7. So we get the desired positiveness. O
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