The Weierstrass Function
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We let sin,cos: R — R be defined in the usual geometric way, extended to all of R. We will assume the
following facts about these functions:

(a) sin and cos are continuous on R;
(b) |sin(x)|,|cos(z)| <1 for all z € R;

sin(z)

T

()

(d) cos(z) — cos(y) = —2sin (£52) sin (£5¥) for all z,y € R;

<1 forall z € R\ {0};

(e) cos(z +y) = cos(x) cos(y) — sin(z) sin(y) for all z,y € R.
These can be derived by considering, for example, the power series representations:
n

. _ — (_1)77, 2n+1 . _ — (_1) 2n
sin(x) = Z mx + and cos(x) = Z )l "

n=0 n=0

The main goal of these notes is to prove the following theorem:

Theorem (Karl Weierstrass, 1872). Let a € (0,1) and let b be an odd integer such that ab > 1+ 37“ Then the
series

flx) = Z a™ cos(b" )
n=0

converges uniformly on R and defines a continuous but nowhere differentiable function.

The function appearing in the above theorem is called the Weierstrass function. Before we prove the theorem,
we require the following lemma:

Lemma (The Weierstrass M-test). Let (E,d) be a metric space, and for each n € N let f,: E — R be a
function. Suppose that for each n € N, there exists M,, > 0 such that

|f(z)| < M, Vo € E.

o0 o0
If the series Z M,, converges, then the series Z fn converges uniformly on E

n=1 n=1
Proof. Let € > 0. The Cauchy criterion for the convergence of a series implies there exists N € N such that for
all n,m > N with n < m we have

‘Mn+1+Mn+2+"'+Mm|:Mn+1+Mn+2+"'+Mm<6.

Consequently, for all n,m > N with n < m we have for all x € E

m n

> file) - Zfi(x)

i=1

= [fnt1(@) + -+ fn (@) < [frr (@) + -+ [fn (@) < Mppga + -+ 4+ My, < e

That is, the sequence of partial sums (3" ; fi),, cn satisfies the Cauchy criterion for functions. So by a propo-
sition from lecture we know that these partial sums converge uniformly to the series > 7 | f,. O
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Proof of Theorem. Since |a" cos(b"rx)| < a™ for all z € R and Y- ,a™ converges, the series converges uni-
formly by the Weierstrass M-test. Moreover, since the partial sums are continuous (as finite sums of continuous
functions), their uniform limit f is also continuous.

To see that f is nowhere differentiable, we will show for each zy € R that

lim f(x) — f(x0)
T—To xr — Xo

does not exist. In particular, we’ll show that as x approaches xg from above and below, the respective difference
quotients oscillate wildly between larger and larger positive and negative values.
Fix g € R. For each m € N, let a,;, € Z be such that

11
bmxo—am€< }

")
Define
= pm L Qm — 1 L Qo + 1
Observe that . |
€ -
Ym — To = — bmm<0< bmm:zm—xo.
Thus ym < 2o < Zm,
: . . 1+ 2z,
lim |y — x| = lim zg —yp, = lim =0,
m—00 m—00 m—oo pm
and )
-z
lim |z, —xo| = lim 2, —2¢= lim ™ —.
m—00 m—00 m—oo pm

That is, (Ym)men and (2, )men are (meticulously constructed) sequences converging to g, but from above and
below zq, respectively. We will examine the difference quotients for f proceeding along = = y,,, m € N, and
T = zZm, m € N. First,
flym) = fwo) _ 2o0lga™ cos(b"mym) — 35,7 a™ cos(b"mo)
Ym — To B Ym — X0
n COS(b" Y,y ) — cos(bmag)

Ym — Zo

a

I
1M

—1

(ad)

3

1, COS(B" Yy, ) — cos(b™mxg) N i o COS(O™ Ty, ) — cos (BT )
a .

Ym — Zo

n n=0

We denote the two sums in the last expression by S and Ss, respectively. Roughly speaking, we will show that
S is small while S5 is big. Using property (d), we have

o Wf(“b)nwym D (T e ()

n=0

m— in (7 @m—x0)
— Lz:l —m(ab)™ sin V"7 (Ym + 20) | S ( 2 )
- 2 ﬂbn(y;n_l'ﬂ) ’

n=0

Using the triangle inequality and properties (b) and (c) we have

m—1
(ab)™ -1 (ab)™
S| < b)"1-1= _
| 1|—7;)7T(a) ™ ab—1 <7rab71
b m
Thus, there exists €; € (—1, 1) such that S; = 617r(ba )1 .
a j—

2 @©Brent Nelson 2017



The Weierstrass Function Math 104

Next, we handle S,. First, recall that y,, = O"I;"m_l, that «a, is an integer, and that b is an odd integer. Thus
cos (b" "y, ) = cos ("7 (am, — 1)) = (=1)¥"(@m=1) — (_p)em—l — _(_1)%m,
Also, recall that x,, = b™x¢ — au, so that using property (e) we have
cos (b" " wag) = cos ("7 (@, + )
= cos(b"mx ) cos(b"mayy,) — sin(b"rx,, ) sin(b" Tay,)
= (—=1)"" " cos(b" ) — O
= (=1)*" cos(b"wxm,)-
Using these computations, we have
S, — i e —(=1)*m — (=1)* cos(b" 7., )
n=0

Ym — Zo

(e}
— o 1+ cos(b"may,)
=2 " DD

o0

— (@)"(-1)*" Y a

n=0

n 1+ cos(b"mxy,)
14z,

Recall that z,, € (—%, %] so the terms in the sum in the last expression are non-negative. Consequently,

Z . 1+ cos(b*mzyy,) > 1+ cos(mz,y,) > o g
1+an, T+zm 1+l 3
n=0 2
So there exists 7y > 1 such that Sy = (ab)™(—1)*mn; 2.
Putting our computations for S; and Sy together yields
f(ym) — f(@o) m(ab)™ 2
=51 +85 = b)™(=1)mn =
—— 1+ 52 61ab—1+(a) (1) my
2 €
— _1 A, b m - _1 QO —
(i (4 (o ST
Recall our assumption that ab > 1+ 37”, which is equivalent to "5 < % Using |e;| < 1 and n > 1, we have
2 € 2 s
S+ (-1)om—= > - > 0.
3+( ) mab—1"3 ab—1

Consequently, the sign of % is completely determined by (—1)*m and
f(ym) — f(@o) m (2 T
> @)™ (3= 5

Ym — o
Thus, not only does the difference quotient alternate signs rapidly, but its magnitude tends to +o00 as m — oco.

— f(x
Since lim y,, = zo, this is enough to show that lim M
m— 00 Tr—To ym —_ J;O
slightly stronger: the same behavior also occurs along (2, )men-

Using the same breakdown as before, we can write

f(zm) = f(20)

does not exist. We will show something

=S+ 5
Zm — T0 1 + 2
and the same argument yields S = e “égi)f - for some €; € (—1,1). Using 2z, — 29 = 1522 we have
Sé = f: gntm _(_l)am - (:_12:"7 COS(bnT(l‘m)
n=0 bm
m o =, 1+ cos(bm,y,)
n=0 m
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Since x,,, € (—3, 3], the terms in the sum in the last expression are non-negative. Consequently,

ianl—i-cos(b”wxm) > 1+ cos(mxy,) S 1 - 2
= 11—z, 11—z, 1—(—5) 3
So there exists 7o > 1 such that S5 = —(ab)™(—1)*"n;%. Then
fGm) = f(@o) _ @ | @ 7(ab)™ 2
—_——— =814+ 5= — (=1)%"(ab)™ne=
PoR—— 1T oy = & (=1)%m(ab) 23
2 € T
=—(-D*(ab)"n2 | 7 — (1) — .
O
Just as before we have 5 )
€2 ™
Z_o(tppem 21 2 T S
3 ( 772ab—1>3 ab—1> ’

so that the sign of %:ﬁxo) has sign completely determined by —(—1)*m. Also,

2 m e}
> (ab)™ (§ — ab7r— 1) 8 oo

So the same behavior occurs to the right of z. O

The graph of the Weierstrass function
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The rough shape of the graph is determined by the n = 0 term in the series: cos(mx). The higher-order terms
create the smaller oscillations. With b carefully chosen as in the theorem, the graph becomes so jagged that
there is no reasonable choice for a tangent line at any point; that is, the function is nowhere differentiable.
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