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Abstract

We make use of the fact that a two-sided whole-plane Schramm—Loewner evolution
(SLEy) curve y for « € (0, 8) from oo to oo through 0 may be parametrized by
its d-dimensional Minkowski content, where d = 1 + %, and become a self-similar
process of index % with stationary increments. We prove that such y is locally «-

Holder continuous for any o < [ll. In the case k € (0, 4], we show that y is not locally

dl—Hélder continuous. We also prove that, for any deterministic closed set A C R, the
Hausdorff dimension of y (A) almost surely equals d times the Hausdorff dimension
of A.

Mathematics Subject Classification 60G - 30C

1 Introduction
1.1 Overview

The Schramm-Loewner evolution (SLE, ), introduced by Oded Schramm in 1999 [27],
is a one-parameter (x € (0, oo)) family of probability measures on non-self-crossing
curves, which has received a lot of attention since then. It has been shown that, modulo
time parametrization, the interface of several discrete lattice models have SLE, with
different parameters « as their scaling limits. The reader may refer to [8,26] for basic
properties of SLE.

The regularity property of SLE curves have been studied by a number of authors.
Rohde and Schramm proved in [26] that, for k # 8, an SLE, curve exists and is Holder
continuous in its original capacity parametrization. Lind improved the estimates by
Rohde and Schramm and derived a better Holder exponent for SLE in the capacity
parametrization [19], which was later proved [7] to be optimal.
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People tried to find better Holder exponents of SLE curves with other parametriza-
tions. It is know that [1,26] the Hausdorff dimension of SLE, is min{1 + %, 2} =:d.
Thus an SLE, curve can not be reparametrized to be Holder continuous of any order
greater than 1/d. On the other hand, using a variation estimate, Werness proved [28]
that, for k < 4, for any « < 1/d, an SLE, curve may be reparametrized to be Holder
continuous of order «. The result was later extended to all « # 8 by Friz and Tran [2].

The natural parametrization of SLE, is defined for « € (0, 8) [13,17], and is
expected to be the scaling limit of the natural length of various lattice models, while
the convergence has been established for loop-erased random walk [14,15]. Lawler
and Rezaei proved [9] that the natural parametrization of an SLE,. curve agrees with
the d-dimensional Minkowski content of the curve. So the natural parametrization is
determined by the SLE, curve.

It was proven in [9] that the transition function ® between the capacity parametriza-
tion and the natural parametrization is Holder continuous, where ®; is defined to be the
Minkowski content of the SLE,. curve under capacity parametrization during the time
interval [0, ], i.e., if y is an SLE curve with capacity parametrization, then y o O lis
the same SLE curve with natural parametrization. To get any Holder regularity of SLE
in the natural parametrization based on the Holder regularity of SLE in the capacity
parametrization, one needs the Holder continuity of ©~!, which was not derived in

[91.
1.2 Main results

We fix k € (0,8) and let d = 1+ g. The main purpose of this paper is to solve
a conjecture proposed by Greg Lawler: an SLE, curve under Minkowski content
parametrization is locally Holder continuous of any order less than 1/d. We will discard
the boundary effect, and focus on the Holder continuity of any compact subcurve that
is bounded away from the boundary.

There are several different versions of SLE. Thanks to the local equivalence between
them (cf. [11]), we have the freedom to work on any version of SLE, in any domain.
The main object studied in this paper is a two-sided whole-plane SLE,. curve y in the
Riemann sphere C from oo to 00 passing through 0. The nice property of such SLE
curve is that the Minkowski content parametrization makes it a self-similar process
with stationary increment.

Proposition 1.1 [29, Corollary 4.7] A two-sided whole-plane SLE, curve y from oo to
oo passing through O may be parametrized by its d-dimensional Minkowski content,
and become a self-similar process of index }7 with stationary increments.

We will refer the y in Proposition 1.1 as an sssi SLE,. curve. Here we say that a
curve y is parametrized by d-dimensional Minkowski content, if for any a < b in the
definition domain of y, the d-dimensional Minkowski content of y ([a, b]) isb —a. A
random curve y is called a self-similar process of index H with stationary increments
if it is defined on R with ¢ (0) = 0 such that (i) for any a > 0, (y(at)) has the same
law as (aHy(t)); and (ii) forany a € R, (y(a +1) — y (a)) has the same law as (y (¢)).

@ Springer



Optimal Holder continuity and dimension properties for...

Theorem 1.2 An sssi SLE, curve is a.s. locally Holder continuous of any order less
than 1/d.

The following theorem resembles Mckean’s dimension theorem for Brownian
motion [20]. We use dim g to denote the Hausdorff dimension. It is closely related to
the work in [5,6], which proves analogous results when the Liouville quantum gravity
variant of the Minkowski content is used.

Theorem 1.3 For an sssi SLE, curve vy and any deterministic closed set A C R,
almost surely

dimpy (y(A)) = d - dimp (A). (1.1)

Theorem 1.4 Ifk € (0, 4], an sssi SLE, curve y is a.s. not 1 /d-Holder continuous on
any open interval.

Corollary 1.5 Let y be a chordal SLE,., radial SLE,, or SLE, (p) curve, k € (0, 8), in
any simply connected domain D. Let B be a compact subcurve of y, which has positive
distance from 9 D and the set of marked points of y (including the force points and
the target). If B is parametrized by its d-dimensional Minkowski content measure,
then it is a.s. Holder continuous of any order less than 1/d, and a.s. not 1/d-Hélder
continuous when k < 4.

Proof This follows from Theorems 1.2 and 1.4, the conformal covariance of
Minkowski content (Proposition 2.2) and the local equivalence between different ver-
sions of SLE. O

Remark 1.6 Theorems 1.2, 1.3 and 1.4 also hold for « = 8. See Remark 4.4. We expect
that Theorem 1.4 also holds for k¥ € (4, 8). It is not known to the author whether an
SLE, curve possesses some parametrization that makes it exactly locally 1/d-Holder
continuous.

1.3 Some proofs

The proofs of the main theorems follow some standard arguments. We now give the
proofs of Theorems 1.2 and 1.3 assuming that the following finite moment lemma
holds.

Lemma 1.7 Ify is an sssi SLE, curve, then for any ¢ € (—d, 00), E[|y (1)|¢] < oc.

Proof of Theorem 1.2. Let « < 1/d. Let I C R be a bounded interval. We use the
Garsia—Rodemich—Rumsey inequality [4] in the following form: For any p > 1/«,
there exists a constant Cy , € (0, 00) such that for any s, ¢ € I,

ly (@) —y)I° SCa,plf—SI“P*I/ Mdsdt- (1.2)

i Is — et
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Using Proposition 1.1, Lemma 1.7 and Fubini Theorem, we see that

ly(s) — V(t)l” Ly (s) —y®I]
E[/” s — r]or+l } f/ T

:/' s — t|P/E[ly (1)|7]
1J1

|S—t|‘”’+l

dsdt

=E[ly(1)|”] f / ls — 1| Vd=0r=1gsdr < oo,
1J1

Thus, as. [, [, 92O 4541 < 0. From (1.2) we see that y is a.s. Holder contin-

\S—t|°‘p+l
uous of order « — 1/p on I. We can now finish the proof by choosing « close to 1/d
and p arbitrarily big. O

Remark 1.8 We actually proved that, for any ¢ < 1/d, the a-Holder norm of y
restricted to a bounded interval has finite p-moment for any p > 0.

Proof of Theorem 1.3. Since y is a.s. locally «-Holder continuous for any o < 1/d,
we get the upper bound of (1.1): dimg (Y (A)) < d-dimpg(A) (cf. [22, Remark 4.12]).

For the lower bound, we use a corollary of Frostman’s Lemma (cf. [3]). Let P(E)
denote the space of probability measures on a metric space (E, p). For u € P(E) and
a > 0, the a-energy of u is

d d
Ly (u) = f/ m( x)u(ay)_
p(x,y)

Frostman’s lemma implies that (cf. [22, Theorem 4.36]) for any closed set A C R",
dimy (A) = sup{e : I € P(A) with I (un) < 00}. (1.3)

We now prove the lower bound of (1.1). Let A C R be closed. By replacing A
with A N [—n, n], we may assume that A is compact. If dimg (A) = 0, the statement
of lower bound is trivial. Suppose dimy(A) > 0. Let @ € (0,dimgy(A)). By (1.3),
there is a u € P(A) such that I, (i) < co. Now y (A) is a compact subset of C, and
y«() € P(y(A)). We compute that

El g (v ()] = /A /A Elly (s) — y (O] “1u(ds)n(dn)
= I, (E[|y (1)|7%] < oo,

using Proposition 1.1, Lemma 1.7 and the fact that —da > —d, which follows from
a < dimg (A) < 1. Thus, we have a.s. 154 (v« (1)) < oo. From (1.3), we then get a.s.
dimg (Y (A)) > da. By choosing « arbitrarily close to dimg (A), we finish the proof
of the lower bound. O

The rest of the paper is devoted to proving Lemma 1.7 and Theorem 1.4. We review
some preliminary facts on two-sided whole-plane SLE and Minkowski content in
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Sect. 2, and then prove Lemma 1.7 and Theorem 1.4 in Sect. 3 assuming two lemmas
about crossing estimates for radial SLE, (2) curves. In Sect. 4, we prove these crossing
estimate lemmas. At the end, we discuss sssi SLE, curves for k > 8 and the Hausdorff
measure of SLE, curves for x < 8.

2 Preliminary
2.1 Two-sided whole-plane SLE

A two-sided whole-plane SLE, curve (x € (0, 8)) is composed of two arms: the first
arm is a whole-plane SLE, (2) curve from a marked point in C, say a, to another
marked point in @ say b; and given the first arm, the second arm is a chordal SLE,
curve from b to a in one complement domain of the first arm.

A whole-plane SLE, (2) curve y grows in C from one (interior) point, say a, to
another point, say b, with the force point located at the initial point a. It is related with
radial SLE, (2) processes by the domain Markov property: if t is a stopping time for
y, which happens after y leaves a and before y reaches b, then conditionally on the
part of y before t, the rest of the y is a radial SLE, (2) curve in a complement domain
of the explored portion of y at time 7 from y () to b with the force point located at a.
Here a lies on the boundary of that domain, and determines a prime end. The above
also holds with 2 replaced by some p > 5 — 2.

We now recall the definition of a radial SLE, (2) curve. LetD = {z € C : |z| < 1},
D* = @\ﬁ, and T = 9D* = {|z| = 1}. Let a, b be distinct points on T. Let x, y € R
be such that a = ¢*, b = ¢/Y and x — y € (0, 2). Let (B;) be a standard Brownian
motion. Let (A;) and (g;) be the solution of the SDE:

{d)»t = kdB; + cot((A; — q;)/2)dt, ry=x 1)
dq; = cot((g; — A)/2)dt, q0 = . '

Let g;, t > 0, be the solution of the following radial Loewner equation:

e+ g,(2)

081 (2) = g (2) - ek g (Z)’ go(z) = z.
— 8t

For each t > 0, let K; denote the set of z € ID* such that the solution s +— g,(z)
blows up before or at time . Then g; maps D*\ K; conformally onto D*, fixes oo, and
satisfies g;(z)/z — e~ as z — oo. It turns out that, for each t > 0, g, ! extends
continuously to D¥, and y (1) := g; '(¢"*), t > 0, is a continuous curve in D* that
starts from ¢* = ¢!* = g € T, and tends to 0o as t — 0o. Moreover, for each t > 0,
D*\ K, is the unbounded component of D*\y ([0, ¢]).

Such y is called a radial SLE, (2) curve in D* from a to oo with a (value 2) force
point at b; A, and g, are called the driving process and force point process for y,
respectively; and g; are called the radial Loewner maps for y .

If D is a simply connected domain with two distinct marked prime ends a, b and
one marked interior point zg, there exist @’ # b’ € T and a conformal map f from
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(D*; d’, b'; 00) onto (D; a, b; zp). Then the f-image of a radial SLE, (2) curve in D*
from a’ to oo with a force point at b’ is called a radial SLE, (2) curve in D from a to
zo with a force point at b.

The radial SLE, (2) curve y in D satisfies the following domain Markov property:
if 7' is a stopping time for y that happens before z( is reached, then conditional on the
part of y before T, the part of y after T is a radial SLE, (2) curve from y (T') to zg
with a force point at b in the complement domain of y ([0, 7T']) in D that contains z.

The above radial SLE, (2) curve y also acts the role of the first arm of a two-sided
radial SLE, curve in D from a to b through z¢, which is composed of two arms.
Conditional on the first arm, the second arm is a chordal SLE, curve from zg to b in
the complement domain of the first arm, whose boundary contains b.

Throughout, we use M’E; asp O denote the law of a chordal SLE, curve in D from

a to b; use v%;a% 20 1O denote the law of a radial SLE, (2) curve in D from a to z
with a force point at b; and use v%; a—20—b to denote the law of a two-sided radial
SLE, curve in D from a to b passing through zg, all modulo time parametrization.

The Green’s function for the chordal SLE, curve in D from a to b is the function
G p.a,»(z) defined by

Gbiap(zo) = Wmr" 2y, ply + dist(y. 20) <7} 20 € D.

The limit is known to exist, and satisfies conformal covariance, i.e., if f maps
(D13 ay, by) conformally onto (D»; az, b>), then

Gpy:ari (@) = 1 @G pyar1n (f(2)), z € Di. 2.2)
2.2 Minkowski content measure

In this subsection, we review the notion of Minkowski content, Minkowski content
measure, and cite some propositions from [29, Sections 2.3 and 2.4].

Throughout, the Minkowski content will always be d-dimensional. Sinced = 1+
is fixed, we will omit the word “d-dimensional”. Let m and m? denote the 1 and
2-dimensional Lebesgue measures, respectively. Let S € C be a closed set. The
Minkowski content of S is defined to be Cont(S) = lim, o rd_zmz(UzeS B(z;r)),
where B(z; r) is the open disc with radius r centered at z, provided that the limit exists.

Definition 2.1 Let S, U C C. Suppose M is a measure supported by S N U such that
for every compact set K C U, Cont(K N §) = M(K) < oo. Then we say that M is
the Minkowski content measure on S in U, or S possesses Minkowski content measure
in U, and denote the measure by Ms.yy. If U = C, we may omit the phrase “in U”,
and write the measure as M.

Proposition 2.2 [29, Lemma 2.6] Suppose that S possesses Minkowski content mea-
sure M.y in an open set U C C. Suppose f is a conformal map defined on U such
that f(U) C C. Then the Minkowski content measure of f(S NU) in f(U) exists,
which is absolutely continuous w.r.t. fu(Mgs.y), and the Radon—Nikodym derivative

is | f'(fF 1.
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It was proved in [9] that the natural parametrization function ®, of a chordal SLE,
curve y (under capacity parametrization) in H from O to co at any time ¢ agrees with the
Minkowski content of y ([0, #]). Using their result, one can easily show that such curve
y possesses Minkowski content measure in H, which is the pushforward measure of
d® under the function y. The existence of Minkowski content measure extends to
any simply connected domain [29, Remark 2.7], although the natural parametrization
(in the usual sense) does not always exist because the Minkowski content of y ([0, 7])
may be infinite due to the roughness of the domain boundary. Moreover, the following
proposition holds.

Proposition 2.3 [29, Proposition 2.8] Let D be a simply connected domain with two
distinct prime ends a and b. Then

/’L#;);a—m(dy) ® My;p(dz) = U%;a—)z—)b(dy)g(GDiayb ’ mz)(dz)'

This proposition first appeared in [30, Corollary 4.3] (in a slightly different form).
It means that, there are two ways to sample a random curve-point pair (y, z) according
to the same measure. Method 1: first sample a chordal SLE, curve y in D from a to b,
and then sample a point z on y according to the Minkowski content measure of y in
D. Method 2: first sample a point z according to the density G p., 5, and then sample
a two-sided radial SLE, curve y in D from a to b passing through z. The reader is
referred to [29, Section 2.1] for the meaning of the symbols ® and <<§ for the products
between a measure and a kernel.

3 Finite Moments

We prove Lemma 1.7 and Theorem 1.4 in this section. We divide the proof of Lemma
1.7 into two subsections according to the sign of the exponent c.

Let y be as in Proposition 1.1. Let y = y[j0,00) and y— = y|(~c0,0] be the two
arms of y, both connecting 0 with co. Let C,,_ be the unbounded connected component
of C\y—. Recall that y_ is a whole-plane SLE (2) curve from oo to O0; and given y_,
y+ is a chordal SLE, curve from 0 to oo in (C .Let yR(t) = y(—1),0 <t < 00, be
the time-reversal of y_. From the rever51b111ty of whole- plane SLE, (2) [21, Theorem
1.20], we know that y Risa whole-plane SLE, (2) curve from 0 to co.

For 0 <t < o0, let D; denote the complement domain of yf([O, t]) in C that
contains co. Then K; = @\D, is an interior hull in C. An interior hull in C is a
nonempty connected compact set K C C such that C\K is connected. It is called
nondegenerate if it contains more than one point. For a nondegenerate interior hull K,
there exists a unique conformal map gx from C\K onto D* such that gg (c0) =
and gl (00) 1= lim;_, o 2/gk (z) > 0. The capacity of K is defined to be cap(K)
log(g/K (00)). If K is degenerate, i.e., a singlet, we define cap(K) = —oo. From
Schwarz Lemma and Koebe 1/4 Theorem, we know that e®PK) < diam(K) <
4¢°%K) for any interior hull K in C.

Let (F;);>0 denote the filtration generated by (y_ (t)),>0 If T € (0, 00) is an (F;)-
stopping time, then conditional on Fr, the part of yf after T is an SLE, (2) curve
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in D7 from yR(T) to oo with a force point at 0. Let u(t) = cap(K,). Then u is an
increasing homeomorphism from [0, co) onto [—o0, 00) and for every r € R, u ()
is an (F;)-stopping time.

For R, r > 0, let tg denote the hitting time (i.e., the first visiting time) of the circle
{|z| = R}; and let I,R denote the last visiting time of the circle {|z| = r} before tz.
Here we set tg to be oo when the former time does not exist, and set rrR to be g
when the latter time does not exist. Note that T is a stopping time, but r,R is not
in general. For any R > 0, since K;;, C {|z| < R} and diam(K;) > R, we have
log(R) > cap(K;) > log(R/4), and so T < u_l(log R) < 1yp.

3.1 Negative power

Proof of Lemma 1.7 for ¢ < 0. Let f.(z) = 1yz)<131z|¢. We will show that

E UOO fc(y(t))dt} < oo. @3.1)
0

From the scaling property of y, we get

00 1 1
E[/O fc(y(t))dt}z [ ELrpo]ar = [CE[sayan]ar

1 1
2/0 E[l{ly(l)\frl/d}tc/d|y(1)|”] deE[fc(y(l))]/o el gy

Thus, (3.1) implies that E[ f.(y (1))] < oo, which then implies that E[|y (1)|¢] < oo.

Since the whole-plane SLE, (2) curve y (), —oo < t < 0, visits its target y (0) = 0
only at the end, we have a.s. y(0) ¢ y— = y((—o0,0)). Since y has stationary
increment, we see that forany # > 0, a.s. y(¢) ¢ y_. By Fubini Theorem, the Lebesgue
measure of the set of + > 0 such that y(¢) € y_ is a.s. zero. Since y is parametrized
by Minkowski content measure M, i.e., M, is the pushforward measure of the
Lebesgue measure under the curve function y, we then conclude that, a.s. the set
Y+ N y— has Minkowski content measure zero. We know that y. is contained in the
closure of C,,_, and when y.. touches the boundary of C,,_, it intersects y_. Thus, the
set of points on y. that is not strictly contained in @y_ has zero Minkowski content
measure almost surely. So we have a.s. M, =M, & .

Since y4 is a chordal SLE, curve from 0 to oo in @V—’ from Proposition 2.3 and
that a.s. M,,, = MV+;@;/,’ we get

dys) @ My, (dz) = U% (dJ/+)<<§ (G@y_;o,oo ~m2> dz).

(3.2)

#
’u@% :0—o00 y_;0—>z—>00
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Since y is parametrized by Minkowski content, we have fooo fey@)dt =

Jo fe(2) M, (dz). Since the law of y, given y_ is ,u%y 000’ using (3.2) we get

B| [ros, @l | = [ ro [t o anom, )@

- f Je@) [V%%;Oazaoog (G@yf;o,oo ’ mz):l (dz)
= / fC(Z)G@yf;O,oo(Z) mz(dz).

Thus, we have

E [ /0 fc(y(t))dt} = /C fe(E [G@V_;O’oo(z)] m?(dz). (3.3)
We will prove that
E [G@V_:o,oo(zl)] <00, Vz; € C\{0}. (3.4)

If this holds, by scaling and rotation invariance of y_ and conformal covariance
of chordal SLE, Green’s function, we see that E[G@V_;O,Oo(z)] = C|z]92, 7 €
C\{0}, for some constant C = C, € (0, 00). Combining it with (3.3), we get
ELfy° fe(y 1)dit] = C Jiz1<n) |z|1°t4=2 m?(dz). Using ¢ > —d, we get (3.1) and
finish the proof.

Now it remains to prove (3.4). We claim that there are constants C, R € (1, co)
such that the following holds. Let D ;Cé C be a simply connected domain with distinct
prime ends a, b. Let zq, z; be distinct points in D such that dist(zg, dD) > R|z; — zo].
Let S have the law v%z a—z0:b? and Dg be the complement domain of 8 in D that has
b as a prime end. Then

E[Gpyiz(z)] < Clzi — zol™2 3.5)

If the claim holds true, we can finish the proof as follows. Fix z; € C\{0}. Let
T = TRz Let DT be the complement domain of y_((—oo, T']) that contains O.
Conditional on the part of y_ before T, the remaining part of y_, denoted by By, is a
radial SLE, (2) curve in DT from y (T') to 0 with a force point at co. Then we have
(D7), = C,_, and dist(0, aDT) = R|0 — z;|. Applying the claim to D = D7,
a=y(T),b=00,z0=0,and B = By, we get (3.4) because

E[Ge, 00| =E[E[Gg, 0m@lVer]]
=E IZG(DT)‘gO;(),oo(Zl):I < Clz; |d_2 < Q.

To prove the claim, by Koebe distortion Theorem and the conformal covariance of
chordal SLE, Green’s function, it suffices to work on the case that D = H := {z €
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C:Imz > 0},a = 0 and b = oco. To estimate E[GHy:z9.6(z1)], we use the formula

—
G H:0,00(20- 21) = GE:0,00(20)E [ GHy:29.00(21) ] - (3.6)

—
where G m.0,00(20, 21) 18 the ordered two-point Green’s function for the chordal SLE,
curve in H from O to oo, i.e.,

—
. d—2 d-2 #
G H.0,00(20, 21) := hmi 70T L0 00 [rrz(? <7l < o],

where trz/:’ is the hitting time of {|z — z;| =7;}.

Formula (3.6) was first derived in [16, Theorem 1], where the Euclidean distance
is replaced with conformal radius. The Euclidean distance version of (3.6) was later
derived in [9, Proposition 4.5]. A sharp bound for the unordered two-point Green’s
function:

. d—2 d-2
GH.0,00(20, 21) 1= hni ro “HO—mo [Trzooyrm <oo]

is obtained in [10]. Combining it with (3.6) and the exact formula for Gp.0,00(20), We
then get an upper bound for ]E[GH,S;ZO,OO(z] )]

Now we show the computation. For convenience, we use an upper bound of
GH.0,00(20, 21) in the form derived in [25, Remark 2 after Theorem 1.2]:

yot 2—d) ya—(Z—d)
G0, (zo,m)_cz - : (3.7)
°° Py,lo) Py (h)

where C, € (0, 00) is a constant, o = % — Ly =Imz;, j =0,1,lp = |zol,
Iy = 1z1l A lz1 — zol, and Py(x) = x%if x > y; Py(x) = Yy Q=dy2=d it < x < y.
From [9, Theorem 4.2] we know that there is a constant C; € (0, co) such that

a—(2—d)

_ Y
Gr:0.00(20) = Cryg g = 2 —— (3.8)
P o)

Since 8131;0,00(20, 21) < GH:0.00(20, 21), combining (3.6,3.7,3.8) we get

a—(2—d)

C y]
E |Gy, < —
[ Hﬁ,zo,oo(zl)] =q (ll)

Suppose yp = dist(zg, R) > R|z; —z0| with R = 2. Then |z1 —z¢| < yo—|z1 —z0] <
y1 < lz1]. Sol1 = |z1 — z0| < y1, and the above displayed formula implies (3.5)

because Py, (I1) = ya @D lz1 — zo|*>~¢. So the proof is complete. O
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3.2 Positive power

Let D denote the set of simply connected domains D ; C such that @\D is a nonde-
generate interior hull in C containing 0. Note that co € D for D € D.

Lemma 3.1 There exist R > r > 4 such that for any p > 0O there exists | > 0 such
that for any D € D with distinct prime ends a, b,

# . Recap(D°) -
VD:a—o00b ({,3 : Cont (,3 ([waap(l)c) , tRecap(Dc)])) < [ % exeant )}> <p.

We now use Lemma 3.1 to prove Lemma 1.7 for positive powers, and postpone the
proof of Lemma 3.1 to the next section.

Proof of Lemma 1.7 for ¢ > 0. We work on the whole-plane SLE, (2) curve yR
from O to co. By the stationary increments of y, diam(y ([0, 1])) has the same law as
diam(y X ([0, 11)). So it suffices to show that diam(y R ([0, 1])) has finite moments of
any positive order.

Let R > r € (4, 00) be given by Lemma 3.1. Fix p > 0. Letl =I(p,r, R) > O be
given by Lemma 3.1. Let s, = log(R"/I'/?) for n € N U {0}. Applying Lemma 3.1
to D =D,-15y.a= yf(u_l(sk)) and b = 0, we get

P [u_l(sk+1) —u () < 1% ed*”flfu—l(sk>] <p, k=012 ...

Here we use the facts that given fu—l(sk), yf (u_l(sk) +t), t > 0, has the law of

Vs iy 4 (1) = u” (sw) = Cont(y X ([u™" (s, u™ (s )D)s ™ (se1) =
S .

Tyl = TResk» U (5K) < Taent < Trene < TRES; and sy = cap(DC). Since u~! (s) —

u(sp_y) is ]-'Lfl(xk)-measurable and [ % e?*k = RI** > 1 we get
Pls, < u(1)] = P[u_l(sn) < 1]

<P [ﬂ{u—l(sk) —u Nspo) < 1% ed*Sk}] <p", neN.

k=1

Since diam(K;) > diam(yf([O, 1D) and u(1) = cap(K;) > log(diam(Ky)/4),
we see that diam(y®([0,1])) > 4R"/I' implies that u(1) > s,. Thus,
P[diam(y R ([0, 11)) > 4R"/I'/4] < p". This shows that E[diam(y X ([0, 11))¢] < oo
if ¢ < log(1/p)/log(R). Since R is fixed, taking p arbitrarily small completes the
proof. O

3.3 Critical exponent

Lemma 3.2 Suppose k € (0, 4]. There exist R > r > 4 such that for any | > 0 there
exists p > 0 such that for any D € D with distinct prime ends a, b,
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# ) Res®(D) dxcap(D*
VD:a—s00ih ({ﬂ : Cont (ﬁ <[Tre§ap(nc) , fRecap(Df)])> < [ % ereap( )}) > p.

We now use Lemma 3.2 to prove Theorem 1.4, and postpone the proof of Lemma
3.2 to the next section.

Proof of Theorem 1.4. By self-similarity and stationarity of increments, it suffices to
prove that y® is a.s. not Holder continuous on [0, 71]. Let R > r > 4 be given by
Lemma 3.2. Fix/ > 0. Let p = p(l, r, R) be given by Lemma 3.2.

Ret(Tn)

Let T, = tg—»,n € NU {0}. Let E, denote the event that Tp,um,) — T T
dxu(T,

lxe ). Applying Lemma 3.2 to D = Dz,,a = yR(T,,) and b = 0, and using the
fact that the law of y X (T, +1), 1 > 0, given Fr,, is v, . .., we get PIES|Fr,] <
1 — p. From u(7T,) < log(R™"), we get ReTn) < R and so E,, is measurable
w.rt. Fr, . Thus, P[Up2  Exl = 1 =PI, ESl > 1= (1 —p)™® = L.IfE,
happens for some n € N, then y R ([0, 71]) contains a subcurve crossing the annulus
(re*Tn) < |z| < Re*(TW) with time duration no more than [ s e?**(Tn) which implies
that

2@ —y®©) _ Re"T) —re"™ R
(t _s)l/d - (l*ed*u(Tn))l/d Toyd e

0<s<t<t|

Ry R
Thus, a.s. SUPg<, <7, % > I;;,’. Since R > r > 0 are fixed, taking / > 0

arbitrarily small completes the proof. O

4 Crossing estimates
The purpose of the last section is to prove Lemmas 3.1 and 3.2. First, we use Koebe

distortion theorem to derive the following proposition. For a > 0, let 4, denote the set
of univalent analytic functions f defined on ID such that f(0) = 0 and | f'(0)| = a.

Proposition 4.1 (i) For everya > 0 and R, > Ry € (0, 1) such that R, < 1/6,
there exist ry > r; > 0 such that r, < %aRg, and

{r=lzZl=rn}D f(R =zl = R2}), Vf €Uy. 4.1

(ii) For every a > 0 and R, > Ry € (0,1) such that Ry/R; > 6, there exist
rp > r1 > 0 satisfying ry < a/4 andry/r1 > (R2/R1)/6 such that

{n=lzl=rn}C f{RI =zl = R}, Vf el (4.2)

(iii) Foreverya > Qandry, > r; > 0 such thatr, < a/4 and ry/r1 > 12, there exist
Ry > Ry € (0, 1) such that Ry/Ry > (r2/r1)/12, and

(Ri<lzl <R}y flri<lzl <m)), Vf €U (4.3)
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Proof By scaling we may assume that a = 1. By Koebe distortion theorem, for any
f e,

|z |z]

m_lf(z)l_(1 e z eD. 4.4

(1) Suppose 1/6 > Ry > Ry > 0. Let rp, = (11?—132)2 and r; = Then

Ry
(1+R)?"
mn>Ry>R|>r,rmn=< Ufi# < %Rz, and we get (4.1) using (4.4).
(ii) Suppose Ry, Ry € (0,1) and Ry/R; > 6. Let ry = af—é)z and r| = (]f—lgl)z

Then from Ry < 1/6 and Ry < 1, we get 2 > (1(1:{)62)2 . % > % . %. Since
R>/Ry > 6, we get rp > r1. Formula (4.2) now follows from (4.4).
(iii) Suppose r1,r2 > 0,1y < 1/4, and rp/r; > 12. There exist Ry, Ry € (0, 1)

such that r» = (I_R# and r| = (lfR e I (1 - R»)? < 1/3, then Ry =

r2(1 — Ry)?> < 1/3, which then implies (1 — R2)> > (1 — 1/3)? > 1/3,
which is a contradiction. So (I — R;)? > 1/3, and from R; < 1, we have

Ry _ (I-Rp)?® r Y3 _ 1 n g
R—f = (1+RT)2 . ﬁ Tﬁ =15 ﬁ Since rp/r; > 12, we get Ry > R;.
Formula (4.3) now follows from (4.4). O

Let A; and g; be the solutions of (2.1). Let X; = X; — ¢;. Then X, is a random
process staying in (0, 277) that satisfies the SDE

dX; = JkdB; +2cot(X;/2)dt. 4.5)
Proposition 4.2 The process (X;) in (4.5) is Markovian with a transition density
p:(x, y). Moreover, there exist constants to > 1 and C1, Cy > 0 depending only
on k such that fort > t,

Cysin(y/2)%* < p,(x, y) < Casin(y/2)¥%, Vx,y € (0, 27).

Proof LetY, = cos(%X 4 ,). Then for some standard Brownian motion 5,, (Yy) solves

the SDE
S 41
dY, = —/1 - Y2dB, — (— + E)Y,dt. (4.6)
K

This agrees with [31, Formula (8.2)] withé = 1+ %. From [31, Proposition 8.1], (Y;)
. . ) .
has a transition density p;” ' (x, y) given by

(-0 0) Ly
s y) = Z Ty e B
n=0 <CnK s CnK >
4_1
Kk 2
4
where C,(,“), n=0,1,2,...,are the Gegenbauer polynomials [23] with index g, and

(-)a_1 is the inner product defined by (f, g)gf% = f_ll(l — xz)%_%f(x)g(x)dx.

k2
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Since Y; = cos(X 4 ,/2), (X;) also has a transition density, which is

o . 8 LG )
pi(x.y) :ZSIH(y/Z)KCn ((c:f;(x/i))Cn (©08(y/2)) ,—n(1+5n)r.
n=0 2 <CnK , le(zK)>

4_1
K 2

4
From [23] we know that C;*’ = 1, and for all n > 0,

4y (4 al (n+ &
<C}5K>,C’5K>> ___ me+y) . HC’S)
il 2 (m+ %)n!F (%)

=

_F(n—i—%)

Oo_ n'l’ (%) ’

Thus, we have

K

o0 8
< Z (4” + 1) 1; (’)1 + E) e*ﬂ(]‘i’%ﬂ)l'

Using Stirling’s formula, we can conclude that there exists o > 1 such that for ¢ > 1,
the RHS of the above formula is less than 1/2, which implies the conclusion. O

knl (5)  pey)
26T (4)? sin(y/2)

=
=
x|

Proof of Lemma 3.1. Using Proposition 2.2, Koebe distortion theorem and Proposition
4.1 (i) (applied to a conformal map between D* and D € D that fixes oo, precomposed
and postcomposed by the reciprocal function z — 1/z), we find that Lemma 3.1
follows from the following statement:

AR >r >6,Vp >0, 3 >0, Vz € T\{1},
vB*;ZHOO;l ({ﬁ : Cont (ﬂ ([rrR, rR])> < l}) < p. 4.7

To see this, first by scaling we may assume that cap(D¢) = 0. Let g be a conformal
map from D onto D* with g(co) = oo. Let J(z) = 1/zand f = J o g~! o J. Then
f € Uy. Suppose (4.7) holds with some R > r > 6. Then by Proposition 4.1 (i),
thereare 0 < r; < rp < Srﬁ such that {r; < |z| < 2} D f{1/R < |z| < 1/r}).
Let R = 1/rpand 7 = 1/r. Then R > 7 > 2r > 4and (7 < |z| < R} D
g '({r < |z| < R}). We may then check that Lemma 3.1 holds for such R and
7.Let p > 0. Let I > 0 be given by (4.7) for such p (and the R and r). Let
D € D have cap(D€) = 0, and let a, b be distinct prime ends of D. We may
assume that the above g satlsﬁes g(b) = 1. Then g(a) e T\{1}. Suppose B has
the law UD* -g(@)—o0: 1" Then ,B = g~ (B) has the law vD 4 001b" From (4.7) we

know that P Cont(ﬂ([tR(,B) R(B)]D < I] < p. Since |10g|(g’1) || is uniformly
bounded on {r < |[z| < R}, by Proposition 2.2, there is 1 e (0,1) such that
Cont(,B([rR(ﬂ) (B < llmphes that Cont(,B([tR(ﬁ) rR(,B)]) < [. From {F <

2l < Ry D g~'({r < |z| < R}) we get t5(B) > x(B) and TX (B) < tR(B), which
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implies that P[Cont(B([zX (B). tz(B)]) < 11 < PIB([tf(B). tr(B)) < 1] < p, as
desired.

Let z € T\{1}. Let B¢ be a radial SLE, (2) curve in D* from z to oo with a force
point at 1 (parametrized by capacity). Let A, and g, be the driving process and force
point process for 8%, respectively; let D; be the complement of D*\8%([0, ¢]) that
contains oo; and let g; be the radial Loewner maps for 8%. Then A; and ¢, solve (2.1)
with x € (0, 27) such that ¢’* = z and y = 0. Let X; = A; — q;, which is a diffusion
process that solves (4.5) with initial value Xy = x. Let#p > 1 be as in Proposition 4.2.
Then the law of X, has a density w.r.t. m |0 27), Which is comparable to sin(y/ 2)%.

Let (F;) be the filtration generated by B*. Since €0 > e > 2, the statement (4.7)
follows from the following:

AR >r > 4e", Vp >0, 3 >0, Vz € T\{1},
P [Cont (ﬁz ([t,R, ‘(R])) < l|}}0] < p. 4.8)

Let g1, (2) = g, (z)/€"% . Then 81, maps Dy, conformally onto D*, fixes oo and 1,
and maps B%(tp) to ¢' X0 From the domain Markov property for B, the conditional
law given JFy, of the gy, -image of the part of 8¢ after 9, denoted by ﬁfo is v]%* Xy =00 1°
Using Proposition 2.2, Koebe distortion theorem and Proposition 4.1 (i) applied toa =
e ™ and f = l/’g\,gl(l/z), and using the fact that % > #y since diam(8%([0, 0])) <
4e" < r < R, we find that the statement (4.8) follows from the following:

AR >r >6,Vp >0, 3l >0, Vz € T\{1},
P [Cont (/’3\,20 ([rrR, ‘ER])) < l|]—',0] < p. 4.9)

Here we used an argument that is similar to that used right after the statement (4.7).
Note that if (4.9)~holds for some R > r > 6, then we may find R > 7 > 4¢ such
that {7 < |z| < R} D g,'({r < |zl < R)). This has to do with that g;,(z)/z — ¢~
as z — 0o.

Let E be a radial SLE, (2) curve in D* from a random point ¢'? to oo with a force
point at 1, where 6 is distributed on (0, 277) with a density function proportional to

. 8 . . .
sin(x/2)« w.r.t. the Lebesgue measure. Since the Minkowski content of any subcurve
of B crossing {7 < |z| < 8} is a.s. strictly positive, we find that

YVp>0, A >0, P [Cont (E([qg m])) < l] < p. (4.10)

Since the conditional law of X;, given F, is absolutely continuous w.r.t. the law of
0, and the Radon—-Nikodym derivative is uniformly bounded away from oo and 0, the
same is true for the relation between the conditional law of B\fo given F;, and the law
of E . So from (4.10) we find that (4.9) holds with R = 8 and r = 7. The proof is now
complete. O

Proof of Lemma 3.2. Using Proposition 2.2, Koebe distortion theorem and Proposition
4.1 (ii) (applied to a conformal map between D* and D € D that fixes co, precomposed
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and postcomposed by the reciprocal function), we find that the statement of the lemma
follows from the following statement:

dR > 6r > 6, Vi >0, 3p > 0, Vz € T\{1},
v]ﬁ*;zﬁoo;l (lﬁ : Cont (ﬂ ([‘L'VR, rR])) < l]) > p. (4.11)

Here we used an argument that is similar to the one used after (4.7).

Let z € T\{1}. Let fp > 1 be as in Proposition 4.2. Let g%, (X;), (F;), 8, and B\fo
be as in the proof of Lemma 3.1. Using Proposition 2.2, Koebe distortion theorem
and Proposition 4.1 (ii) applied to a = ¢™ and f = l/%l(l/z), we find that
the statement with (4.11) follows from the following: there exist R > r > 1 with
R/r > 6% such that for any [ > 0 there exists p > 0 such that for any z € T\{1},

P [Cont (B\fo ([t,R, ‘L'R])> < l|}}0] > p. (4.12)

Since the conditional law of B;, given Fy, is Ve e ¥i0 o0

a density w.r.t. m | (0,27, Which is bounded below on [%n, %n] by a uniform positive
constant, the statement with (4.12) follows from the following: there exist ¢ € (0, 1)
and R > r > 1 with R/r > 6% such that for any / > 0 there exists p > 0 such that
forany z € T with |z 4+ 1| < &,

e ([ com o (e <1 =

Using reciprocal maps, we convert this statement into the following: there exist ¢ <
R < r € (0,1) with R/r < 1/6 such that for any / > 0 there exists p > 0 such that
forany z € T with |z 4+ 1| < &,

vg,;z_)();l ({ﬂ : Cont (,8 ([trR, TR])) < l}) > p. (4.13)

If z € T satisfies |z 4+ 1| < ¢ for some ¢ < 1, then there exists a Mobius transfor-
mation that maps (D; z, 0, 1) onto (D; —1, w, 1) for some w € C with |w| < &. By
applying Koebe distortion theorem to the map and using Proposition 2.2, we see that
the statement with (4.13) follows from the following: there exist0 < ¢ < R <r < 1
withe/R < 1/2 and R/r < 1/6% such that for any / > 0 there exists p > 0 such that
for any w € C with |w| < &,

vﬁ;_l_)w;] ({/3 : Cont (,3 ([I,R, ‘L'R]>) < l}) > p. (4.14)

We claim that for any 0 < ¢ < R < 1 with ¢/R < 1/2 and for any w € C
with |w| <eé Vﬁ;_l_?w;l.|]-‘”g is absolutely continuous w.r.t. vﬁ;_l_)o;llfw ; and th.e
Radon-Nikodym derivative 1s uniformly bounded above and below by finite posi-
tive constants depending only on k, €, R. To see that this is true, we may compare
vfé;,H w117, with the chordal SLE, measure M#DH]HI restricted to the o-algebra

" and the law of X, has
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Frr- We use the fact that v]ﬁ); il |‘7:TR is absolutely continuous w.r.t. ,uf); 1o |_7-‘TR ,
and the Radon—-Nikodym derivative equals l{rR<oo}GDrR Br), 1 (w)/Gp,—1,1(w) (cf.
[16, Proposition 2.12]). To prove the claim, we need to show that there is a constant
C € (1, 0o) depending on «, &, R such that for any simply connected domain D that
contains the disc {|z| < R}, for any distinct prime ends a, b of D, and for any w € C
with [w| < e, we have 1/C < Gp.4p(w)/Gp:4.5(0) < C. For this purpose, we use
the explicit expression of the chordal SLE, Green’s function (cf. [9, Formula (8)]):

—~ .
Gpiap(w) =CYp(w)' "8 sin <7r *hp <w; ab)) , (4.15)

where ¢ is a positive constant depending only on «, Yp(w) is the conformal radius

of D viewed from w, and & p(w; ab) is the harmonic measure of the clockwise arc
on dD from a to b viewed from w. Using Koebe distortion theorem and Harnack
inequality, we can prove that, if |{w| < &, then Yp(w) < Yp(0) and sin(zw * hp

(w; ab)) =< sin(mw * hp(0; ab)), and the implicit constants depend only on «, ¢, R.
Then the claim is proved.

Thus, the statement with (4.14) follows from the following: there exist 0 < R <
r < 1 with R/r < 1/63 such that for any / > 0,

v (o o (5. 0]) <1]) o

It will be more convenient to work on square domains. Let Q be the open square
{z € C:|Rezl,|Imz| < 1}. For R,r > 0, we define T to be the hitting time
(i.e., the first visiting time) of d(RQ), and define ?,R to be the last visiting time of
d(r Q) before T¢. Using Proposition 2.2, Koebe distortion theorem and Proposition
4.1 (iii), we find that the previous statement follows from the following: there exist

R < r € (0,1) with R/r < 1/(12 % /2 % 6°) such that

Vi 0, v ({81 cone (8 ([25.%])) <1]) 0.

Since VZ'—1—>0' 1| Fop is absolutely continuous w.r.t. the chordal SLE, measure

“Z—l—n | Fep and the Radon—Nikodym derivative is strictly positive on the event
{Tr < 00}, the above statement follows from

VR.1€(0.1), wh._i_ ({B:Tr(B) < 0o, Cont (B ([0, 7)) <I}) > 0.
(4.16)

Define U, = {z € C: |Rez| < 1,|Imz| < r} for r € (0, 1]. From the generalized
restriction property for SLE,, « € (0, 4], we know that, forany 6 € (0, 1), ,uf;]é 1 is
absolutely continuous w.r.t. /Lz;_l_) 116n(0\Us)=9}> and the Radon-Nikodym deriva-
tive is expressed in terms of Brownian loop measures and the central charge for SLE,
[12,18]. So (4.16) follows from
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VR.1€(0,1),35 € (0. R), uh. 1 ({B:Cont(B(10,Tk]) <I}) > 0.
(4.17)

Using Formula (4.15), Koebe 1/4 theorem, and the fact that the expectation of the
Minkowski content measure of a chordal SLE, curve equals the integral of its Green’s
function (cf. [9, Theorem 1.1]), we get

Guy:—1.1(z) m*(dz) 5] dist(z, U§)5 ™' m?(dz).
Us

‘/Cbn«ﬂnﬁm,Lﬁwdﬁ>=‘/

Us

Let Q1 be the first quadrant {Re z, Im z > 0}. For z € Us N Q1, we have dist(z, Ug) =
min{l — Rez,§ — Imz}. Since § — 1 < 0, we have

1 )
/ dist(z, Ug‘)%*‘mz(dz)s/ /(1—x)%’1+(8—y)§’]dxdy
UsNQ1 0 Jo
8 ©
= 2(5+68%).
K

By symmetry, this inequality also holds with O replaced by other quadrants. So we
have fCont(,B)ufjs;_lﬁl(dﬂ) < §%. We can make fCont(ﬂ)M?]&_l_)l(dﬂ) < lby
choosing § € (0, R) small enough. So we get (4.17) and finish the proof. O

Remark 4.3 One step of the above argument does not work for « € (4, 8), i.e., the
generalized restriction property does not hold for k > 4. One possible way to get
around this issue is to work on a chordal SLE, curve in Us from —1 to 1 conditioned to
avoid the two horizontal boundary segments of Us. This law of such SLE is absolutely
continuous w.r.t. ;ﬁé; —1-1!tn(0\Us)=p}- If we can prove that the integral of the Green’s
function for the conditional SLE, curve in Us tends to 0 as § — 0, then we can
follow the above proof to extend Lemma 3.2 and Theorem 1.4 to « € (4, 8). This
requires some estimate of the Green’s functions for this SLE curve, such as G(z) <
dist(z, dUs), which we do not have now.

Remark 4.4 For x > 8, we have a self-similar SLE, process of index 1/2 with station-
ary increments. This is the SLE, loop rooted at co (now we have a probability measure,
cf. [29, Remark 4.8]). It is space-filling (visits every point in C), and parametrized by
the Lebesgue measure. We can prove that Lemma 1.7 still holds for ¢ € (-2, 0). To
see this, note that (3.1) holds because

A Mﬂmmsf Mﬂmm=4ﬂmm%m=/yfﬁwm<w

We may decompose an SLE,. loop y rooted at oo into two arms. The first arm y_ :=
y|r_ is a whole-plane SLE, (¢ — 6) curve from oo to 0; and given y_, the second
arm yy := y|gr, is a chordal SLE, curve from 0 to oo in @\y_. For k = 8, from
the reversibility of whole-plane SLEg(2) [21], we know that the time-reversal y R of
y_ is a whole-plane SLEg(2) curve from O to co. Then Lemmas 3.1 and 3.2 also
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hold for x = 8. In fact, the proof of Lemma 3.1 still works in the case k = 8
without any change. The proof of Lemma 3.2 works from its start all the way to the
statement (4.16), but (4.16) should be proved in a different way. We have (4.16) for
k = 8 because for any § < R < 1, there is a positive probability that a chordal
SLEg curve in Q from —1 to 1 will reach the vertical line {Rez = —R} before
any of the horizontal lines {Imz = §} and {Imz = —4§}, and when this happens,
Cont(B8([0, Tr])) = m(B([0,7r])) < 28(1 — R) < [ if § is small enough. Thus,
Theorems 1.2, 1.3 and 1.4 all hold in the case x = 8. The above argument does not
work for k > 8 due to the lack of time-reversibility of whole-plane SLE, (x — 6).

Remark 4.5 Mohammad Rezaei proved in [24] that for k¥ € (0, 8), the d-dimensional
Hausdorff measure of an SLE, curve is 0. Using the sssi SLE, curve, we may gain
another perspective on that statement. We now need a new crossing estimate: there
exist R > r > 4 such that for any L > 0 there exists p > 0 such that for any D € D
with distinct prime ends a, b,

cap(D€) c
v%;a_)oo;b ({/3 : Cont (,3 ([Tﬁiapfm) , rRecap(Dc-)D) > L % ed*cap(D )}) > p.
(4.18)

The estimate is similar to [24, Lemma 3.2], and its proof should also follow the proof
of that lemma, which is technically involved. With this estimate, one may prove that
y ([0, 1]) has Hausdorff measure zero using the following approach. For ¢ € [0, 1]
and n € N, let O} denote the dyadic square containing y (f) of side length 27". Fix
e > 0and M > m € N. For each ¢, define Q, such that if there is n € [m, M] such
that diam(Q;’)d < ¢ Cont(y N Q}), then let O, be the largest of such Q}; otherwise
let Q; = Qf”. We then get a finite covering {Q; : t € [0, 1]} of y ([0, 1]). The sum
of the d-th powers of the diameters of these squares is naturally decomposed into
two parts. The first is over the squares with side length > 2= whose sum is less
than & Cont(y ([0, 1])). The second is over the squares with side length 2~ Since
y ([0, 1]) has Minkowski content 1, the typical number of the dyadic squares with side
length 2~M that intersect y ([0, 1]) is comparable to 24M Given one of such square,
the probability that it belongs to the covering {Q; : t € [0, 1]} is small when M is
big by (4.18). So we can estimate the expectation of the second sum, and show that it
tends to zero as M — .
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