MTH 132 Solutions to Foxam 1 October Tth, 2019

Standard Response Questions. Show all work to receive credit. Please your final answer.

1. Compute the derivatives of the following functions: (DO NOT SIMPLIFY)
(a) (7 points) f(x) = 2?cosz — v/x

Solution:

f'(x) = (a? cosz) — (%)’
1
=2z cost + x?(—sinz) — ~2~

4

N[N

T

(b) (7 points) g(z) = o=y

Solution:
Quotient Rule:

() tan(3z — 1) — z (tan(3z — 1))’
tan?(3z — 1))

_ (DtanBz —1) —= sec?(3z — 1) - (3)

tan?(3z — 1))

g (z) =

Product Rule: Write g(z) = x (tan(3z — 1))~!. Then,

g'(z) = () (tan(3z — 1)) + = ((tan(3z — 1)) ")
= (1)(tan(3x — 1))™' + x (—1) + z (tan(3z — 1))~ sec?(3z — 1)(3)
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2. (7 points) A snow ball melts so that its surface area decreases at a rate of 2 cm?/min. How fast is its
radius decreasing when the radius is 5 cm? (Include units.)

Solution:

Set S(t) = The surface area of the snow ball at time t.

Data: %(t) = —2 cm?/min

d
Question: d—;(to) =7 where 7(ty) =5 cm.

Relation between S(t) and r(t): |S(t) = 4mr?

as dr
Bty =smrn) (1)
,,,
a(to) 8mr(to) d—(fo)
<~ d
o
—2=8m(5) —(t)
r — :
%(to) = 20—7Tcm/mm

1
The radius is decreasing by 20m cm/min
T

3. (7 points) Using the Intermediate Value Theorem prove that the following equation has a solution

x4+ 1? = cosmx.

Solution:
Set f(z) = /r + 2% — cosmz.
f is continuous everywhere

f0)=—-1<0< f(1)=3

By The IVT, there must be at least one ¢ € (0, 1) such that f(c) = 0.
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4. Calculate the following limits or show that they do not exist:

r—1
a) (4 points) lim — =
(@) (4 points) lim ————
Solution:
i z—1 y z—1 vz2+3+2
1m ——————— = |1In .
=1 4/224+3 -2 2214/224+3-2 \Vz?2+3+2

i 2L -(M+2)

r—1 ;L‘Z — 1
1 1
—lim —— (Va2 +3+2) =5 -4=2
: . x(z?—4)
(b) (4 pomts) xli%l_ m =
Solution: For z — 2~ we know that |2? — 4| = —(2* — 4). Therefore

oz —4) . x(2?—4)

S8 T gy O )

ooz |22 — 4] o2~ —(a? — 4)

— lim 2 =2

z—2- —1

5. (6 points) Consider the function f(z) Use the limit definition of the derivative to show that

=2
I = Gy

T+ 1

. (Your calculation must include computing a limit.)

Solution: First lets simplify the difference quotient

fl@+h) - f(z) _ 2x+§h+1 — 2:1:1+1 _ (2z+1) — (2 +2h +1) 1
h h 2z +2h+1)2z+1) h
—2h —2

1
2z +2h+ 1)z +1) h  (2z+2h+1)(2z+1)

From here we can evaluate quickly

f'(z) = lim flet+h) - fl@) _ lim —2 —2 N
RS0 h w0 (2 +2h+1D)(22+1) 2+ 1)(2z+1) (2z+ 1)2
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6. Suppose you are on the moon and you shoot an arrow straight upward. Its height in meters after t
seconds is s(t) = —3t% 4+ 2t + 1.

(a) (2 points) Find the velocity at time ¢.

Solution:

v(t) = —6t 42

(b) (4 points) With what velocity (include units) will the arrow hit the ground?

Solution: Let’s first find when the arrow will hit the ground by solving s(¢) = 0.

324 2%t +1=0
(Bt+1)(1—t)=0

So t = 1 is the only positive time when arrow hits ground. Therefore

v(l) = —6+2 = —4m/s

7. (8 points) Find the equation of the tangent line to the curve defined by the equation

x sin(x +y) =y — 7| at the point (7, 7).

Solution: Taking the derivative (with respect to z) on both sides and then plugging in x = 7 and
y = m we get:

rsinfz+y)=y—m

sin(z +y) +xcos(x +y)- (1+9)=1v
sin(27) + weos(27w) - (1 +¢') = o/
T(l+y) =y
T=1y —my
™ o
1—7
Therefore an equation of the tangent line can be given by
y—m=——(x—m)
1—m
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Multiple Choice. Circle the single best answer. No work needed. No partial credit available.

8. (4 points) Given a continuous function f on (—oo,00) with f(0) =6, f(2) =1, and f(9) = —2. Which
of the following statements is necessarily true?

There is ¢ in [0,2] with f(c) = 0.

There is ¢ in [-1,5] with f(c) = 0.

There is ¢ in [0, 2] with f(c) = 3.

There are a and b in (—o0, 00) with a # b and f(a)=f(b).

None of the above is necessarily true.

o Q w e

9. (4 points) Suppose f(z) is continuous and differentiable and that f’(x) < 0 for all , and f(1) = 4.
What is true about f(0)?

A. Tt is possible that f(0) = 4.
B. It must be that f(0) < 4.

C. It must be that f(0) > 4.

D. There is not enough information.
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11. (4 points) Suppose
f2)=-392) =5 f(2)=2 42) =6

2g()
+ f(x)

Then the derivative of at z=21s

A —11
B. 6
C. 4
D. 44/9
E. 22

12. (4 points) Calculate the derivative of f(x) = tan(sin(x?)),
A. f(z) = —sec?(sin(z?)) cos(z?) (27)
B. f'(z) = sec?(cos(27))
C. f'(z) = (sec? z) cos(x?) (2x)

D. f'(z) = sec?(sin(z?)) cos(x?) (2x)
E. f'(z) = —(sec® x) cos(x?) (27)

22 —-10, z<c

i1s continuous everywhere.
10z — 35, = >c¢ Y

13. (4 points) For what value of ¢ the function f(x) = {

A c=10
B.c=5
. c=+10

C
D. ¢=20
E

. None of the above
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-
14. (4 points) Evaluate: iy S0 + T2)

x—0 23;‘
A0
7
B. I
C. 1
D. 7
E. Does not exist

The following graph shows the velocity of a particle moving in a straight line for ¢ € [0, 10].
Use it to answer the following two questions

16. (4 points) Which of the following statements is true of the particle on the time interval (5,7)7

It is moving forwards and slowing down.
It is moving forwards and speeding up.

It is moving backwards and slowing down.

It is moving backwards and speeding up.

None of the above.

= O 0w
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More Challenging Question(s).

z—0t X

1
17. (4 points) Calculate the following limit:  lim {az sin —] =

1 1
Solution: Since —1 < sin— < 1, for x > 0, we have that —x < xsin — < z. And because
z z

lim —z = lim 2 =0
z—0+ z—0t

1
we can use the Squeeze Theorem to show that lim+ {x sin —} = @
z—0 X

18. (10 points) A plane flies horizontally at an altitude of 5 km and passes directly over a tracking telescope

on the ground. When the angle of elevation is %, this angle is decreasing at a rate of § rad/min. How
fast is the plane traveling at that time?

plane

mm - >-- v-—>
| J x
! /
| /
| , 0
| /
| /
| //

5 km /
|
| //

/
o 5
! /
! /
| 7
: /\/ elevation angle
telescope

Solution: Consider the simplified triangle above with notation. The planes speed can be given by
2'(a) where ¢t = a is this special time when 0(a) = 7/3.

tan(6(t)) = % (differentiate both sides)

sec2(6(t)) - 0'(t) = [arztiP 2 (t) (plug in t = a)
e P — -2 (a use tan /3 = 5/z(a) to solve for z(a

sec” (%) = [a:(a)5]2 (a) (use tan7/3 = 5/x(a) to solve for z(a))

4. e 5/7/3P -2 (a) (algebra)

1
10m km/min = 2'(a)

9



