Math 461 Homework 5 Solutions 10/9/2020

Exercises:
§17, 18

1. Prove each of the following topological spaces is Hausdorff.

(a) A set X with an order relation < and the order topology.
(b) A product X x Y with the product topology where X and Y are Hausdorff spaces.
(¢) A subspace Y C X with the subspace topology where X is a Hausdorfl space.

2. Let X be a topological space. Show that X is Hausdorff if and only if the diagonal
A= {(z,z) |z e X}
is a closed subset of X x X with the product topology.

3. Consider the collection 7 = {U C R | R\ U is finite} U {0}.

(a) Show that T is a topology on R. We call this the finite complement topology.

(b) Show that the finite complement topology is T: given distinct points z,y € R there exists open
sets U and V withz e U Fyandaz €V 3 y.

(c) Show that the finite complement topology is not Hausdorff.
(d) Find all the points that the net (1),cn converges to in the finite complement topology.

n

4. Let X be a set with two topologies 7 and 7’ and let i: X — X be the identity function: i(xz) = z
for all x € X. Equip the domain copy of X with the topology 7T and the range copy of X with the
topology 7.

(a) Show that i is continuous if and only if T is finer than 7.
(b) Show that i is a homeomorphism if and only if 7 = T".

5. Consider the functions f,g: R? — R defined by

flx,y)=x+y and g(x,y) =z —y.

(a) Show that if R and R? are given the standard topologies, then f and g are continuous.

(b) Suppose R is given the lower limit topology and R? = R x R is given the corresponding product
topology. Determine and prove the continuity or discontinuity of f and g.

6*. In this exercise you will establish a homeomorphism between the following two subspaces of R?:
X :=R?*\ {(0,0)} and Y = {(z,y) € R? | 2? +¢* > 1}.
Throughout, R? will have the standard topology and X and Y will have their subspace topologies.

(a) Define a function | - ||: R? — [0,+00) by ||(z,y)|| = (#® + y?)/2. Show that this function is
continuous when [0, 4+00) C R is given the subspace topology. [Hint: think geometrically.]

(b) Show that X = {(z,y) € R | |(z,)l| > 0} and ¥ = {(z,1) € B? | | (z,p)] > 1}

(c) Show that f: X — R? defined by f(z,y) = m(x,y) is continuous.

(d) Find continuous functions g: X — Y and h: Y — X satisfying goh(z,y) = (z,y) and hog(z,y) =
(z,y), and deduce that X and Y are homeomorphic.

Solutions:
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1.

2.

3.

(a) Let z,y € X be distinct. If the open interval (z,y) is empty, then the open rays U := (—o0,y)
and V := (z,00) are neighborhoods of z and y respectively. Also U NV = (z,y) = 0, so these
neighborhoods are disjoint. If (z,y) is not empty, then let z € (z,y) and consider the open rays
U :=(—00,z) and V = (z,00), which are again neighborhoods of « and y respectively. Also UNV
consists of those points w satisfying w < z and z < w. But this cannot occur in an order relation
and so U NV must be empty; that is, U and V are disjoint. Thus X is Hausdorff. O

(b) Let (x1,y1), (z2,y2) € X XY be distinct points. Since the pairs are distinct, we must have either
T1 # To or Y1 # ys. Without loss of generality, assume x1 # x5. Since X is Hausdorff, there are
disjoint neighborhoods Uy and Us of x7 and s, respectively. Then Uy x Y and Uy X Y are disjoint
neighborhoods of (z1,y1) and (x2,ys), respectively. Hence X x Y is Hausdorff. O

(c) Let y1,y2 € Y be distinct points. Since y; and ys also belong to X, which is Hausdorff, there
exists disjoint open subsets Uy, Us C X with y; € U, j = 1,2. Consequently, V; :=Y NUj; is an
open in the subspace topology and contains y;, j = 1,2. Moreover, Vi NV, =Y NU; NU; = 0.
Hence V7 and V5 are disjoint neighborhoods of y; and y», and so Y is Hausdorff. O

(=) : Assume X is Hausdorff. To show A is closed, we will show its complement is open. Observe that
O =XxX)\A={(z,y) e X x X |z #y}.

Thus X being Hausdorff implies that for each (z,y) € O there are disjoint neighborhoods U, and V},
of x and y, respectively. Since these sets are disjoint, it follows that U, x Vj, is disjoint from X x X.
Consequently, U, x V,, C O and so

0 =C(z,y)€0 Uz X ‘/ya

which shows that O is open and therefore A is closed.

(<) : Assume that A is closed. Let x,y € X be distinct. This implies (z,y) € A. Since the complement
of A is open, there exists a basis set for the product topology U xV (i.e. U,V C X are open) satisfying
(,y) e UxV C (X x X)\A. Thus z € U and y € V so U and V are neighborhoods for z and y
respectively. Also, since U x V belongs to the complement of A it follows that they are disjoint. Hence
X is Hausdorff. O

(a) Since R\ R = { is finite, we have R € T. We also have § € T by assumption. Let S C T be a

subcollection. Observe that
R\ JUu=R\U
Ues Ues

Thus the above is an intersection of finite sets and is therefore finite. This implies J;,csU € T.
Finally, let Uy,...,U, € T. Then

R\ (UiNn---NU,) = R\U)U---U(R\UT,).

So the above is a finite union of finite sets and is therefore finite. This implies Uy N---NU, € T.
Thus T is a topology. |

(b) Let x,y € R be distinct. Note that U := R\ {y} and V := R\ {z} are both open in the finite
complement topology because their complements are singleton sets. Moreover, x € U Z y and
&€V >y. Thus T is Ty. a

(¢) Consider two non-empty subsets U,V C R which are open in the finite complement topology.
Thus R\ U and R\ V are finite and we claim that they cannot be disjoint. Indeed, UNV = ()
implies V' C R\ U and hence is finite. But since R\ V' is finite, this would imply R = VU(R\ V) is
finite, a contradiction. Thus any two non-empty open sets cannot be disjoint. In particular, given
any distinct points x,y € R any neighborhoods U and V of z and y respectively are necessarily
non-empty (they contain either x or y) and hence cannot be disjoint. Thus X is not Hausdorff.
O
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(d)

We claim that every point in R is a limit point of this net. Fix x € R. Let U be a neighborhood
of . Since U is open and non-empty, we have R \ U is finite. Consequently it can only contain
% for finitely many n € N. Let

1
ng ::1+max{n€N|E€R\U}.

Then for any n > ng, we have % ¢ R\ U and therefore % € U. Thus (%)%N converges to x. Since
z € R was arbitrary, every point in R is a limit of this net. O

Observe that for any set A C X, i71(A) = A. So we have

T is finer than 7' & 7' Cc T
sSUeTforalU e T’
si Y U)eT forallU e T’

< ¢ is continuous.

O

Since i is always a bijection, it is a homeomorphism if and only if ¢ and i~ ! are continuous, which
by the previous part is equivalent to 7 C 7' and 7' C 7. Thus 7 is a homeomorphism if and only
7T =T |

Recall that a map is continuous if and only if it is continuous at all of the points in its domain.
Thus it suffices to show f and g are continuous at every (z,y) € R?, and we will do so using the
characterization of continuity at a point in terms of convergent nets. We will also only prove the
continuity of f since the proof for g is similar. Suppose ((;,¥;))ier C R? is a net converging to
some (z,y). We must show the net (f(z;,v:))icr = (% + yi)icr converges to f(x,y) =z +y. Let
U be a neighborhood of =+ y. Then there exists an € > 0 so that (x+y—¢,z+y+¢€) C U. Now,
€ € € €
Vi=(@--= )X (y—= —

(@ =52+ 5)xy—g5.9+3)
is a neighborhood of (z,y) and so by the convergence of the net there is some ig € I so that for
all i > ig we have (x;,y;) € V. We claim that for ¢ > ig we have f(x;,y;) € U. Indeed, we have

€ €
f(xi,yi):xi+yi<x+§+y+§=x+y+e,
and

€ €
f(xiayi):xi+yi>$_§+y_§:$+y_€~

Thus f(z;,v;) € (x+y—¢€,x+y+e) CU. We have shown that for all ¢ > i one has f(z;,y;) € U.
Thus the net (f(z;,y;))ier converges to z+y, and hence f is continuous at (z,y). Since (z,y) € R?
was arbitrary, we obtain that f is continuous. |

We claim that f is still continuous, but g is not. We prove the continuity of f using the same
strategy as in the previous part. Suppose ((x;,9i)ier C R? is a net converging to (z,y) € R2.
We must show the net (f(z;,y:))icr = (x; + yi)ics converges to f(z,y) = x +y. Let U be a
neighborhood of x 4+ y. Recall that the lower limit topology has a basis of half-open intervals of
the form [a,b). Thus there exists such a half-open interval satisfying  +y € [a,b) C U. Let
e=b—(z+y), then wehavez +y € x +y,z +y+¢€) C [a,b) C U. We will show that there
exists ig € I so that for all ¢ > ip one has x; + y; € [ + y,x + y + €). Observe that

Vi=feot ) <y +3)

is an open neighborhood of (x,y). Thus there exists ig € I so that (z;,y;) € V for all i > 4.
Consequently,

€ €
flepy)=zi+yi<x+-4+y+=-=x+ye
2 2
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and
fxy,y) =i +yi >+ y.

Hence f(x;,y:) € [x+y,x+y+e€) CU for all i > 5. Thus (f(zi,v:))icr converges to f(x,y),
and so f is continuous at (x,y). Since (z,y) € R? was arbitrary, we see that f is continuous.

To see that g is not continuous, consider the net (sequence) ((0,1)),en. We claim that this
converges to (0,0) € R2, but its image under g does not converge to f(0,0) = 0. Let U be a
neighborhood of (0,0). The collection of subsets of the form [a, b) X [¢, d) is a basis for the product
topology on R?. Hence there exists such a basis set satisfying (0,0) € [a,b) x [¢,d) C U. In
particular, this implies ¢ < 0 < d so that we can find ng € N with ¢ < 0 < % < d. Therefore

(0,2) € [a,b) x [e,d) C U for all n > ng. Thus ((0,2)),en converges to (0,0). Now, the interval

[0,1) is an open neighborhood of f(0,0) = 0. However, g(0, %) =0- % = f% fails to be in this
neighborhood for any n € N. Consequently, (g(0, %))neN cannot converge to g(0,0) and so g is
not continuous at (0,0). In particular, g is not continuous. ]

Since [0,400) is convex, the subspace topology on [0,+00) is the same as its order topology.
Consequently, the open rays (—oo,a) and (a,+0o0) for @ > 0 form a subbasis for this topology.
Hence it suffices to show their preimages under || - || are open. Note that ||(z,y)|| gives the
distance in R? to the origin, and thus the preimage of (—oco,a) is the interior of the circle with
radius a which we have seen is in open in the standard topology (recall that we actually showed
the collection of interiors of circles generated the standard topology on R?). Also, the preimage
of (a,+00) is the exterior of the circle of radius a. To see that this is open, let (z,y) be a point
in the set and define
e = @yl —a>0.

Note that the circle centered at (z,y) with radius e is tangent to the circle of radius a. Conse-
quently, the interior of the circle with center (z,y) and radius € is an open set that contains (z,y)
and is contained in the exterior of the circle of radius a. Since (z,y) was arbitrary, this shows the
exterior of the circle of radius a is open, and thus || - || is continuous. O

Note that |(z,y)|| = 0 if and only if 22 + y? = 02 = 0. Since z2,y? > 0, this sum can give
zero if and only if x = y = 0. Thus ||(z,y)|| = 0 if and only if (x,y) = (0,0), which means
{(z,y) € R? | |[(z,y)]| > 0} = R?\ {(0,0)} = X. The equality for Y follows from ||(z,y)| > 1 if
and only if 2% + y? = ||(z,y)[|* > 12 = 1. O

We first require a lemma (the triangle inequality for || - ||): for x,y,z € R?,
Ix —zll < llx =yl +[ly — =,

where subtraction is defined entrywise (i.e. vector subtraction). Note that ||x —z|| is precisely the
usual distance from x to z. The above inequality will follow from |[u+v|| < |Ju||+||v]| by choosing
u=x—y and v =y — z, so we prove this new inequality instead. Squaring and expanding the
left-hand side yields

vl = full? 4+ 2(u - v) + V]2

The Cauchy—-Schwarz inequality implies the quantity u - v is bounded above by ||ul|||v]| (this can
also be checked directly by squaring both quantities), and so we have

[+ v <l +2allIv] + [[v]* = ([u] + [vI)?.
Taking the square root yields |[[u + v|| < |lu|| 4 ||v]|, and so we also obtain the original desired
inequality.
Now, we will show that f is continuous at every point in X. Fix some xg € X and let V be a
neighborhood of f(x¢). We must find a neighborhood U of x¢ so that f(U) C V. First note that

there exists an € > 0 so that the interior of the circle with center f(xg) and radius € is contained
in V. The interior of this circle is precisely the set

Bi={y e R?*| |y — f(x0)ll < ¢}.
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We will show that there exists some 6 > 0 so that ||x — x| < ¢ implies || f(x) — f(x0)|| < €. Since
the set of x satisfying ||x —xo|| < ¢ is exactly the interior of the circle with center xq and radius d,
it is a neighborhood U of x(. Thus finding such a ¢ yields a neighborhood U with f(U) C B C V,
and therefore shows f is continuous at xgp. Since xg € X was arbitrary, this will complete the
proof. In order to determine a suitable & we first require some computations. Using our lemma
we have for x € X

x x x X0 x x x X0
1560 - flsall = | 25 - -2l e - ] - 2]
%[l ixoll %ol [Ixol| [ [loll %ol ol
Now, observing that ||ax| = |a|||x]|| for o € R, we continue our estimate of the above with
176) — Fxo) | < |l + ol = ol
x < x
HXH R % ||
[1oll = II|
x| + [Ix = %o
[1%H{Ioll 1ol
1
= 1 (lIxoll = IIxl[[ + [lx = xol]) -

%ol
Now, we claim that |||x¢|| — ||x||| < ||x —xo|| (this is called the reverse triangle inequality. Indeed,
from our lemma we have |[u+ v| — ||v|| < |Ju]|, and choosing u = x — x¢ and v = % yields

1]l = flxoll < flx = xoll
while choosing u = xy — x and v =x
%ol =[]l < llxo — x|
which is equivalent to
=% =xoll = =llxo = x| < [x[ = [Ixoll
Thus [||x]| — [|xoll] = [lI%oll — [I%/l] < ||x —x0||- Consequently we may continue our estimate for f
with 5
17(x) = f(x0)ll < Tl 1% = xoll-

Thus if we choose ¢ := 6“32‘”“ > 0 (recall that xo € X implies ||xq|| > 0), then ||x —xg|| < ¢ implies
|If(x) — f(x0)] < HXOH d = e. As discussed above, this completes the proof. O
Consider

9(x) =1+ xl)f(x)  and  h(x):= (x| = 1) f(x).

Observe that for x € X

This is strictly bigger than 1 since by part (b) we have ||x|| > 0 for all x € X. Hence g(x) € Y
by part (b) again. Similarly, for x € Y we have ||h(x)| = ||x]| — 1 > 0, so that h(x) € X. Thus
g: X —>Yand h: Y — X.

We next check g and h are inverses of one another. Using our above computations we have for
xeY

ol = 1+ el | 5] = @ I =1+ g,

N 1 RPN (3 g 11 e BNV
goh(x) = (1+|h( )”)Hh(x)H (14 [Ix[[ = 1) T [[¢[| f (x)
and for x € X we have
PR IR B 171 c RO
o) = (o)l - DLt = (4 ] = DS = )£
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Thus g and h are inverses of one another, and in particular are both bijections.

Finally, it remains to check g and h are continuous. We will once again check continuity at each
point. Fix xg € X. Using our lemma and estimates from the previous part we have for x € X
that

l9(x) = g(xo) [l = I(L + [1x[1) £ (x) = (1 + [|>0[[).f () + (1 + l[xol) £ (x) = (1 + [Ix0[]).f (0)
<A+ 1D £ () = (14 [lxol)f GO + 11+ [1x0l[) £ () = (1 + lIxo]) £ (x0)
= [[Ix[l = lIxollf + (1 + HXoII)IIf(X) f(xo)ll

<HXO—XII+(1+||X0H)H |||| — 0|

(34 g ) Il

So by proceeding in the same manner as in the previous part, given ¢ > 0 we can choose § :=

(3 + ﬁ) € > 0 to show that g is continuous at xy and hence continuous everywhere. A similar

string of inequalities to the above yields for x,xg € Y that

() — hxo)]| < (3— ;H) I — xoll.

Note that xg € Y implies ||xo| > 1 and so the first factor on the right side above is greater
than 3 — 2 = 1, and so in particular is positive. Thus, as before given some ¢ > 0 we can choose

-1
0= (3 — ﬁ) € > 0 to show that h is continuous at xy and hence continuous everywhere.

Thus X and Y are homeomorphic. (|
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