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Boundary Arm Exponents for SLE
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Abstract

We derive boundary arm exponents for SLE. Combining with the convergence of critical lattice models to SLE,
these exponents would give the alternating half-plane arm exponents for the corresponding lattice models.
Keywords: Schramm Loewner Evolution, boundary arm exponents.

1 Introduction

Schramm-Loewner evolution (SLE) was introduced by Oded Schramm [SchO0]] as the candidates for the scaling
limits of interfaces in 2D critical lattice models. It is a one-parameter family of random fractal curves in simply
connected domains from one boundary point to another boundary point, which is indexed by a positive real k.
Since its introduction, it has been proved to be the limits of several lattice models: SLE; is the limit of Loop Erased
Random Walk and SLEjg is the limit of the Peano curve of Uniform Spanning Tree [LSWO4], SLEj3 is the limit of
the interface in critical Ising model and SLE 3 is the limit of the interface in FK-Ising model [CDCH™ 14], SLE4
is the limit of the level line of discrete Gaussian Free Field [SS09] and SLEg is the limit of the interface in critical
Percolation [SmiO1]].

In the study of lattice models, arm exponents play an important role. Take percolation for instance, Kesten
has shown that [Kes87] in order to understand the behavior of percolation near its critical point, it is sufficient to
study what happens at the critical point, and many results would follow from the existence and values of the arm
exponents. To be more precise, consider critical percolation with fixed mesh equal to 1, and for n > 2, consider
the the event E,(z,r,R) that there exist n disjoint crossings of the annulus A,(r,R) :={we C:r < |w—z| <R},
not all of the same color. People would like to understand the decaying of the probability of E, (z,r,R) as R — oo.
It turns out that this probability decays like a power in R, and the exponent is called plane arm exponents. There
are another related quantities, called half-plane arm exponents. In this case, consider critical percolation in the
upper-half plane H, and for n > 1,x € R, define H,(x,r,R) to be the event that there exist n disjoint crossings of the
semi-annulus A (r,R) :={w € H: r < |w—x| < R}. After the identification between SLE¢ and the limit of critical
percolation on triangular lattice [Smi01], one could derive these exponents via the corresponding arm exponents
for SLEg [SWOL1]]:

P[E,(z,r,R)] =R %+ P[H,(x,r,R)] =R % () asR — oo,

where
o, = (n*—1)/12, o :=n(n+1)/6.

n

In this paper, we derive boundary arm exponents for SLE,. Combining with the identification between the
limit of critical lattice model and SLE curves, these exponents for SLE would imply the arm exponents for the
corresponding lattice models.

Fix ¥ > 4 and let 1 be an SLE in H from 0 to c. Suppose that y < 0 < & < x and let T be the first time
that 11 swallows the point x which is almost surely finite when k¥ > 4. We first define the crossing event Hp,_|
(resp. Ho,) that 1 crosses between the ball B(x, ) and the half-infinite line (—co,y) at least 2n — 1 times (resp. at
least 2n times) for n > 1. To be precise with the definition, we need to introduce a sequence of stopping times.
Set 1) = 09 = 0. Let 7| be the first time that 1 hits the ball B(x,€) and let o] be the first time after 7; that 1 hits
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(—oo,y). For n > 1, let 1, be the first time after 6, that i hits the connected component of dB(x,€) \ [0, G,,—1]
containing x + € and let o, be the first time after 7, that 1 hits (—oco,y). Define H,,_1(€,x,y) to be the event that
{1, < T}. Define Hy,(&,x,y) to be the event that {c, < T}. In the definition of Ha, 1(&,x,y) and Ha,(€,x,y),
we are particular interested in the case when x is large. Roughly speaking, the event H,,_;(€,x,y) means that N
makes at least (2n — 1) crossings between B(x, €) and (—eo,y). Imagine that 1) is the interface in the discrete model,
then H,—1(€,x,y) interprets the event that there are 2n — 1 arms going from B(x, €) to far away place. The event
Ho,(&,x,y) means that 7 makes at least 2 crossings between B(x, €) and (—oo,y). Imagine that 7 is the interface
in the discrete model, then A, (€, x,y) interprets the event that there are 21 arms going from B(x, &) to far away

place. See Figure[I.1|a).
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(a) This figure indicates Hy. The stopping times (b) This figure indicates Hy. The stopping times
T1 < 01 < T < 0» < T, are indicated in the figure. 01 < T1 < 03 < Tp < T, are indicated in the figure.

Fig. 1.1: The explanation of the definition of the crossing events. The gray part is the ball B(x, €).

Next, we define the crossing event Hy,, (resp. I-?zn+ 1) that 1 crosses between the half-infinite line (—eo,y) and
the ball B(x, €) at least 2n times (resp. at least 2n+ 1 times) for n > 0. Set 1) = 0p = 0. Let o} be the first time that
7 hits (—oo,y) and 7 be the first time after o} that 1 hits the connected component of dB(x, €) \ [0, 01] containing
x+¢€. Forn > 1, let 0, be the first time after 7,_; that 1 hits (—oo,y) and 7, be the first time after o, that 1 hits
the connected component of dB(x, €) \ n[0, 0,] containing x + €. Define Hy,(€,x,y) to be the event that {7, < T'}.
Define >, 1(€,x,y) to be the event that {c,,; < T}. In the definition of Ha,(€,x,y) and Ha,11(&,x,y). we are
interested in the case when x is of the same size as € and y is large. Roughly speaking, the event Hy,(€,x,y) means
that n makes at least 2n crossings between (—eo,y) and B(x,€). Imagine that 1 is the interface in the discrete
model, then H,, (&, x,y) interprets the event that there are 2n arms going from B(x, €) to far away place. The event
H,.1(€,x,y) means that 1) makes at least 2z + 1 crossings between (—co,y) and B(x,€). Imagine that 1 is the
interface in the discrete model, then H», .1 (&, x,y) interprets the event that there are 214 1 arms going from B(x, €)
to far away place. See Figure [I.1(b).

Note that in the definition of Ha,_; and H»,, we start from 7; and

Hoyp 1(gx,y)={t1 <01 << <1, <T}, Hylexy)={n<o<n<--<1,<0,<T}.
In the definition of H,, and FI2n+1, we start from o7 and
Hy(ex,y)={c1<ti <0< <1, <T}, Hyii(e,x,y)={01 <11 <0< <1, <0py1 <T}

The two sequences of stopping times are defined in different ways. Readers may wander why we do not define
the events using the same sequence of stopping times. We realize that the definition using the same sequence of
stopping times causes ambiguity. Therefore, we decide to define these events in the above way. The advantages of
the current definition will become clear in the proofs.
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We define the arm exponents as follows. Set & = 0. Forn > 1 and k € (0,8), define
o) | =n(dn+4—x)/k, o) =n(4n+8—k)/k. (1.1)
Forn > 1 and k > 8, define
o, =m—1)4n+x—8)/k, o) =n(4n+Kk—8)/x. (1.2)

Theorem 1.1. Fix x > 4. The crossing events Hy,_1(€,x,y) and Ha,(€,x,y) are defined as above. Then, for any
y<0<e<xandn>1, we have

PlHy- 1 (e,%,y)] = <xfy> S5 (13)
PlHan(e,x,y)] =< (xfy> () (14)

where the constants in < depend only on K and n. In particular, fix some & > 0, we have
P[Hyp—1(€,x,y)] < 80‘;’1*1, provided 6 <x<1/8,—-1/56 <y <0,

P[Hyu(€,x,y)] < 8“2+n, provided e <x<g/§,—1/6 <y< -6,

where the constants in = depend only on K,n and 8.

By a similar proof, we could obtain a similar result as Theorem for SLE(p) curve in the case that x
coincides with the force point. The exponents and a complete proof can be found in [Wul6bl Section 3], where
the conditions are loosen such that the force point may not be equal to x. One may also study the arm exponents
for k¥ € (0,4]. Whereas, when k < 4, the SLE curve does not touch the boundary, thus the above definition of
the crossing events is not proper for k¥ < 4. In Section ] we have Theorem .4 for the crossing events between a
small circle and a half-infinite strip, where the arm exponents are defined in the same way as in (I.1I). The proof of
Theorem [4.4] also works for SLE(p) when x coincides with the force point.

Theorem 1.2. Fix k € (4,8). Set & = 0. The crossing events Hy,(€,x,y) and Hay11(€,x,y) are defined as above.
For n > 1, define
0, =n(dn+Kk-8)/k, &, =n(dn+Kk—4)/x. (1.5)

Then, fory <0< e <xandn > 1, we have

P[Han(e,x,y)]x< a > ! (5)%’”, (1.6)

xX—y X

o, oL
P A (e,3,y)] = <x> (5)™ (1.7)

x—y X

where the constants in < depend only on K and n. In particular, fix some & > 0, we have
P [I:IZn,l(e,x,y)] = g%, provided e < x < €/0,—-1/6 <y< -6,

P[ﬁzn(e,x,y)] xea‘ﬁ, provided 6 <x<1/8,—-1/8 <y <0,

where the constants in < depend only on K,n and 6.
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It is worthwhile to spend some more words on the relation between ¢, and &, . In fact, we can also define the
crossing events H,(g,x,y) for k € [0,4] and k > 8. When k < 4, the SLE curve does not touch the boundary, thus
the exponent &, coincides with o ;. When & > 8, the SLE curve is space-filling, thus the exponent &, coincides
with o, |. Whereas, when k € (4,8), the exponent &, is distinct from o, in general. In terms of discrete model,
both @ and & interpret the boundary n-arm exponents, but their boundary conditions are different.

It is explained in [SWO1] that combining the following three facts would imply the arm exponents for the
discrete model: (1) Identification between SLE and the limit of the interface in critical lattice model; (2) The arm
exponents of SLE; (3) Crossing probabilities enjoy (approximate) multiplicativity property. For critical Ising and
FK-Ising model on Z? with Dobrushin boundary conditions, the convergence to SLE; and SLE 4 /3 Tespectively is
derived in [[CS12, ICDCH™14], and the multiplicativity is derived in [CDCHI3|. Therefore, we could derive the
arm exponents for these two models. See more details in [Wul6b, [Wul6a]. Moreover, the formula of Ocztl_l in
was predicted by KPZ in [Dup03} Equations (11.42), (11.44)].

Relation to previous results. The formula of ;" and o, for k¥ = 6 was obtained in [LSWOT,ISWOT]. The exponent
af’ is related to the Hausdorff dimension of the intersection of SLE with the real line whichis 1 — ocf' when k > 4.
This dimension was obtained in [ASO8]. The most important ingredients in proving Theorem [I.1]is the Laplace
transform of the derivatives of the conformal map in SLE evolution, which was obtained in [Law14]].
Acknowledgment. The authors acknowledge Hugo Duminil-Copin, Christophe Garban, Gregory Lawler, Stanislav
Smirnov, Vincent Tassion, Brent Werness, and David Wilson for helpful discussions. Hao Wu’s work is supported
by the NCCR/SwissMAP, the ERC AG COMPASP, the Swiss NSF. Dapeng Zhan’s work is partially supported by
NSF DMS-1056840.

2 Preliminaries

Notations. We denote by f < g if f/g is bounded from above by universal finite constants, by f = g if f/g is
bounded from below by universal positive constants, and by f < gif f < gand f 2 g.
Forze C,y e R,r > 0.

B(z,r)={weC:|lw—z|<r}, U=B(0,1);
For two subsets A,B C C,
dist(A,B) =inf{|x—y| : x € A,y € B}.

Let Q be an open set and let Vi, V; be two sets such that V; nQ %@ and V, nQ = (. We denote the extremal distance
between V; and V; in Q by dq (Vi, V), see [AhIL0, Section 4] for the definition.

2.1 [H-hull and Loewner chain

We call a compact subset K of H an H-hull if H\ X is simple connected. Riemann’s Mapping Theorem asserts that
there exists a unique conformal map gg from H \ K onto H such that

lim |gx(z) —z| =0.

|z| o0
We call such gk the conformal map from H '\ K onto H normalized at eo. The limit hcap(K) := lim|;|_,.. 2(gx (z) —2)
exists and is called the half-plane capacity of K.

Lemma 2.1. Fix x > 0 and € > 0. Let K be an H-hull and let g be the conformal map from H\ K onto H
normalized at o. Assume that
x> max(KNR).

Denote by y the connected component of HN (dB(x, €) \ K) whose closure contains x+ €. Then gk () is contained
in the ball with center gk (x + €) and radius 3(gx (x+3€) — gk (x+ €)). Hence gk (y) is also contained in the ball
with center gk (x + 3¢€) and radius 8eg (x + 3¢).
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Proof. Define r* = sup{|z—gx(x+€)|:z € gx(y)}. It is sufficient to show
r*§3(gK(x+3£)—gK(x—|—8)). 2.1
We will prove (2.1)) by estimates on the extremal distance:

dH(gK(Y)a [gK(x+38)a°°))'

By the conformal invariance and the comparison principle [Ahl10, Section 4.3], we can obtain the following lower
bound.

dri(8x(7), [8x (x+3€),%0)) = di\k (7, [x + 3€,0))
> dH\B(x,E) (B(X,S), [X—|- 38700))
= dH\U(Ua [3a°°)) = dH([_lvo]v [1/3a°°))'

On the other hand, we will give an upper bound. Recall a fact for extremal distance: for x <y and r > 0, the extremal
distance in H between [y,) and a connected set S C H with x € S C B(x,r) is maximized when S = [x — r,x], see
[AhlO6, Chapter I-E, Chapter III-A]. Since gx(y) is connected and gx(x+ €) € RN gk(y), by the above fact, we
have the following upper bound.

dyi(8x(7), [8x (x+3€),%0)) < du([gx (x+ &) — ", gk (x + €)], [8x (x + 3€), %))
= dg ([=r",0], [gx (x+ 3€) — gx (x +€),0)).

Combining the lower bound with the upper bound, we have

dH([_170]7 [1/3700)) < dH ([—}’*,O], [gK(x+38) _gK(x+8)’°°)) :
This implies (2.1)) and completes the proof. O

Lemma 2.2. Fix z € H and € > 0. Let K be an H-hull and let gg be the conformal map from H\ K onto H
normalized at o. Assume that
dist(K,z) > 16¢.

Then gk (B(z,€)) is contained in the ball with center gk (z) and radius 4€|gh (z)|.

Proof. By Koebe 1/4 theorem, we know that
dist(gx (K), gk (2)) > d :=4€|gk (2)]-
Let h = gi' restricted to B(gk(z),d). Applying Koebe 1/4 theorem to h, we know that
dist(z, 0h(B(g (2),d))) = d|h'(gk(2))| /4 = €.

Therefore h(B(gk(z),d)) contains the ball B(z, €), and this implies that B(gk(z),d) contains the ball g (B(z,€)) as
desired. O

Loewner chain is a collection of H-hulls (K;,z > 0) associated with the family of conformal maps (g, > 0)
obtained by solving the Loewner equation: for each z € H,

d8(z) = 20(z) =7z, (2.2)

g(z) =W’
where (W;,t > 0) is a one-dimensional continuous function which we call the driving function. Let 7, be the
swallowing time of z defined as sup{¢ > 0 : min,c(o |gs(z) —Ws| > 0}. Let K; := {z € H : T, <t}. Then g is the
unique conformal map from H, := H\K; onto H normalized at oo.
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Here we spend some words about the evolution of a point y € R under g,. We assume y < 0, the case of y > 0
can be analyzed similarly. There are two possibilities: if y is not swallowed by K;, then we define ¥; = g,(y); if y
is swallowed by K;, then we define Y; to the be image of the leftmost of point of K; "R under g,. The process ¥, is
decreasing in ¢, and it is uniquely characterized by the following equation:

e [ yzw, wzo
r =Y OYS_Ws’ t = Vi, - Y.

In this paper, we may write g;(y) for the process ¥;. Consider two points x > 0 >y in R. By the above fact, we have

t 2ds t 2ds
= x+ / — =y+ / —— <W < (%),
gi(x) =x 0 g5(x) — W, &)=y 0 2 (v)— W, 8:(y) r < &%)

Therefore, the quantity g,(x) — g;(v) is increasing in . We will use this fact in the paper without reference.

2.2 SLE processes

An SLE is the random Loewner chain (K;,z > 0) driven by W, = \/kB; where (B;,t > 0) is a standard one-
dimensional Brownian motion. In [RS03], the authors prove that (K;,7 > 0) is almost surely generated by a con-
tinuous transient curve, i.e. there almost surely exists a continuous curve 1 such that for each ¢+ > 0, H, is the
unbounded connected component of H\1[0,7] and that lim,_,c. |1 (f)| = co.

We can define an SLE,(p%; p®) process with two force points (x[;x®) where x& < 0 < xR. It is the Loewner
chain driven by W; which is the solution to the following systems of SDEs:

L R
prdt p"dt
dW; =/ xdB Wo =0;
t f I+‘/V[—‘/[L+‘/V[—‘/IR7 0
2dt 2dt
avb= 2 ybooky avk= 2 Rk,
Vie—W, Vi =W

The solution exists up to the first time that W hits VX or VR, When pX > —2 and p® > —2, the solution
exists for all times ¢ > 0, and the corresponding Loewner chain is almost surely generated by a continuous curve
which is almost surely transient ([MS12, Section 2]). There are two special values of p: k/2 —2 and k/2 — 4.
When p® > k/2 — 2, then the curve will never hits [x% o). When p® < k/2 — 4, then the curve will almost surely
accumulates at x¥ at finite time. See [Dub09, Lemma 15].

From Girsanov Theorem, it follows that the law of an SLE (p%; pR) process can be constructed by reweighting
the law of an ordinary SLE.

Lemma 2.3. Suppose x' < 0 < xR, define
M, :g;(xL)PL(PLH*K)/(“K) (W, _gt(xL))PL/K % g;(xR)PR(PRM*K)/(“K) (g:(x®) _WZ)PR/K
X (g (xR) — g, (xF) )PP/ %),

Then M is a local martingale for SLE and the law of SLE weighted by M (up to the first time that W hits one of
the force points) is equal to the law of SLE«(p%; p®) with force points (xt;xR).

Proof. [SW0S5, Theorem 6]. O]

Lemma 2.4. Fix kK >0 and v < x/2 —4. Suppose y < 0 < x. Let 1 be an SLE (V) in H from 0 to o with force
point x. Since v < K/2 — 4, the curve N accumulates at the point x at almost surely finite time which is denoted by
T. Then we have, for A <0,

E[(gr(x)—gr())"] = (=3,

where the constants in = depend only K,V and A.
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Proof. Since the quantity g,(x) — g/(y) is increasing in ¢, we have g7 (x) — gr(y) > (x—y). This implies the upper
bound. We only need to show the lower bound. To this end, we will compare 1 with SLE,(v) with force point
x —y and show that the law of (g7 (x) — gr(y))/(x —y) is stochastically dominated by a random variable whose law
depends only k, V. By the scaling invariance of SLE(V), we may assume x —y = 1.
Let 7] be an SLE(Vv) with force point 1, and define W,g,, T accordingly. Define V; to be the image of the

leftmost point of 77[0,z] "R under g,. Set

W

e -V
Define the stopping time 7 = inf{z : J; = —y}. Note that Jy = 0,J7 = 1 and J is continuous, we have that 0 < T < 7.
Given 70, 7], the process (7} (t +7),0 <t < T — 1), under the map

_ gr(Z) -W;
gc(1) = V¢’

has the same law as (1(¢),0 <t < T) after a linear time-change. Therefore, given 1[0, 7], we have

f(z)

T gr(x) —gr(y)-

Since g;(1) — V; > 1, we may conclude that the quantity (g7 (x) — g7 (y)) is stochastically dominated from above
by (87(1) — Vz). To complete the proof, it is sufficient to show

& [(gf(l) —VT)’L} >1, 2.3)
where P denotes the law of SLE(v) with force point 1. Define the event

F={g;(1)-V; <4}.
It is clear that ED[F ] is strictly positive and depends only on x and v, thus

~ ~ \A
E[(2r(1) - 77)*] = 44BIF).
This implies (2.3) and completes the proof. O

Lemma 2.5. Fix Kk >4 and v > k/2 —2. Suppose y < 0 < x, let 1 be an SLE (V) with force point x. For ¢ >0
small, define
G =inf{t () € (~eo]}, F={dist(n[0,0]x) > cx).

Then there exists a constant ¢ € (0,1) depending only on x and v such that, for A <0,
A - A
E[(80(x) o))" 16| = (x—1)*,
where the constants in = depend only on K,V and A.

Proof. Since the quantity g,(x) — g/(y) is increasing in 7, we have g5 (x) — g5(y) > (x—y). This implies the upper
bound. We only need to show the lower bound. We may assume that x —y = 1. We first argue that

E[(80(x) ~ g0 ] = (x =)™ 2.4

The proof of (2.4) is similar to the proof of Lemma Let 7) be an SLE(v) with force point 0. Define W, g
accordingly and let & be the first time that 7 hits (—o, —1). Let V; be the evolution of the force point. Define
y V, — W, .
J[:#, T::inf{t:][:x}.
Vi—&(-1)
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Given 1[0, 7], the process (7 (r + 7),0 <t < & — T) under the map
§:(z) — W,
Vi— gr(_ 1)
has the same law as (1(¢),0 <t < o) after a linear time change. In particular,

Vo —8s(—1) a
m = 8o (x) — 8o (y)-

Since V; — g;(—1) > 1, we know that (g4 (x) — g5(y)) is stochastically dominated from above by (Vs — g5(—1)),
thus

f(2)=

A =~ [/ ~ A
E[(g0(x) ~ 8o0))*] 2 B[ (Vs — 26 (-1))*] < 1.
This implies (2.4). Next, we prove the conclusion. By the scaling invariance of SLE (V) process we know that the

probability P[dist(n,x) < cx] only depends on c. We denote this probability by p(c). Since v > k/2 — 2, we know
that p(c) — 0 as ¢ — 0. Therefore, by (2.4), we have

1=E [(g0(x) ~ 80 0))*] <E[(20() — ()" 15| + p(c).

This implies the conclusion. 0

3 Boundary Arm Exponents for k > 4

3.1 Estimate on the derivative

Proposition 3.1. Fix ¥ > 0 and let 1 be an SLE in H from 0 to . Let O, be the image of the rightmost point of
K, NR under g,. Set Y, = (g1(1) — 0,)/g/(1). For € € (0,1), define

Te=inf{r: Y, =€}, To=inf{r:n(t) € [l,)}.
For A >0, define

1 1
_tia_ 2 _ 2
u(A) = (4= x/2)+ K\/4;</1+(4 K/2)2.
For b € R, assume that
KA —Kup(A) +8—2K < kb < kKA + kuj(A). 3.1
Then we have
E [(8%8(1) - er)l_bg%e(l)bl{fgdo}} = gtMTA=b, (3.2)

where the constants in < depend only on K and A, b.

Attention that, in Proposition[3.1} we use the stopping time 7 instead of 7, which is defined to be the first time
that 1 hits B(1, €). Due to Koebe 1/4 thoerem, these two times are very close:

Tae < e < Te/4-

Due to technical reason, we only prove the conclusion in Proposition for the time 7, but this is sufficient for
our purpose later in the paper.

Lemma 3.2. Fixx >0and v < x/2—4. Let 1 be an SLE (V) in H from 0 to « with force point 1. Denote by W the
driving function, V the evolution of the force point. Let O, be the image of the rightmost point of K, "R under g,. Set
Y, =(g,(1)—0,)/g/(1) and 6 (s) = inf{t : X, = e >*}. Set J, = (V; — O,) /(V; = W,). Let Ty = inf{t : n(t) € [1,0)}.
We have, for B > 0,

E 1,8 owem| =1, when 8+2v+ kB <2x, (3.3)

where the constants in < depend only on K, Vv, 3.
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Proof. Since 0 < J; <1, we only need to show the upper bounds. Define X; = V; — W,. We know that

vdt 2dt

) dV:77
W, —V, TV W,

dW, = \/EdBt +
where B is a standard 1-dimensional Brownian motion. By It6’s formula, we have that

—2J,dt
X2(1-J,)

X?

tm—J*@yv—z )m+§¢m&,dn—n
1

1

Recall that o(s) = inf{z : Y, = e~>}, and denote by X,J, T the processes indexed by (). Then we have that

—J . R - -
dch%:ij\W& dly=(k—v—4—(k—v—=2)J)ds+/kJ,(1—J;)dB;,

N

where B is a standard 1-dimensional Brownian motion. By [Law14, Equations (56), (62)] and [Zhal6, Appendix
B], we know that J has an invariant density on (0, 1), which is proportional to y!~8+2V)/x(1 — y)4/¥=1 Moreover,
since Jy = 1, by a standard coupling argument, we may couple (J;) with the stationary process (J;) that satisfies

the same equation as (J;), such that J; > J; for all s > 0. Then we get IE[JSLI3 |1 < ]E[J?B ], which is a finite constant
if 8+2v + kB < 2k. This gives the upper bound in (3.3)) and completes the proof of (3.3). O

Proof of Proposition[3.1] Let O; be the image of the rightmost point of 17]0,7] "R under g;. Define

_ 8:(1) -0

Y[ Jl‘ -

Set
M, = g/(1)VVH=R/GR) (0 (1) —W,)V/*, where v = —ku; (A).

Then M is a local martingale for 17, and from Lemma the law of 11 weighted by M is the law of SLE (V) with
force point 1. Set B = u;(A) 4+ A —b. Then we have

My = (g:(1) = W) gl (1) PP,
At time t = T; < oo, we have Y; = €, thus
A=b 1 b B * B B
E|(gz (1) =Wz )" 78 (1) 1{fs<To}] = e'R (Jr) Weearyy | < €7,

where P* is the law of SLE(v) with force point x and n*,J*, %}, T are defined accordingly, and the last relation
is due to (3.3)). ]

Remark 3.3. Fix k > 0 and let 1 be an SLEy. For x > & > 0, let uy(A) and b be as in Proposition By the
scaling invariance of SLE, we have

E (gf'g (X) . W‘Es )lfbg{z_s (x)bl{%€<To}} = (l)gul (l)+l—b’ (3.4)
where the constants in < depend only on x, and A ,b. Taking A = b =0, we have
. e\ N
P[Te < oo] < P[fe < o0] < (f) , where 0" =u1(0) =0V (8/k—1).
X

This implies that holds for n = 1.
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3.2 From2n—1to2n
Lemma 3.4. Fix K > 4 and let 1 be an SLEy. Fory <0 < x, define

o =inf{t: n(t) € (—wo,y]}, T =inf{t:n(t) € [x,00)}, F = {dist(n[0,0],x) > exl,

where c is the constant decided in Lemma For A >0, define

1 1
— _ _ —_7)\2
up(A) = K(1(/2 2)+ K\/4Kl+(l</2 2)2.
Then we have, for A > 0 and b < up (1),

B [g’c,(x)’l(g(,@ - Wc)b1{6<T}mF] 2 22 (x — )P,
E |:g/6('x)l (gG(-x) - Wg)bl{G<T}] S xuz(l)(x _y)b*uz(ﬂ,)’
where the constants in 2 and < depend only on k and A ,b.

Proof. Define
M, = g/ (x)"VHHR/GR) (g, (x) = W;)V/X, where v = Kkup(A).

Then M is a local martingale for ) and the law of ) weighted by M is the law of SLE(v) with force point x. By
the definition of u,, we can also write

My = g1 ()" (g:(x) = W)™

Thus
E [ (0 (80(x) = Wo ) Liger) | = MoE" [ (g5 (x) — g6 (1) "M 1 gy

*

where P* denotes the law of SLE,(v) with force point x and n*,¢*,6* and T* are defined accordingly. Since
v > k/2—2, the curve will never swallows x, thus 7* = co. Note that My = x*2(*), Therefore, proving the conclusion
boils down to showing

B (g5 (0~ 5 00) =P 1] 2 (=) =0, where F* = {dist(n°[0,0°).) > e} (3)
E" (g5 (x) ~ g5 ()" 2P| S (x =y, (3.6)
Equation is true by Lemma2.5] Since the quantity (g (x) — g/ (v)) is increasing in ¢, we have
(86 (x) =85+ (¥)) Z x— .
Combining with the fact that b — u» (1) < 0, we obtain (3.6). O
Remark 3.5. Taking A = b =0 in Lemma we have
Plo < T] = x(0).
This implies that ([I.6) holds for n = 1 with
a =u(0)=1-4/x.

Lemma 3.6. Assume the same notations as in Theorem Suppose that holds for 2n — 1, then holds
for 2n.
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Proof of Lemma Upper Bound. Let 1 be an SLE, and define
o =inf{t: (1) € (—ooy]}, T =inf{r:n(r) € [x,)}.

We stop the curve at time . Let 7] be the image of 1[0, o) under the centered comformal map f := g5 — Wo.
Then 7} is an SLE. Define H,,,_; for 1.

Given 1[0, o] with o < T, consider the event Hy,(€,x,y). Denote by ¥ the connected component of B(x,€) \
N[0, 6] whose boundary contains x + €. We wish to control the image of (—eo,y| and the image of y under f. We
have the following observations.

e Attime o, we have W = g5 (y), thus f(y) = 0.
e By Lemma[2.1] we know that f(7) is contained in the ball with center f(x+ 3¢) and radius 8¢ f/(x+ 3¢).

Combining these two facts, we know that, given n[0,0] with o < T, the event H,(€,x,y) implies the event
Hyp,—1 (8€f(x+3€), f(x+3€),0). If f(x+3€) > 8ef'(x+3¢), by the assumption hypothesis, we have

eg(x+3¢) ) %

<
]P)[HZH(er?y) ‘ 77[076}76 < T] ~ <ga(x+38) —ch

If f(x+3¢€) < 8ef'(x+ 3¢), the above upper bound is trivially true. Therefore, the above upper bound always
holds. Then
+ + +
P[Han(€,x,y)] S %1 E [glc(x+ 3e)%n-1(go (x+3€) — Wo) o 1{G<T}i| .

To apply Lemma 3.4] we only need to note that T is the first time that ) swallows x which happens before the first
time that 17 swallows x 4 3€. Note further that

ur (0, 1) = 0y, — O, (3.7)

Thus, by Lemma[3.4] we have

+ ot + X % e 0
Pl (e, )] €05 x5 (xy) o5 = () (5),
X—=y

This completes the proof of the upper bound. O

Proof of Lemma Lower Bound. Let 1 be an SLE and assume the same notations as in the proof of the upper
bound. Define F = {dist(n[0,0],x) > ce}, where c is the constant decided in Lemma 2.5 We stop the curve at
time 6. Let 7] be the image of 1[0, o) under the centered comformal map f := go — Ws. Then 7 is an SLE,.
Define H,,_; for fj.

Given 1[0, 0] with {o < T} N F, consider the event Hy,(&,x,y). We wish to control the image of (—eo,y] and
the image of dB(x, &) under f. We have the following observations.

e Attime o, we have Wi = g5 (y), thus f(y) = 0.

e On the event F, by Koebe 1/4 Theorem, we know that f(B(x,€)) contains the ball with center f(x) and
radius cf’(x)e /4.

Combining these two facts, we know that, given 1[0, o] with {c < T} NF, the event H,(€,x,y) contains the event

Hy, 1 (f'(x)ce/4, f(x),0). By the assumption hypothesis, we have
.

€85 (x) >%”‘1

P[H,, (€, x, 0,0],{c <T}NF] > —2o .

toe.x) 0.0l o < ThF) 2 (L Ee

Therefore,
+ + —aT
P[Ha(€,x,y)] 2 €51 | g6 (x) %1 (g6 (x) — Wo) az"*ll{ad}mF}-
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To apply Lemma we only need to note that x > € and the event F contains the event {dist(1[0, c],x) > cx}.
By (3.7) and Lemma [3.4] we have

.
2n &€ (thi
P[Hzn@,x,y)]zea%lx“z?-“z%(x—y)—%n:( . ) ()"

This completes the proof of the lower bound. O

3.3 From2nto2n+1

Lemma 3.7. Assume the same notations as in Theorem[I.1| Suppose that (I.4) holds for 2n with n > 1, then ({I.3)
holds for 2n+ 1.

Proof of Lemma Upper Bound. If € < x < 64¢, by the assumption hypothesis we have

x \ %
P[H2n+1(£,x,y)] S IP[HZH(g?x?y)] 5 <) P

xX—Yy
which gives the upper bound in (I.3) for 2n+ 1.
In the following, we assume that x > 64€. Let i be an SLE. Define T to be the first time that i swallows x.
For € > 0, let 7, be the first time that 1 hits B(x, €). Define O to be the image of the rightmost point of n[0,7] "R

under g;. Define
-0

Te = inf{z : % =¢€}.

gr(x)

We stop the curve at time Tg4¢. Let ] be the image of 1[Tg4¢, 00) under the centered conformal map f := 8t — Wiy
Then 7 is an SLE,. Define the event H,, for 7.

Given 1[0, Te4¢], consider the event Hy,(€,x,y). We wish to control the image of the ball B(x,€) and the
image of the half-infinite line (—eo,y) under f. We have the following observations.

e By Koebe 1/4 theorem, we know that fese < Ti6e. Combining with Lemma [2.2] we know that f(B(x, €)) is
contained in the ball B(f(x),4f(x)€).

e At time Tg4¢, there are two possibilities for the image of y under f: if y is not swallowed by 1[0, T4¢], then
f() = 84, (y) — W, is the image of y under f; if y is swallowed by 1[0, fe4¢|, then the image of y under f
is the image of leftmost point of 1[0, T64¢] "R under f, in this case, we still write f(y) = gz, (v) — Ws,,, as

explained in Section

Combining these two facts, we know that, given 1[0, Zs4¢], Han11(€,x,y) implies Ha, (41 (x)€, f(x), f(y)). By
the assumption hypothesis, we have

()= Wae \% [ ghu e )

A ~ 84\ X) — W4 8 %

PHon11(€,%,9) [ N[0, Toae], Toae < T] S ( e e > Gie .
" gi’64e (X) - g%64s (y) gf64g (.X) - Wfﬁ4s

For fixed x and y, the quantity g;(x) — g(y) is increasing in ¢, thus g;(x) — g:/(y) > x —y. Plugging in the above
inequality, we have

ot ot +_ ot +
P [H2n+1 (S,x,y)] S (X—y) a2118a2"71E |:(g’f64g (X) - W‘Z’64g)a2n azn—lg%_ﬁ“ (X)OCZIFI 1{%64€<T}i| .

By Proposition[3.1]and (3.4), we have

P o1 (8.2,5)] S (r—y) e a0 g (06106,
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Note that
01 = 1 (0,) + 06, (3.8)
Therefore .
o +
X €N Capti
Pl s (25) 7 (5)™
x—y X
which completes the proof. O

Proof of Lemma[3.7) Lower Bound. Let 1 be an SLE,. Define T to be the first time that 1) swallows x. For € > 0,
let T, be the first time that 1 hits B(x,&). We stop the curve at time 7. Let f] be the image of 1[7e,c0) under the
centered conformal map f := g, — Wy,. Then 7} is an SLE. Define the event H,, for 7.

Given 110, 7¢], consider the event Hy, 1 (€,x,y). We wish to control the image of the ball B(x, €) and the image
of the half-infinite line (—oo,y) under f. We have the following observations.

e Applying Koebe 1/4 Theorem to f, we know that f(B(x,€)) contains the ball B(f(x), f'(x)e/4).

e At time Tg, we have f(y) = g7, (y) — Wr,. Recall that if y is swallowed by 1[0, 7¢], then f(y) should be
understood as the image of the leftmost point of [0, 7¢] "R under f.

Combining these two facts, we know that, given 1[0, 7], the event H,,+ 1 (€, x,y) contains Hy,(f'(x)e /4, f(x), f(1)).
By the assumption hypothesis, we have

B o, / (x)&‘ %,
PHn [ade) 07 €]y V€ T > M) <g’r"3> : 3.9
[Hani1(€,%,5) [ [0, Te], 7e < ]~<grg(x)_g%(y) 2o (X) — Wa, G2

For t > 0, let O, the image of the rightmost point of 17[0,#] "R under g,. Set

gi(x) =0y J = gi(x) =0y

= , Ji= .
e T s W,

Define
M, = g} (x)" VTR0 (o () —W,)Y/F, where v = k(a5 — 04, ) < K/2— 4.
Then M is a local martinagle and the law of 7 weighted by M becomes the law of SLE, (V) with force point x. By
(13.8)), we have
v(v+4—kK)/(4K) = a5,
The local martingale M can be written as
+ ot + ot
My = g1(x) 51 (g0 (x) — W) ™ %1 = g (x) %1 (g (x) — Wy) ™ O Y, 2ot et g =

At time t = 7. < T, by Koebe 1/4 Theorem, we have T, < €. Since J; < 1, we have

My %1% < g (x) %1 (g, (x) — Wy, ) %n~ %1
Combining with (3.9) and My = x%:~%u+1, we have

P[Hans1(2,%,y)] 2 €% 1x B | (g7 (x) — g5 ()) ™1 ey

where P* denotes the law of SLE(Vv) with force point x and g*, 7}, 7" are defined for n* whose law is P* accord-
ingly. Since v < k/2 —4, the curve accumulates at the point x at almost surely finite time 7*, thus {7; < T*}
always holds. To complete the proof, it is sufficient to show

* * * - tl —of
E* (g5 () g )] 2 (x—9)7%. (3.10)
Since the quantity g (x) — g/ (y) is increasing ¢, we know that

x—y < gee(x) — g5 (v) < g7+ (x) — 87+ ()
Combining with Lemma 2.4} we obtain (3.10) and complete the proof. O



4 Boundary Arm Exponents for k < 4 14

3.4 Proof of TheoremsT.1and[1.2
Proof of Theorem Combining Remark [3.3|and Lemmas [3.7)and [3.6]implies the conclusion. O
Proof of Theorem|[[.2] We have the following observations.

e By Remark[3.5] we know that holds forn = 1.

e By the same arguments in Section we could prove that, assume holds for 2n — 1 with n > 1, then
(I.7) holds for 2n where (3.8) should be replaced by

0y, = ui (65, )+ 05,

e By the same arguments in Section[3.2] we could prove that, assume (1.7)) holds for 2n with n > 1, then (L.6)
holds for 2n+ 1 where (3.7) should be replaced by

Combining these three facts, we obtain the conclusion. O

4 Boundary Arm Exponents for xk < 4

4.1 Definitions and Statements

In this section, we assume k € (0,4], let 1 be a chordal SLE curve, and let g, be the corresponding Loewner maps.
Since 17 does not hit the boundary other than its end points, H, and A, defined in Section are empty sets. So we
need to modify their definitions.

For y € R and r > 0, we define half strips:

Ly, ={zeH:3:<rnRe<y}, L, ={zeH:3z<rRz>y}

and write L = L.

A crosscut in a domain D is an open simple curve in D, whose end points approach boundary points of D.
Suppose S is a relatively closed subset of H such that dSNH is a crosscut of H. Then we use Qﬁ S (resp. di S) to
denote the curve dSNH oriented so that S lies to the left (resp. right) of the curve. For example, d Ly, 1s from y
to oo; and for x € R, dj; B(x,r) is from x — r to x + .

Let&;:[0,7;] - C, j=—1,1,and n : [0,7) — C be three continuous curves. For j = —1, 1, define increasing
functions R;(r) = max({0} U{s € [0,T;] : &;(s) € n([0,7])}) forz € [0,T). Let 79 = 0. After 1, is defined for some
n>0, we define 7,1 =inf{t > 7, : (t) € §_ 1yt (R(_1)r+1 (T), T(_1ynt1)) }, Where we set inf@ = co by convention,
and if any 7,, = oo, then 7, = oo for all n > ny.

Definition 4.1. [f 7,, < o for some ny € N, then we say that | makes (at least) ng well-oriented (§_1,&))-crossings.

Remark 4.2. The above name comes from the fact that the orientation-preserving reparametrizations of £1,E_1,1M
do not affect the event.

Definition 4.3. Let x >y, x > 0, and € > 0. Let | be an SLEy in H from 0 to o. Define H}, |(€,x,y) to be the
event that ) makes at least (2n— 1) well-oriented (dg B(x,€), 0y L; )-crossings. Define H3, (€,x,y) to be the event
that ) makes at least 2n well-oriented (dy Ly , 95 B(x,€))-crossings. Note that in either event, the last visit that
counts is at the half circle dg B(x, €).

The theorem below is our main theorem for k¥ < 4. The function ¢ will be defined later in |i and ¢®) is the
k times iteration of ¢. The following estimate is useful to have a sense of ¢ ®):

X

¢<k>(x)z§, if x > 6k + 3. (4.1)



4 Boundary Arm Exponents for k < 4 15

Theorem 4.4. Let O‘2+n and O‘zJ;fl be defined by . We have the following facts.
(i) If (€,x,y) satisfy 2" *e < ¢2"=2) (x —y), then

P [H” ] < vatl—Z_az;:—l Sa;n—l 42)
E,X, ~ . .
2n71( y) H?;i ¢(2"*21*1)(x—y)a2+f_a2+f’2

If (&,x,y) satisfy 2" 'e < >~V (x—y), and € < x, then

ot +
PHE (ery)] S — o € (43)
Hl}:l ¢(2n72j) (x _y)azj_azj'—z

Here the implicit constants depend only on k,n.
(ii) For any R > 0 and n € N, there is a constant C, g depending only on K,n,R such that

P [HZ,_ (€,x,y)] > Co- 1Rx°‘2” % 1g%1| provided € < x,and € < x—y <R, 4.4)
P[H3,(€,x,)] > Can Rx ~%1g%1 provided € < x <x—y <R. 4.5)

Remark 4.5. Using , we see that, if x —y > 12n and 2°"€ < x —y, then

0, +
P [Hé;fl(s,x,y)] S <X> 2 (g)azn,l

x—y X

and

PHZ, (&, x,)] S ( - )% (8)“5”.

X—Yy

So we get the same upper bound as in the case Kk > 4.

4.2 Comparison principle for well-oriented crossings

Let D be a simply connected domain. We say that 17 : [0,7) — D is a non-self-crossing curve in D if n(0) € 9D,
and for any 7o > 0, there is a unique connected component D;, of D\ 1[0, 1] such that 1(z + -) is the image of a
continuous curve in U under a continuous map from U onto Dto, which is an extension of a conformal map from U
onto D;,. For example, an SLE curve is almost surely a non-self-crossing curve.

Lemma 4.6 (Comparison Principle). Let D be a simply connected domain, and 1 be a non-self-crossing curve in
D. Let éj,éj :(0,1) = D, j = —1,1, be crosscuts ofD Let (1,) and Rj(t), j = —1,1 be as in the definition of
oriented crossings for N and (E_1,&;). Let (%,) and R;(t), j = —1,1, be the corresponding quantities for 1 and
(é,l , él) Assume the following. See Flgure

(i) For j=—1,1, éj disconnects §; from both &_; and é,j in D; the distance between é,l and él is positive;
and &_y disconnects §_y from 1(0) in D. Here we allow the possibility that §; touches &;j, or n(0) € &_;.

(ii) If g, = 5 1y (R( 1yt (Tn) oré‘ 1yt (1) for some to > T, then for any € > 0, there is t| € [to,to+€) such
thatm () € 5 (=1)nt! ((R( yrt (T0),1)).

(iii) There is a closed boundary (prime end) arc I of D with end points §;(1) and E_1(1) such that éj(l) el
j=—1,1, andnNI=0.

A

If N makes ng well-oriented (_1,&)-crossings, then it also makes ny well-oriented (é,l, &1)-crossings.
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Fig. 4.1: The figure illustrates the definition of well-oriented crossings as well as the conditions of
Lemma.6] The curve 1) totally makes 2 well-oriented (&_;,&; )-crossings and 5 well-oriented
(E_1,&)-crossings. The times 7;, 1 < j<2,and 75, 1 < j <5, are indicated in the figure.

Remark 4.7. The assumption that 1 is non-self-crossing forces N (7, + ) to stay in the closure of the remain-
ing domain Dr,. We need assumption (iii) to prevent N (T, + ) to sneak into the region bounded by the crosscut
é(il>n+l((1}é(71)n+l(fn), 1)) of Dy, through one of its endpoints without hitting the crosscut. This assumption is
certainly satisfied if ) is an SLE curve.

Proof. Suppose n makes ny well-oriented (&_;,&;)-crossings. Then T,, < . We will show that %, < 1, for
0 <n < ny. Especially, the inequality %,,, < oo is what we need.
First, we have 7 = £y = R_; (0) = 0. From assumptions (i) and (ii), we have

fi=inf{r > 0:1(t) € E_1((0,1))} <inf{t > 0:n(r) € E_1((0,1))} = 71.

Suppose we have proved that %, < 7, for some n € {1,...,n0 — 1}. Then n(7,) € §_)», and for every € > 0,
there is ¢ € [Ty41, Tor1 + €) such that (1) € &y ((R_1yn+1(Ta), 1)). Let Dy, be the connected component of
D\ n([0,7,]) such that n[z,,0) C Dg,. Then §_ i ((R_1y1(T), 1)) is a crosscut of Dy, since it belongs to

D\ n([0,1,]) and is visited by 7 after 7,. From assumption (iii) we know that é(,l)m ((Ié(,l)m (14),1)) is also
a crosscut of D, . Since Dy, is simply connected, this crosscut disconnects fj(_ 1)+l ((R(_l)n+l (10),1)) from 7z, in
D;,. From assumption (ii), we have

inf{t > Ty T](I) S é(_])n+l((é(_1)7z+l (Tn), 1))} < il’lf{l > Tyt T](l) S é(_])nﬂ((k(_l)nﬂ (Tn), 1))} = Ty+1-

Since %, < 1, and Ié(_l)m (t) is increasing, we get Ié(_l)m (1) < Ié(_l)m (7n), and so

A

%n-&-l = inf{t > Ty n([) S é(_])n+l((k(_])n+l(%n)7 1))} < inf{t > Ty T](l) € 5(_])n+1((é(_1)n+l(fn), 1))} < Tpt1-
By induction, we conclude that £, < 1, for all 0 < n < ny, as desired. O

Remark 4.8. The lemma also holds if we do not assume that &_| and & | are crosscuts of D, but assume that they
are the same curve in D.

4.3 Estimates on half strips

Given a nonempty H-hull K, Let ax = min(KNR) and bx = max(KNR). Let K4 = KU [ax,bx]U{Z:z € K}. By
Schwarz reflection principle, gk extends to a conformal map from C\ K" onto C\ [ck,dk] for some cx < dg € R,
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and satisfies gx(Z) = gk (z). From [Zha08|, (5.1)] we know that there is a positive measure g supported by [ck, dk]
with total mass | x| = hcap(K) such that,

fx(2)—z= /Z__lxduK(x), 7€ C\ [ck,dk]. (4.6)

For xo € R and r > 0, let B' (xo,r) denote the special H-hull B(x,r) NH. If an H-hull K is contained
in B (x0,r), then hcap(K) < hcap(§+(x0,r)) = r? by the monotonicity of half-plane capacity, and [ck,dk] C

[c§+ (o)’ dp+ o, r)] = [xp — 2r,x0 + 2r] by [ZhaO8| Lemma 5.3].

Lemma 4.9. Let xop,y € R and R,r > 0. Suppose K is an H- hull and K C B .k Then the unbounded connected
component of gk (Ly., \ K) contains L, , for y' = min{xo — 2R — ,y —5}tandr =r/2.

Proof. Let z € L;;r, Since Rz < xo — 2R — 2& and [ck,dk] C [xo — 2R, x0 + 2R], we have ]z —x| > 2—Rz for any

x € [ck,dk]|. From (4 and |tk | = heap(K) SRZ, we get | fx (z) —z| < 5. Since Rz <y’ <y— 1, we get ERfK( ) <
Since 0 < 3z < ¥ =r/2, we get 0 < Sfx(z) < r (fx maps H into ]HI) Thus, we conclude that fx(Ly..) C Ly_;r.

Since fx(L..) is an unbounded domain contained in [\ K, and gx = fx ', we get the conclusion. O

Vs
Now Ly, is not an H-hull since it is not bounded. But we will still find a conformal map from H onto H\ Li;,.

By scaling and translation, it suffices to consider L, = L, ;. We will use the map fq (z) = V72 — 1 for the half
open line segment (0, ], and the map f§+(0 0 for the unit semi-disc. Recall that fE* *1(0 N (z) = g5+ (0.1)(Z) =z4 %

Lemma 4.10. Ler f; - (2) = fl0,1(z) +1og(f5 (071)(2z)), where the branch of log is chosen so that it maps H onto
{0 <3z < }. Then J1; maps H conformally onto H\ L, and satisfies Jig (z) =z+10g(2z) + O(1/z) as z — oo,
ande—(l) =0, fL—(—l) = Ti.
Proof. We observe that z — log( T 0 (21)) is a conformal map from H onto L, which takes 1 and —1 to 0 and 7i
respectively; and fo; isa conformal map from H onto H\ (0, ], which takes both 1 and —1 to 0. So the fLS defined
by the lemma satisfies f; - (1) =0.f.-(—1) = 7. Asz— o, fg(z) =2+ O0(1/z) and f§+(071)(2z) =2z+4+0(1/z).
So log(f?(OJ)(Zz)) =log(2z) + O(1/7?) as z — c. Thus, s (2) = 2+10g(22) + O(1/z) as 2 — oo.

It remains to show that f; - maps H conformally onto H\ L, . It is easy to see that Ji; maps (1,00) into (0,00).
By Schwarz-Christoffel transformation, it suffices to show that f£6 (z) = gf—% Let g(z) = g+ o.1) (2)/2=%4 2
and f = g~ !'. Then log(fg ( 7)) = log(f(z)). We find that \/g(z)>2 —1 = 5 - iz and g'(z) = 1 — 2—;2 So

g(2)?—1=2¢'(2) = J]:/(( (()))) which implies that f W \/7 From this we get - log(fB (0,1) (22)) = f,((zz)) =

Z+

7721_1 - Since fy 1(z) = 5= we have fLS (@)= A=+ \/sz = , as desired. O

Define f;-(z) = fLS (z—y) +y, which maps H conformally onto H\ L;, and let g;- = fL?I. We will use

hm(z,D;V) to denote the harmonic measure of V in a domain D seen from z, i.e., the probability that a planar
Brownian motion started from z € D hits V before dD\ V.

Lemma 4.11. For any y,m € R, and any boundary arc I C d(H\ L;’), we have limy_,o h-hm(m +ih,H\ L; ;1) =
81, (I)|/®, where |- | is the Lebesgue measure on R.

Proof. From conformal invariance of the harmonic measure, we have
hm(m +ih,H\ L; ;1) = hm(g, - (m +ih),H; g, (I).
Since |f;-(z) —z|/[z] = 0 as |z| — oo, we get [g, - (z) —z|/|z] — O as |z] — 0. From this we get

}}gn hm(gL; (m+ih)7H;gL; (I))/hm(m—i—ih,]HI;gL; (1)=1.

Since lim ;o h-hm(m +ih,H; g, - (1)) = [g,-(I)|/ 7, the proof is now finished. O
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We will use hm(eo, H\ Ly 1) to denote limy, o0 7T - h-hm(m + ih, H\ L ; 1), which equals |g; - (/)| by the above
lemma. For example, we have hm(eo, H\ L;; [y,y +i7]) = 2, and

hm (oo, H\ Ly s [y,]) = 81, (V) =81, ) =81, 0/ =y) =1, Y =

Note that x — f; - (gL6 (x) —2) is a homeomorphism from [ i (3),00) onto [0,00). Now we define

o) = { fio (81 () =2), ifx> f-(3); )

0, ifx< f,(3).

Lemma 4.12. Let xo,yo € R. Let K be an H-hull such that xo > bx = max(K NR). Let y denote the unbounded
component of dL; \ (RUK). If xo —yo > i (3), then there is yi € R such that gk(y) C Ly, and gk (xo) —y1 >

¢ (xo — yo)- |

Proof. Let L be the unbounded component of Ly \ K. Let y; = supR(gx(y)). From lb we see that gx = fic'
decreases the imaginary part of points in H. So we have gx(y) C L.

Let x| = gk (xo). First, we prove that x; > y;. Choose z; € gx(y) such that y; = Rz;. Suppose x; < y;. Then
z1 ¢ R for otherwise z; is the image of YN dK under gg, which must lie to the left of the image of xo. Let 7,
denote the vertical open line segment (y;,z;). It disconnects x; from oo in H\ gg(L). Thus, fx(7;) is a crosscut in
H\ (K UL), which connects fx(z;) € v with fx(y1) > xo, and separates xo = fx(x;) from oo in H\ (KUL). Then
for big h > 0,

hm ik, H\ (K UL); fx (%)) = hm(ih, H\ L; fi (%)) > hm(ih, H\ Ly, ; fic (%)) > hm(ib, H\ Ly, o, %)) (4.8)

Here the equality holds because fx(7,) disconnects K from oo in H \ L (here we use the fact that L is the unbounded
component of L, \ K); the first inequality holds because H\ L; C H\ L; and the second inequality holds because
fx (%) disconnects [yo,xo] from oo in H\ L, .

From conformal invariance of harmonic measure, H\ gx (L) D H\ L;,

y»and % C [Vi,y1 +im], we have

hm(ih, H\ (KUL); fk (%)) = hm(gk (ih), H\ g (L); 1) < hm(gk (ih),H\ Ly ; [y, 1 + ix]).

Thus,
hm(ih, H\ Ly ; [yo,%0]) < hm(gk (ih), H\ Ly 5 [y1,y1 +im]).

Combining the above inequalities with (4.8) and letting 7 — oo, we get
hm(°°7H\L;0’ [yO,XO]) < hm(°°7H\L;1 ; [ylayl +lﬂ])

Then we get 8L, (xo —yo0) — 1 < 2, which contradicts that xo — yg > ng (3). Thus, gk (x0) = x1 > yi.
Finally, since fx([y1,z1]U[y1,x1]) disconnects K from e in H '\ L, and disconnects [yo,xo] from eo in H\ Lj,
we get
hm (oo, H\ L; ; [vo,X0]) < hm(eo, H\ Ly ; [y1,y1 +im] U [y1,x1]),

which implies that g; (xo—yo)—1<2 +8r; (x1 —y1) — 1. So the proof is finished. O

Let K;, 0 <t < ty, be chordal Loewner hulls driven by W,, 0 <t < 3. Recall that every K; is an H-hull with
hcap(K;) = 2t. From (2.2) it is easy to see that

sup{Rz:z€ Ky} <max{W,:0<t <1y}, sup{Sz:z€K,} < /4. 4.9)
From [LSWOI|, Theorem 2.6] and [Zha08, Lemma 5.3], we know that

W,e[c,qo,d,%], 0<r <. (4.10)
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Lemma 4.13. Let R=L; NL} for some x <y € R. Then cg > x —2.

Proof. Letm = (x+y)/2. Then R is symmetric w.r.t. {Rz = m}. So gg(m+im) = m. By conformal invariance and
comparison principle of harmonic measures, for any & > 7, we get

h-hm(gg(m+ih),H; [gr(x+in),m]) = h-hm(m+ ih, H\R; [x+ in,m + ir])
<h-hm(m+ih,{3z> n};[x+im,m+in]) = h-hm(m+i(h— x),H; [x,m]).

Letting h — oo, we get m — gr(x+im) < m—x, and so gg(x+im) > x. Similarly,
h-hm(gr(m+ih),H; [gr(x),gr(x +im)]) = h-hm(m + ik, H\ R; [x,x +ix]) < h-hm(m+ ik, H\ L; [x,x + ix]).

Letting /1 — oo, and using Lemma [4.11] (applied to right half strips) and (gg(m + ih) — (m+ih))/h — 1 as h — oo,
we get gr(x+im) — gr(x) < 2. Thus, cg = gr(x) > gr(x+im) —2>x—2. O

Lemma 4.14. Let to = 1> /4. We have Ky,NL, #0ify> min{W; : 0 <t <1y} +2.

Proof. Letl =min{W, : 0 <7 <t} and r = max{W; : 0 <7 <1y}. From (4.9), we know that K;, C L,. Suppose
Ky, NL, =0 for some y >/ +2. Then K;, CR:= L;r N L, . From [Zha08, Lemma 5.3], we get [CK,O ,thO] C [cr,dR].
From the above lemma, we get CK, > cg > y—2 > [, which contradicts 1i So the proof is finished. O

The above lemma means that, if min{W, : 0 <t < n?/4} < y—2, and if (W;) generates a chordal Loewner

. . 2
curve 1, then 1 visits L, before T

4.4 Estimate on the derivative
Proposition 4.15. Assume the same setup as that in Proposition[3.1|except that is replaced by

4b > (A —b)(kA — kb +4 —K). 4.11)

Let ¢ be the first time that |n(t) — 1| < €. Then we have

E [(85,(1) = We) "85 (1)1 gy | = £ P#40, (4.12)
where the constants in < depend only on K,A,b.

Proof. Let X; = (g:(1) —W,)’l_bgg(l)bl{KTO} and B =u;(A) +A —b. First, 1' implies 1| and f > 0. By
Proposition [3.1] we have

E [Xe(e)Lz(e)<mp] = €
From (@.11)), we straightforwardly check that X; is a super martingale using It6’s formula. In fact, if the equality in

(4.11) holds, then X, agrees with the local martingale in Lemmawith pl=0,xR =1, and pR = k(A —b). Also
note that g} (1) is decreasing. Thus, from %, < 7., we get

E [Xe(e) Lete)<my) < E [Xee) e <my] =< €P-
To prove the reverse inequality, we follow the proof of Proposition [3.1]to get
E [Xe(e) L (s(e)<ry}) = EPE[P] > &P,

using Yz, <x€,0<J,<land 8 >0. O
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4.5 Proof of Theorem

Proof of TheoremH{.4] From Remark[3.3] we have (4.2)) and (4.4) for n = 1.
From 21— 1 to 2n: Suppose (4.2) and (4.4) hold. Let & be the hitting time at L, .
upper bound. If y > 0, then we use the estimate

T + o +
x%n—2"%n—1 g%p—1 x%n = %p—1 gOp—1

n—1 3 (2n—2j—1) o —a = n (2n—2j) o0,
[T= ¢ 77D (x—y) i [Tj=1 ¢ D(x—y)"2i= %2

PHz, (&, x,y)] <PHz, (€,x,y)] S

where the last inequality follows from ¢ (2"=2=1) (x —y) > ¢ 2) (x —y), x > x—y = ¢ (x—y), and 062+j > 062+j72.

So we get (4.3).

If y <0, then n(0) € dy Ly, and the righthand side of 1[0, 6] disconnects the union of [Rn(c),0] and the

righthand side of the line segment [Rn(o),n(o)] in H\ [Rn(oc),n(oc)]. From the comparison principal and
conformal invariance of harmonic measure, we get

hm(ee, H\ [0, 6]: RHS of 1[0, 6]) > hm(es, H\ (1[0, 6] U [%7 (6,7 (0)]):RHS of 1[0, &)
>hm(oo, 2\ [%7(6),1(0)]:[%t1(5),0]U RHS of (%7 (), n(0)]).

Since Rn (o) <y, we get
8o(x) —Wo =x—y. (4.13)

The following local martingale is similar to the one used in the proof of Lemma [3.4] (recall (3.7)):
M; = |g/(x+3¢) — Wt|a2+"_a2+”*'g; (x+ 38)0‘;«—1 .

The law of 1 weighted by M, /M is SLE(k;V) with force point at x + 3¢, where v = (o, — o), ;). Let E*
denote the expectation w.r.t. this SLE(k; V) process. Let € = 4(go(x+3€) — go(x+€)), x; = go(x+ 3€), and
y1 = sup{Rgs(z) : z € dFL, }, where we use Jg L, to denote the remaining part of dy; L, at time ¢ in the positive
direction, i.e., the unbounded component of d Ly \ n[0,0]. Then g5(dgL; ) C L;,. From Lemma the go-
image of the remaining part of d; B(x,€) at time & in the positive direction (which touches x + €), denoted by
05 B(x,¢€) is enclosed by df B(x1,€;). From , we get

g <8 <2 leg< (D(Z"*l)(x—y) <x—y<x;—Ws.

This means that d; B(x, € ) disconnects W from go (95 B(x, €)). From Lemma}.12] we have x; —y; > ¢(x—y) >
2*e > £1. So we may apply Lemrna and use DMP of SLE to get

PlH3,(€,x,y)n[0,0]] < H7, _(&1,x1 = Wo,y1 — Wo).
We assumed that (g,x,y) satisfy 2"~ 'e < ¢(>*~1) (x —y). Since g/, < 1 on R\ K5, we have & < 8¢. So we get
2Sn—4g < 25 lg < ¢(2n—l)(x_y) < (P(zn—z)(x1 “3).
This means that (€;,x; — Ws,y; — Wy ) satisfy the conditions for . From the induction hypothesis, we get
PHE, (81,51~ Wo,y1 — Wa)] S fulxt — 1) — Wo) Sty
<l = 1) (8o (x+ 3€) = Wo) “r-2~%1 (gl (x + 3e)e) -,

where f,(x; —y1) is the factor coming from the denominator of (4.2)), and the last inequality follows from 0 <
go(x+3€) —go(x+€) <go(x+3e)— Vs <3gs(x+3¢)eand o), |, ;| >0.Sowe get

PIH], (€,x,y)] = E[P[HE,(¢,x,y) [0, 0]]] < E[HE,_, (&1, %1 — W, y1 — Wo)]
<fulxr —y1)E%1E[(g (x+3€) — W) %2 %1 gl (x+3€)%n-1]
<0 @ (x —y)E% Mo [(g0 (x+ 38) — Wo) -2 %]
<fro@(x—y)(x— )2 % (x4 3g) B 1,
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where in the second last inequality we used x; —y; > ¢(x —y), and in the last inequality we used o, , < 06 |

and (#.13). Since € <x, we get (4.3).

Lower bound. We use the local martingale (similar to the one above):
My = g1(x) -1 gy (x) — W | 0™ %1,

The law of 1 weighted by M, /M, is SLE(k; V) with force point at x, where v = k(o) — o ;). Let E* and P*
denote the expectation and probability w.r.t. this SLE(k; V) process.

Fix R > 1> 0 > 0 and suppose x —y < R. In the proof below, we use C to denote a positive constant, which
depends only on k,n,R, 8, and may change values between lines. Let F(8) denote the event that n [0,6] C B(0, §),
7N does not swallows x at o, and dist(1[0,5],x) > &x. Suppose F(8) occurs. From Lemma 9, the image of the

unbounded connected component of L, \ 1[0, o] under g contains L, 5 fory:= =min{y— 7% —% - 62 }. Assume

that € < %. From Koebe’s distortion theorem, the g5-image of J; B(x, 8) encloses df B(x1, 81), where x| = g5(x)
and € = 5g5(x)e. Let x = 2(x; — Ws), y2 = 2(y; — W), and & = 2¢;. From DMP and scaling property of SLE
and Lemmal4.6] we get

P[ngl('g?x?y”n[oa 6]7F(5)] > H27€1—1 (82,)62,)72), if € < 6)6/2
From [Law05}, (3.12)], we get |x; — x| < %. So we have

3 & 2 2 5
—y < Yo T x4 S S V<R 4.14
y1 < max{x y+6+2’x+5+n52}_ +52 (4.14)
Let R, =2(R+ %) Then x; — y» < Ry, and R, depends only on R and 6. From the induction hypothesis, on the
event F(5), we have

PIHE, | (£2,32,y2)] > Cxs2 1801 Cgl ()1 (g (x) — Wig) B2~ %ot g1
Thus, if € < 6x/2, then

P[H3, (&,x,)] = E[P[H3,(g,x,y)|[n[0, 0], F(8)]] = E[1(5)H3, 1 (€2, x2,2)]
>Ce 1 E[1r(5)86 (1) %1 (80(x) — Wo) 2™ %1]
—Ce%n1 MyE* [1r(5) (g0 (%) — W) %2 %] > Cx%n %1 %1 P*[F(8)],

where we used g5 (x) — W5 <x; —y; <R+ % in the last inequality.

We now find some 6,C € (0,1) depending only on k,n,R such that P*[F(6)] > C. After choosing that &, the
constants C we had earlier also depend only on k,n,R. Let 1 be a chordal SLE(k, v) curve started from 0 with force
point x, and let W be the driving function. Since v > (5 —2) Vv 0 and x > 0, W is stochastically bounded above by
V/KB;, N never swallows x, and dist(1[0, ), x) > 0. Let Eyy denote the event that min{W, : 0 <t < x%/4} < —R—2
and max{W, : 0 <t < 7% /4} <R, and let Ep denote a similar event with \/kB, in place of W;. Then the probability
of Ey is bounded below by the probability of Ep, which is bounded below by some C; > 0 depending only on
K,R. When Ew occurs, from Lemmas and | we get 0 < 712/4 and N[0, 0] C [y,R] x [0,7] C B(0, 5%) for
0= gz + —. By the scaling property of SLE(K v) curve, we see that dist(17[0,0),x) /x is a positive random variable,
whose distribution depends only on k,n (but not on x). So there is 8, > 0 depending only on k,n,R such that the
probability that dist(1[0,e0),x) < &x is at most C;/2. Let § = 8; A &, and C = C;/2. Then P*[F(6)] > C. For
such 8, if € < 8x/2, then P[HF, (€,x,y)] > Cx%n =% 1g%1 Finally, if € > 8x/2, then by comparison principle,
we have

P[HZ (&,x,y)] > P[HE,(8x/2,x,)] > Cx%n > Cx%n %n1£%1

where we used € < x and a;;z—l > 0 in the last inequality. So we get lb as long as € < x.
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From 2n to 2n+ 1. Suppose (4.3) and (4.5) hold. We use the local martingale
+ ot + oyt
M, :g;(x)a;nﬂ(gt(x) 7‘%)&;’—&;“ :g;(x)oc;,fl(gt(x) 7‘/1/[)(1;1—0(;,711-?‘2”71 O‘2n+|Jto‘2n+| a2n717

which is similar to the one used in the proof of Proposition (recall ). The law of 1 weighted by M, /M is
SLE(k; V) with force point at x, where v = k(a;, — 0, ;). Let E* and P* denote the expectation and probability
w.r.t. this SLE(k; V) process. Let 7, be the hitting time at dgf B(x, r) for any r > 0. Recall that Y, < r.

Upper bound. First, suppose 6€ > x. Then we use the estimate

ot + o+ +
x%n ™ %u—1 gOn—1 x%n ™ %1 g%ont1

PlH3, 11 (€,%,y)] <P[H3,(€,%,y)] S

<
ITjy 6220 (x = y) %2 ™ [Ty 9Cn=2/=1) (x— y) 5%

where we used 062+j > Oﬂfj,z, 02D (x —y) < 922D (x—y), OCZJ;H > a,) |, and € 2 x. So we get .

Now suppose 6€ < x. Let 0 = Tee. Then Ng € I B(x,6¢). Let & = gl (x)e/(1—1/6), x1 = go5(x),
y1 = sup{Rgs(z) : z € IFL, }, where JFL, is the unbounded connected component of di L, \ n[0,0]. Then
g5(dFL; ) C L, because g5 decreases the imaginary part. From Koebe's distortion theorem, the image of Jjf B(x, €)
under g is enclosed by 8ﬁ B(x1,€1).

Since the semicircle dgf B(x,6¢) disconnects the union of [0,x) and the righthand side of 17[0,0) from oo in
H\ n[0, o], by the conformal invariance and comparison principle for harmonic measure, we have

hm(eo, H; [x — 12€,x 4 12¢€]) = hm(eo, H, 9 B(x,6€)) > hm(eo, H \ (0, 61; 9 B(x, 6¢))
>hm(eo, H\ n[0, c];[0,x] U RHS of [0, 6]) = hm(eo, H; [Wg,x1]).
Thus, x; — W5 < 24€. Since x; —y; > ¢(x—y) > ¢ (x —y) > 27" > 24¢, we get y; — W5 < 0. This means

that dy L;, disconnects Wy from g (dfL; ). Besides, since g5(x) € (0,1), we have x; —y; > €. So we may apply
Lemma[.6|and use DMP of SLE to get

P[H7,11(€,x,y)[n[0,0]] < Hj, (&1,%1 — W5, 1 — Wo).
We assumed that (£,x,y) satisfy 2%"¢ < ¢*) (x —y). Since g5, < 1 on R\ K, we have & < 4¢. Thus,
25n—2€1 < 25n8 < (P(Zn)(x_y) < ¢(2n—1)(x1 _yl)-

From Koebe’s 1/4 theorem, we get x; — Wy > 6g(x)e/4 > g'(x)e/(1 —1/6)> = €. This means that (&1,x; —
Wq,y1 — Ws) satisfy the conditions for (4.3). From the induction hypothesis, we get

N
P[H3, (€1,x1 = Wo,y1 —Wo)] S fulx1 —y1)(x1 —Wc)a;’_a;“‘«?fczw

n
+_

=1 = 31)8%1 (g (x) — Wo) ™01 g (1),
where f,(x; —y;) is the factor coming from the denominator of (4.3)). Thus,

]P[ngl(gvxvy)] = E[P[ngl(&xa)’)m[oacm < E[ng(ghxl _WGvyl _WG)]

+ ot +
Sa(xr = y1)% B[ (80 (x) — Wo ) ™ %1 g6 (x) %1
ijnO(P(x—y)ga;z—lxa;z_aztz—lg“l(azt,)+a2+»z_a;1—l :fno(l)(x_y)xazt,_a;t—lgaztwl

where we used Proposition[4.15] the scaling invariance of SLE, and ((3.8)). Then we get (4.2) for 2n+ 1.

Lower bound. We fix R, § > 0 and suppose x —y < R. In the proof below, we use C to denote a positive constant,
which depends only on k,n,R,d, and may change values between lines. Let 0 = 7. From Koebe’s 1/4 theorem,
the gs-image of dg B(x, €) encloses dj; B(x1, &), where x; = go(x) and & = gl;(x)&/4. Let F(8) denote the event
that 0 < oo, x is not swallowed at o, and 1[0, 6] C B(0, %) Suppose F(0) occurs. From Lemma the image of
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the unbounded connected component of L, \ 17[0, 6] under g, contains L;;% for y; := min{y — %, —% - %} Let

x2 =2(x1 —Ws), y2 =2(y1 — Ws), and & = 2¢;. From DMP and scaling property of SLE and Lemma we get
P[HZ,.1(&,x,y)|n[0,0],F(8)] > H3, (&2, %2,y2).
Using the same argument as around li we get xo —y» < Ry :=2(R+ %) From the induction hypothesis, on

the event F(§), we have

+_

+ +
]P)[Hgl(gz,xbyz)] >Cx,™ %=1 g;xln—l = Cglc(x)a;l*l (go(x)— Wc)a;’l_a;;lflga;lfl .
Thus,

]P)[H2751+1(87x7y)] = E[P[ngwl(g?xvy”n[076]7F(6)H > E[IF(é)HZZ(SvaZayZ)]
>Ce 1 E[1p(5)86 (1) 1 (8o (x) — Wo) ® %]

+ ot + ot
:CSO‘;"*IM()E*[IF@) g’Zn—l a2n+ng2n+l a2n—1] ZCxa;l_%zflga;*IP*[F(ﬁ)], (415)

where in the last inequality we used Y < €, J5 € (0, 1], and 0‘24;71 — (x;;l+1 <0.

We now find some 6,C > 0 depending only on k,n,R such that P*[F(38)] > C. After choosing that §, the
constants C we had earlier also depend only on x,n,R. Let 1 be a chordal SLE(k, v) curve started from 0 with force
point x. Since v < k /2 —4, the curve 7 goes all the way to x in finite time, and so is bounded. Moreover, 1 does not
swallow x before it reaches x. By scaling property, diam(n)/x is a bounded random variable, whose distribution
depends only on k,n. Thus, there are constants ;,C > 0 depending only on k,n, such that P*[F (8, /x)] > C. Then
we let 6 = §;/R. Since x <x—y < R, we have F(8/x) C F(6). Using such & and applying (4.15), we get

for 2n+1. O
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